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Abstract

The world of quantummaterials is made rich by the coexistence of many, many interacting elec-

trons, giving rise to complex and fascinating phases of matter such as topological superconductivity.

Such emergent quantum phenomena are associated with small interaction energy scales, appearing

only in specific materials at ultra low temperatures. In this thesis I will address two distinct pathways

towards studying strongly correlated materials: 1) creating better instrumentation and 2) discover-

ing newmaterials.

In order to study already existing quantummaterials, and more specifically topological supercon-

ductors, I will present the design and construction of a mK-base temperature scanning probe micro-

scope. This system is the first of its kind to support simultaneous scanning tunneling microscopy

and optical detection pendulum atomic force microscopy at mK temperatures. Such a combination

opens the door for the realization of my proposed topologically protected quantum logic operation

in the topological superconductors.

An alternative approach is to discover new systems that are potential hosts for strongly interact-

ing phenomena. Discovering new quantum systems can be laborious and expensive; however, the

dispersion of electrons can accurately be mimicked by classical waves, such as sound. The ability

to quickly and cheaply 3D print acoustic metamaterials allows for rapid iterations and the discov-

ery of novel lattice geometries which can then be brought to the quantum regime. I will present
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the experimental measurement and simulation of macro-scale acoustic metamaterials to prototype

new flat band lattices. Additionally, I will discuss the development of a novel platform for designing

arbitrary dispersions of surface acoustic waves in piezoelectric crystals using metamaterials.
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Part I

A new path towards topological

quantum computing
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1
The difficulty in achieving quantum

computing

The last half century has seen an incredible exponential expansion in classical computing power

as the size and cost of producing classical bits in the form of transistors has plummeted. However,

there are certain problems for which classical computers still cannot easily solve. Examples date back

as far as Richard Feynman’s ideas of simulating large-scale quantum systems [3], a task exceptionally
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hard for fundamentally classical objects. Another primary example of this is the factoring of large

numbers into their composite primes, which in some ways has become the basis of many forms of

modern encryption. This problem requires an exponentially larger number of computation steps

as the size of the number to be factored grows, requiring classical compute power that is currently

impossible. However, Peter Shor famously showed in 1997 that a quantum computer can complete

this task in polynomial time [4]! Quantum computers take advantage of quantum entanglement,

which means the number of possible states (called the Hilbert space) grows as O(2N), unlocking

some problems previously inaccessible for classical computers. Such great promises have driven an

enormous amount of effort over the past 40 years to achieve a scalable, reliable quantum computer,

leading to the emergence of several different potential platforms, all with distinct advantages and

disadvantages.

Fundamentally, most leading platforms for achieving scalable quantum computing rely on a two-

level system to store information, in analogy to the CMOS transistor in modern classical electronics,

called the qubit. These two-level systems have some ground state, |0⟩with a finite energy (or fre-

quency since in quantummechanics they are related by E = ℏω) separation to a single excited state,

|1⟩, which is different from other energy gaps of nearby states. In classical computers, all the indi-

vidual bits are encoded and act as separate two-level systems, but in a quantum computer all the in-

dividual two-level systems interact, and therefore transition between |0⟩ and |1⟩ in a correlated way,

i.e. when measuring the state of a large number of qubits the probabilities to be in |0⟩ or |1⟩ should

transition with the same frequency and phase [5]. In an ideal world, a quantum computer is a large

set of individual qubits, coherently entangled and perfectly isolated from the rest of the world ex-

cept during measurement or purposeful state changes by the user. In this case, even averaging over

many trials over a large ensemble of qubits would always give the same result. However, in reality,

interactions with the environment cause changes in the phase (amplitude) of these oscillations, lead-

ing to decoherence of the quantum state of the ensemble on average on a characteristic timescale, T2

3



(T1). Additionally, small changes in the frequency of the oscillations can also lead to decoherence

over the course of many trial averages, which occurs on a generally shorter timescale T∗
2. This leads

to the need for error correction schemes to fix flips in the qubit states to keep the overall decoher-

ence low, or fault-tolerant. There has been much work to quantify the strict physical requirements

complex error-correction algorithms must achieve [6, 7], but it remains an open challenge to make a

quantum computer both fault-tolerant and scalable.

The primary obstacle to achieving scalable quantum computation is the vulnerability of qubits

to environmental perturbation. To this end, there has been a strong push for the investigation of

topological quantum computation (TQC) where protection from local fluctuations derives from

the non-local nature of the qubit states, which greatly increases their stability [8]. Majoranas –

emergent excitations that satisfy non-abelian exchange statistics – have been suggested as a key to

TQC [9]. However, success of this approach requires a method to store and read out the informa-

tion in the parity of a pair of Majoranas after an exchange. When twoMajoranas are contracted to

a single point, they can either annihilate or form a canonical fermion [10, 11]. The quantum in-

formation stored in the pair is the presence or absence of the charged fermion, so measurement of

the increased charge or current density would constitute a readout of the parity of the Majorana

pair. It is thus possible to use the braiding statistics and non-locality of Majorana states to create

perturbation-resistant qubits.

Theoretical proposals involvingMajoranas for quantum computation have existed for a quarter

century, but the extreme challenges of experimental realization make the timescale for influence ex-

tremely long. The origin of this field is widely attributed to predictions by Read and Green [12] in

2000 and Kitaev [8] in 2003 that the low energy excitation spectrum of a spinless p + ip supercon-

ductor would include a zero-energy solution with non-abelian braiding statistics. These predictions

were followed by proposals to identify these zero-energy states in several systems, including vortices

in SrTiO3 [13] and excitations of the ν = 5/2 fractional quantumHall insulators [14, 15], which
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sparked interest in the superconductor-semiconductor nanowire heterostructures. In the past few

years, there have been numerous theoretical proposals for methods to braid and measure the parity

of MZMs [16, 17, 18, 19, 20], but none have been realized.
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2
A proposal for realizing topological

quantum logic operations

Previous Majorana manipulation experiments have focused primarily on engineered heterostruc-

tures. For example, Majoranas at the ends of semiconductor nanowires on a superconducting

substrate [21, 22] have shown some hard-won progress; however, due to tight constraints on tem-

perature, magnetic field, and interface quality [23], experimental confirmation of recent theo-
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retical proposals for Majorana braiding and qubit readout in nanowires [16, 17, 18, 19, 20] re-

mains challenging. Another heterostructure approach involves superconductor/topological insu-

lator/superconductor junctions, where Majoranas may be braided by Josephson vortex manipu-

lation [24, 25], but experiments remain hampered by disorder and geometric constraints [26, 27].

Majoranas may also be found, in single clean materials where bulk s-wave superconductivity can

self-proximitize the helical surface states of a topological semimetal or insulator, creating an effective

topological superconductor on the surface [28]. Abrikosov vortex cores in these systems are pre-

dicted to host zero energy bound states with Majorana exchange statistics, known as Majorana zero

modes (MZMs) [12, 29, 30]. Scanning tunneling microscopy (STM) experiments have observed

zero bias conductance peaks (ZBCPs) suggestive of MZMs in the vortex cores of several Fe-based

superconductors, including FeTe0.55Se0.45 [31, 32, 33, 34], (Li0.84Fe0.16)OHFeSe [35], CaKFe4As4

[36], and LiFeAs [37].

2.1 FeTe0.55Se0.45 as a platform for TQC

Vortices in conventional superconductors host Caroli-de Gennes-Matricon (CdGM) subgap states,

which scale as±μΔ2/EF, where Δ is the superconducting gap, EF is the chemical potential [38], and

μ is a half-integer. In topological superconductors, μ shifts to take on integer values, giving rise to a

mid-gap zero energy state [39, 40]. FeTe0.55Se0.45 is among the primary candidates to utilize MZMs

due to its relatively large Δ = 1.8 meV and small EF = 4.4 meV with respect to the Dirac point

[31], yielding a sufficiently large spectral gap between CdGM states, such that an isolated ZBCP

within can be easily distinguished by STMmeasurements at dilution fridge temperatures (Section I

in [41]). FeTe0.55Se0.45 can thus host topologically protected qubits, but a scheme for the readout

and manipulation of these qubits is still lacking.

Here we develop a general scheme for braiding MZMs in topological superconductors with vor-
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tex manipulation and parity readout via magnetic force microscopy (MFM). We propose to first

detect the MZMs in vortex cores by tunneling measurement of the ZBCP, then manipulate the vor-

tices by magnetic force coupling from theMFM tip. While vortices have been shown to couple to

locally applied mechanical [42], thermal [43], magnetic SQUID [44], andMFM [45, 46] probes,

the higher spatial resolution of combined STM/MFM allows for sequential MZM identification

in tunneling range, then magnetic manipulation and readout of MZMs at larger tip-sample separa-

tion to avoid quasiparticle poisoning. We quantify the feasibility of this general procedure to detect

the Majorana pair parity for the specific material FeTe0.55Se0.45. By repeated measurements, the

Majorana parity lifetime can be quantified, and ultimately more complex braiding could be used to

conduct logical operations [47].

(a)

En
er

gy

2Δ

(b)

bulk 
valence 

band

bulk 
conduction 

band

MΓM

Ε=0
EF

f = f0 + δf 

pinning 
defect

Majorana
f = f0

(c) vortex core

Δ2

EF

Figure 2.1: (a) Surface band structure schematic for Fe(Te,Se), supported by ARPES [48]. Inset shows the ladder of
subgap states with a true zero mode (thick line) and trivial CdGM modes (thin lines) separated by Δ2/EF [38]. (b‐c)
Schematic of Majorana parity readout process. (b) MFM cantilever tip is used to bring one vortex close to another
pinned vortex, causing the MZMs to overlap. (c) When in the parity 1 state, as shown here, the MZMs form a canonical
fermion, generating an excess current density (orange arrows), and a corresponding change in cantilever resonance
frequency δf, above the background (parity 0 state).
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FeTe0.55Se0.45 exhibits bulk s-wave superconductivity up to Tc = 14.5 K [49, 50]. ARPES stud-

ies also find a surface Dirac cone [48], emerging from bulk inversion between an odd-parity p band

and an even-parity d band along the Γ-Z direction [51], as illustrated in Fig. 2.1 a). Cooper pairs are

free to tunnel between any of the pockets in the Brillouin zone and the surface states, leading to an

effective internal proximity effect between bulk and surface. Therefore, FeTe0.55Se0.45 realizes the

Fu-Kane model for proximity-induced s-wave superconductivity on topologically protected surface

states [28].

We seek a measurement protocol for the quantum state of a pair of MZMs in two distinct vor-

tices. EachMajorana operator γj=1,2 associated with these MZMs can be considered half a fermionic

operator such that the combination c† = γ1 + iγ2 is a canonical fermion creation operator [10, 11].

TheMZMs are fused by bringing the pair of vortices together to within a superconducting coher-

ence length so their cores overlap, as depicted in Fig. 2.1 b,c). The occupation c†c of the overlapping

MZM pair then determines the presence or absence of an excess fermion, which would give rise to

an excess charge and current density above the background of the fused vortices.

2.2 Double vortex parity signal

Parity readout—First, we will consider the limit where a pair of vortices are brought to completely

overlap so that they fuse into a double flux quantum vortex. In this limit, polar symmetry reduces

the problem to solving for the low energy eigenstates of the 1-D radial Bogoliubov-de Gennes (BdG)

equation. Second, we will inspect the case of two spatially-separated single flux quantum vortices

by discretizing the surface Hamiltonian and solving the BdG equation on a grid. We refer to these

methods for solving the BdG equation as the continuum and lattice models, respectively. We can

check the discretization error of the lattice model through comparison to the continuummodel in

the double flux quantum vortex limit. In both models, the occupancy of the lowest energy solution
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measures the quantum state of the composite fermion formed by the overlap of the MZM pair.

ContinuumModel - Double Vortex—A vortex state can be described by the BdGHamiltonian:

H = [vFσ · p− EF]τz + [Δ(r)τ+ + h.c.], (2.1)

where p is the momentum operator of the topologically-protected surface state, vF is the Fermi ve-

locity, EF is the chemical potential, and τ and σ are the Pauli matrices in Nambu and spin space,

respectively [28, 52]. In polar coordinates, the gap is taken to be of the conventional form Δ(r/ξ) =

Δ(r/ξ)einθ = Δ0 tanh(r/ξ)einθ, where ξ is the coherence length, Δ0 is the magnitude of the super-

conducting gap, and n is the winding number of the vortex. The Hamiltonian becomes

H = −iℏvF
[
(σx cos θ+ σy sin θ)∂r +

1
r
(σy cos θ− σx sin θ)∂θ

]
τz

− EFτz + Δ(r)
[
cos(nθ)τx + sin(nθ)τy

]
. (2.2)

Equation 2.2 commutes with the total angular momentum operator and can thus be simplified by

the appropriate choice of unitary transformation to the radial BdG equation given by

[
− iℏvFσxτz∂r − τz

(
EF +

ℏvF
2r

σy(σz + nτz − 2m)
)

+ Δ(r)τx − E
]
Ψ(r) = 0, (2.3)

wherem is the angular momentum quantum number of the vortex. We choose to work in units

where ℏ = vF = Δ0 = 1, forcing ξ = 1 and Δ(r) = tanh(r). By rotating σx → σy about the z axis,

11



the BdG equation becomes real and 1-D, given by

[
∂r −

(
iEFσy −

1
2r
(1+ σz(nτz − 2m))

)
− tanh(r)τyσy − iEσyτz

]
Ψ(r) = 0. (2.4)

We seek the lowest energy solution Ψ(r), form = 1
2 where a zero-energy solution exists for a

double flux quantum vortex (n = 2) (Sections II-III in [41]). Though the system was solved analyt-

ically in the chiral limit where EF = 0 [53, 28], here we solve Eq. 2.4 for the more realistic condition

EF/Δ0 = 2.5, comparable to the measured value for FeTe0.55Se0.45 [31]. The occupation of the

state Ψ(r) is associated with excess charge and current density above the background of the double

flux quantum vortex, shown in Fig. 2.2(a-b). The excess charge density will exert an electrostatic

force on the MFM tip, but screening by the background superconductor is expected to reduce this

force to an undetectable level at tip-sample separation outside the tunneling regime. Therefore, we

focus on the excess current density associated with Ψ(r), given by the expectation value of the tan-

gential component of the current operator,

j(r) = −vFeΨ†(r)σxΨ(r). (2.5)

For Majorana parity readout, the magnetic field gradient generated by this current |dBz/dz|, shown

in Fig. 2.2(c), must be detectable byMFM at tip-sample separations≳ 2 nm, where quasiparticle

poisoning from tip-sample tunneling is not significant [13, 54, 55].

2.3 Spatially separated vortices

Lattice Model - Two Vortices—Experimentally, it may be difficult to sustain a true double vortex for

a prolonged period. It’s then critical to analyze the magnetic signal generated by the more realistic
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Figure 2.2: Calculated parity 1 signal. (a) Excess surface charge and (b) surface current density associated with the
lowest energy wavefunction of a double flux quantum vortex as a function of lateral distance r from the vortex cen‐
ter. Calculations performed using the continuum model with EF/Δ = 2.5, comparable to the measured value for
FeTe0.55Se0.45 [31]. (c) Excess magnetic field gradient |dBz/dz| as a function of height z above the center of a dou‐
ble flux quantum vortex in the parity 1 state, in the continuum (red) and lattice (black) models. (d) Resulting shift in
MFM cantilever resonance frequency |δf|, calculated using Eq. 2.6 for the soft cantilever in Table S2 (row 2) with the
Fe‐coated nanowire tip in Table S3 (row 1) [41]. Specifically, we model a horizontal cantilever with k = 0.006 N/m,
f0 = 13 kHz, andQ = 5 × 104, with a magnetic nanowire tip of effective monopole m̃ = 0.04 nA·m, offset by
d = 4.6 nm from the nanowire apex. The low‐temperature noise floor for this cantilever (horizontal gray dashed line)
is calculated via Eq. 2.7 (Section V in [41]). Quasiparticle poisoning is expected to be negligible at tip heights ≳ 2 nm
(vertical gray dashed line).

case of two partially-overlapping single flux quantum vortices, which we achieve by numerically

solving the Fu-Kane Hamiltonian (Eq. 2.1) on a lattice. This discretized realization breaks time-

reversal symmetry on the lattice level (as expected from the fermion doubling theorem), but is pa-

rameterized to preserve the low-energy effective Hamiltonian consistent with Eq. 2.1 (Section IV

in [41]). The result of the lattice model in the extreme limit of the double flux quantum vortex is

13



shown in Fig. 2.2(c), demonstrating excellent agreement with the continuummodel.

TheMajorana signature can now also be studied as a function of the spatial separation of vor-

tices. The current flow generated by the overlap of the twoMZMs in the parity 1 state is shown in

Fig. 2.3(a-d) for several spatial separations (the parity 0 case would have no such excess supercur-

rent). We calculate the excess field gradient |dBz/dz| at a fixed height z = 2 nm above the surface, as

a function of the lateral separation between vortices, as shown in Fig. 2.3(e). TheMajorana parity 1

signal decays exponentially with vortex separation as expected.

2.4 MFM Sensitivity andNoise

When the MFM tip approaches the vortex from above, the tip feels a force due to the magnetic field

induced by the current density. The cantilever frequency shifts in proportion to the magnetic field

gradient with sensitivity

δf = m̃
f0
2k

dBz
dz

, (2.6)

where k is the cantilever force constant and f0 is the cantilever resonance frequency (Table S2 in

[41]), and m̃ is an effective magnetic monopole, located a distance dwithin the tip apex (Fig. S1a in

[41]). Here δf depends on dBz/dz evaluated at the effective monopole location, i.e., the tip-sample

separation z plus the internal distance d. For a typical commercially-available magnetically-coated

pyramidal tip, m̃ ∼ 18 nA·m (approximately 5 times the hypothetical fundamental Dirac monopole

h/eμ0), but d ∼ 250 nm [45], a large distance that reduces the overall frequency shift. To maximize

the measurement sensitivity, it is optimal to use a magnetically coated nanowire on tip [56]. For

example, an Fe nanowire with radius rwire = 6 nm has a much smaller offset d = 4.6 nm, which

outweighs the disadvantage of a smaller monopole m̃ = 0.04 nA·m (Table S3 in [41]).

TheMFM sensitivitymust be balanced against the three primary noise sources in frequency-
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modulated AFM: thermal, detector, and oscillator noise [57, 58] (Section V in [41]). With opti-

mized electronics and a typical silicon cantilever, even at low temperature the system will usually be

dominated by thermal noise,

δftherm =

√
kBTBf0
πkQA2 , (2.7)

where B is the measurement bandwidth, A is the oscillation amplitude,Q is the cantilever quality

factor, and kB is Boltzmann’s constant. Then a stiffer cantilever lowers the noise floor as
√
f0/k ac-

cording to Eq. 2.7, but also reduces signal sensitivity as f0/k according to Eq. 2.6, making softer can-

tilevers the optimal choice for a parity readout. We modeled a commercially-available soft horizontal

cantilever with f0 = 13 kHz, k = 0.006 N/m, andQ = 50, 000, and an Fe nanowire tip, to convert

the vertical magnetic field gradient to a detectable frequency shift in Fig. 2.2(d) and Fig. 2.3(f). The

corresponding noise floor for this cantilever, calculated in a 5 Hz bandwidth with a 2 nm oscillation

amplitude, is drawn as a horizontal dashed line. Figure 2.2(d) shows that for a double flux quantum

vortex, the calculated |δf| from the parity 1 state does not drop below the noise floor until z > 3 nm,

well out of the tunneling regime, making it possible to detect the parity 1 signal without poisoning

the MZM. Fig. 2.3(f) shows that the parity 1 state |δf| remains above the noise floor even for vortex

separations up to 20 nm, larger than the coherence length in FeTe0.55Se0.45 [31]. Other background

frequency shifts from the conventional vortex supercurrent and tip stray magnetic field are constant

across all vortices (Section VI in [41]).

To readMajorana parity, we will need to bring two vortices together so their cores almost touch,

overcoming the inter-vortex repulsion. In FeTe0.55Se0.45, which is at the extreme type-II limit, the

vortex-vortex repulsion approaches 10 pN for a 100 nm thick film as the separation approaches 2ξ

[59] (Section VII in [41]). Therefore, we must strongly pin one vortex in a region where topological

band inversion guarantees a surface MZM [60], while we bring another vortex towards it. Assuming

a typical 100 nm× 100 nm scan frame, this corresponds to a desired approximate applied perpen-

15



(a) (b)

(c) (d)
15 nm

(e)
-1

-2

(a) (b)

(c) (d)
15 nm

(e

0 5

a

a (nm)
|δ

f| 
(H

z)

15 30 6045

10-2

10-3

(f)
1

10

02

103 (e)

|J| (A/m)
|d

B z
/d

z|
 (T

/m
)

Figure 2.3: Excess current density generated by overlap of two MZMs in the parity 1 state in the lattice model with
EF/Δ = 2.5 for (a) the double flux quantum vortex and vortex cores (purple dots) separated by (b) a ∼ 2ξ, (c)
a ∼ 2.5ξ, and (d) a ∼ 3.5ξ. (e) Excess magnetic field gradient |dBz/dz| caused by the parity 1 state as a function
of vortex separation a. Evaluation point is 2 nm above the midpoint between the two vortex cores. Black dashed line is
an exponential fit showing the decay as a function of vortex separation. (f) Resulting shift in MFM cantilever resonance
frequency |δf|, calculated using Eq. 2.6 for the soft cantilever in Table S2 (row 2) with the Fe‐coated nanowire tip in
Table S3 (row 1) [41]. Gray dashed line shows the low‐temperature noise floor for this cantilever, calculated via Eq. 2.7
(Section V in [41]).

dicular external magnetic field of Bideal⊥ ≈ 2Φ0/(10−7)2 = 414 mT. Though pinning forces in clean

bulk FeSe can be on the order of fN [61], a promising measurement in ion-irradiated FeTe0.55Se0.45

showed that some vortices can be fixed by collective pinning in relatively clean areas [62], avoiding

MZM burial or poisoning by normal quasiparticles present at the pinning site, and leaving a sharp

ZBCP intact on the surface.
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2.5 Parity LifetimeMeasurement

Despite its topological nature, the Majorana pair has a finite parity lifetime due to interactions be-

tweenMajoranas and stray quasiparticles that cause decoherence known as quasiparticle poisoning

[63]. Quasiparticle poisoning leads to a fluctuation of the occupation of the lowest-energy vortex

bound state, and thus the excess magnetic field that we propose as a parity readout signal. These

discrete flips in the Majorana parity between 0 and 1 would give rise to telegraph noise in the force

on the MFM tip as it is held above the vortex cores, providing insight into the Majorana poisoning

time. While for a uniform, closed system, the quasiparticle poisoning time is exponentially sup-

pressed by the Boltzmann factor e−Δ/kBT [64], disorder and spurious microwave sources can increase

the density of quasiparticles and thus the frequency of parity flips. In addition, the presence of this

telegraph noise could also serve as a high-frequency signal to help quantify and subtract the vortex

background [18] (see Section VI in [41]). A recent demonstration of Majorana parity readout in an

InAs-Al hybrid device [? ] exhibited a telegraph noise on the order of 2 ms. The strong spin-orbit

coupling of an intrinsic topological superconductor such as FeTe0.55Se0.45 permits weaker applied

magnetic fields compared to the few Tesla magnetic field required to open the topological gap in

semiconductor-superconductor hybrid devices, potentially opening the door for a larger topological

gap and correspondingly longer poisoning times≥ 10 ms.

Majorana telegraph noise should be measurable if the quasiparticle poisoning is slower than the

acquisition of the force measurement. The characteristic rate of telegraph noise would yield an esti-

mate of the quasiparticle poisoning timescale that limits the qubit lifetime, which has been difficult

to model and is poorly understood. To minimize extrinsic quasiparticle poisoning, the tip must be

out of tunneling range, z ≳ 2 nm from the surface. From Fig. 2.2(d), this z corresponds to an ex-

pected signal δf ∼ 5 mHz, which requires a measurement time∼ 200 s in frequency-modulated

MFM. However, using amplitude-modulatedMFM, the measurement duration is limited only by
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the response time of the cantilever to a changing force. In ultra high vacuum, Si cantilevers can have

Q ∼ 50, 000, but lossy cantilevers withQ ∼ 100 and f0 ∼ 10 kHz could enable much faster mea-

surementQ/f0 ∼ 10 ms. Q can also be tuned in situ for a given cantilever by a factor of 20 or more

[65].

Conclusion—We have presented a general scheme for the pinning, dragging, parity readout, and

lifetime measurement of a pair of MZMs in the vortex cores of topological superconductors us-

ing MFM.We have shown that MFM cantilevers can be sensitive enough to measure the change

in supercurrent when the resulting fermionic state is occupied, even when the two vortex cores

are not completely overlapping. While we have explicitly demonstrated numerical feasibility only

for FeTe0.55Se0.45, we expect the same methodology will be applicable to other topological super-

conductors that realize the Fu-Kane model on the surface, including stoichiometric materials with

uniform chemical potential (Table S1 in [41]). Thus, we have laid out a novel pathway toward the

experimental realization of topologically protected quantum logic.
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Part II

Acoustic metamaterials as a platform for

quantum material exploration
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3
A coupled resonator by any other name

3.1 Quantum-classical analogy

The physics community has invested an enormous amount of time and effort in convincing our-

selves and the world that when objects become “small” enough (relative to Planck’s constant ℏ), the

set of fundamental laws governing their behavior change. The familiar expressions from classical

mechanics of position and velocity are no longer deterministic, but probabilistic. The same quan-

20



tummechanical principles apply to more than just one individual particle, to collections of many

particles closely packed together. Condensed matter systems are then a natural testbed for predic-

tions of quantummechanics, such as the specific heat and electrical conductivity of materials as a

function of temperature.

However, not all of the behavior of electrons in quantummaterials are exclusive to the quan-

tum realm. In fact, classical waves, such as sound, can reproduce much of the dispersion behav-

ior as electrons in a solid. At first glance, this seems counter-intuitive, after all, the underlying me-

chanical equations of the two systems are different. Electrons are governed by the time-dependent

Schrödinger equation, which is usually written in the form:

−iℏ
∂

∂t
|ψ(x, t)⟩ = Ĥ |ψ(x, t)⟩ (3.1)

where |ψ(x, t)⟩ is the many-body wavefunction containing all the information about the quantum

state of the system, and Ĥ is the Hamiltonian operator describing how the system evolves in time.

In general, with interaction terms in the Hamiltonian, the number of terms in the Schrödinger

grows exponentially large with the number of particles in the system, making it impossible to solve

exactly. However, under some simplifying conditions the above equation can be made to look quite

familiar. In free space for non-interacting electrons, the Hamiltonian is only the kinetic energy op-

erator p̂2
2m where p̂ is the momentum operator andm is the bare mass of the electron. In 1D, the

momentum operator in real space is given by p̂ = iℏ ∂
∂x , so the Schrödinger equation simplifies to

iℏ
∂

∂t
|ψ(x, t)⟩ = ℏ2

2m
∂2

∂x2
|ψ(x, t)⟩ . (3.2)

If we assume a plane wave solution for the wavefunction, i.e. a solution of the form |ψ(x, t)⟩ =

Ae−iωt(e−ip·x/ℏ + eip·x/ℏ),we recover the dispersion relation for electrons in free space:
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ℏω |ψ(x, t)⟩ = p2

2m
|ψ(x, t)⟩ (3.3)

ℏω =
ℏ2k2

2m
(3.4)

=⇒ ω ∝ k2 (3.5)

where k = p/ℏ is the wavenumber. The relationship between the temporal frequency, ω, and the

wavenumber, (or you can think of it as the spatial periodicity) k, is called the dispersion relation for

the free electron. The key feature here is that ω scales as k2. This is in contrast to classical waves that

obey the wave equation, such as longitudinal sound waves, where ω ∝ k. We can see this from the

form of the acoustic wave equation

B(⃗x)∇ · 1
ρ(⃗x)

∇P(⃗x, t) =
∂2

∂t2
P(⃗x, t) (3.6)

where B(⃗x) is the bulk modulus and ρ(⃗x) is the density of the medium. Assuming a uniform

material in 1D this reduces to

B
ρ
∂2

∂x2
P(x, t) =

∂2

∂t2
P(x, t), (3.7)

(3.8)

which is exactly the form of the wave equation ∂2

∂t2ψ(x, t) = c2 ∂2

∂x2ψ(x, t)with c = B/ρ the speed

of sound. The wave equation gives rise to a linear dispersion relation, ω ∝ k, unlike the quadratic

dispersion for the quantum equivalent. How then can sound reproduce electronic dispersion re-

lations in in condensed matter systems? The answer lies in the fact that we are not concerned with
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Figure 3.1: Acoustic metamaterials capture single‐particle quantum physics. a, Sound waves in 1D trapped in a box of
sound hard boundaries form a ladder of evenly spaced eigenstates. The lowest few generic eignestates are sketched
in gray. b, electrons trapped in the coulomb potential well generated by a proton also form a ladder of bound states.
Illustrations of the radial component of the lowest few levels are shown in gray. c, A 3D air cavity in a solid material will
host resonance modes with symmetries relating to its container, in this case, a cylinder. Red and blue represent high
and low acoustic pressure compared to atmosphere, respectively. d, The 3D solutions to the hydrogen atom form the
basis of atomic orbitals we are familiar with, in this case an example p (left) and d (right) orbital. Red and blue represent
positive and negative phase of the wavefunction. e, A honeycomb acoustic metamaterial is constructed from coupling
many of the acoustic cavities such as those shown in c, through thin air channels. f, Graphene is a honeycomb lattice of
carbon atoms connected by covalent bonds. g, The honeycomb acoustic metamaterial reproduces the expected band
structure of graphene with the signature Dirac crossing at theK point. h, The electronic band structure of graphene
calculated via tight‐binding model.

replicating the behavior of non-interacting electrons in free space, but in crystals where electrons

strongly feel the background lattice.

3.2 Acoustic metamaterials as quantummimics

Instead of the free space picture, take instead the limit of electrons and sound waves trapped in a

strong potential well. For sound, this is the solid walls of a container full of air, and for electrons,

the coulomb potential from the positively charged nuclei of the crystal lattice. Consider a 1D box

full of air of length Lwith sound hard boundaries on both sides. The displacement must go to zero

at x = 0, fixing the solution for ψ(x) to be a ψ(x) = A sin(kx− ωt), and x = L, enforcing

kn = nπ/L, and thus ω = ckn = nπ/L for a positive integer n. By restricting the sound waves
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to a finite container, the solutions to the wave equation have become a ladder of states, analogous to

the solutions for the hydrogen atom. Similarly, when many resonators are put together in a periodic

array, whether they be tunneling electrons or connected air cavities, the emergent band structure

of eigenstates is determined by the geometry of the lattice alone. Although the level spacing and

exact functional forms of the wavefunctions depend on the natural constants and exact potential

well functional forms in the problem, the emergent ladder solution allows direct comparisons to be

drawn between the two systems!

In the following chapters, I will take advantage of this analogous behavior between classical res-

onators and tightly bound non-interacting electrons to explore the physics of 2D systems that have

yet to be realized in the quantum setting. By simulating or building the acoustic lattice analog,

called an acoustic metamaterial, we are able to understand the band structure of lattices that, un-

til now, are poorly studied or in a physical regime otherwise not achievable in a controllable way in

quantummaterials. For example, stacked, twisted vdW systems have been of high interest in the

condensed matter community since the discovery of superconductivity [66] and correlated insu-

lator [67] states in magic angle twisted bilayer graphene (TBG). The emergence of these interest-

ing states is mainly contributed to the flattening of the Dirac bands around theK point due to the

moiré potential [68]. The surprising nature of this discovery has lead to much effort in understand-

ing TBG, wich has come to be well modeled from the non-interacting band perspective. However,

as more layers and different 2D layer constituents are added to heterostructures, they become very

difficult to model. Metamaterials offer the advantage of not being limited to any particular set of

constituent layers since the geometry is perfectly controllable. If a system is too large to simulate,

by tight-binding, finite element, or any other methods, it can instead be 3D printed and measured.

In this way I envision metamaterials as a rapid and cheap prototyping platform for discovering and

understanding new quantummaterials.
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4
Acoustic harmonic oscillator

Acoustic metamaterials that adapt quantum concepts to the classical domain have led to applica-

tions such as topological insulator lasers [69, 70], acoustic logic gates [71, 72], and materials with

zero or negative refractive index [73, 74, 75]. Here, we design a broadband high-Q acoustic res-

onator by mimicking the dense array of flat bands found in a wide range of twisted semiconductor

heterostructures[76, 77, 78], including h-BN,MoSe2, WSe2, andWS2 [79, 80, 81]. The relative

twist between layers generates a long-range moiré pattern in these materials, resulting in a grad-
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ual variation of their interlayer alignment and the creation of a smoothly varying potential,V(r).

This potential changes the local bilayer Hamiltonian while leaving each monolayer band structure

mostly intact [68, 82, 83]. The flat bands of these twisted semiconductors thus have a straightfor-

ward explanation: the parabolic kinetic energy dispersion E(k) ∝ |k|2 of each monolayer band edge

combines with the parabolic spatial potential of the moiré patternV(r) ∝ |r|2 to give a textbook

example of a harmonic oscillator [84, 85, 86], characterized by the local Hamiltonian

H =
|p|2

2m∗ +
1
2
m∗ω20|r|2, (4.1)

wherem∗ is the effective electron mass and ω0 is the oscillator’s frequency. This ladder of har-

monic oscillator states differs from the well-known pair of flat bands in magic-angle twisted bilayer

graphene [66], which arises from the hybridization of Dirac cones at fixed energy.

4.1 Design of metamaterial

Here we design an acoustic metamaterial analog of twisted bilayer graphene where the harmonic

oscillator flat bands manifest as multiple high-Q resonance modes with controllable frequency,

number, and spacing. We start by designing two-dimensional acoustic metamaterials that mimic an

electronic tight-binding model. Each lattice site consists of a cylindrical air hole (density 1.2 kg/m3,

speed of sound 343 m/s) in a steel sheet (density 7850 kg/m3, speed of sound 5790 m/s), supporting

single-cavity acoustic modes with frequency spacing set by the cavity size. We connect these modes

through thin channels to allow nearest-neighbor intralayer hopping t||, and focus on the lowest

(s-band) manifold of states, whose dispersion closely mimics that of monolayer graphene [87]. To

implement an interlayer coupling strength tz, we insert a thin steel membrane between two verti-

cally stacked graphene metamaterial layers [88]. The couplings t|| and tz are controlled by the chan-

nel width or interlayer membrane thickness, respectively. For a resonator in the audible range, we
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Figure 4.1: A moiré potential generates an effective harmonic ocsillator Hamiltonian. a, Acoustic metamaterial design to
mimic twisted bilayer graphene. b, Schematic of the band energy as a function of k and r. At both AA and AB stacking
the local band energy can be approximated by a parabola, leading to harmonic oscillator states near the local maxima. c,
Calculated band structures for symmetric stacking configurations of acoustic bilayer graphene. At the Γ‐point, the top
band of the s‐manifold (blue) is well approximated by a parabolic dispersion with negative curvature. d, Γ‐point band
edge frequency as a function of stacking configuration, calculated from an untwisted bilayer metamaterial with a lateral
translation between the layers. This real‐space band dispersion constitutes an effective potentialV(r) for the acoustic
waves, which is locally parabolic at AA and AB.

choose a cavity radius ofR = 3.25 mm, nearest-neighbor spacing a = 10 mm, channel width

w = 0.875 mm, metamaterial layer thicknessD = 1 mm, and interlayer thickness T = 25 μm.

Finally, we introduce a twist angle θ = 3.89◦ between the layers to generate an acoustic moiré super-
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Figure 4.2: Harmonic oscillator potential generates a ladder of high‐Q resonances. a, Acoustic band structure of a 3.89◦
twisted metamaterial at frequencies around the Γ‐point band edge at the top of the s‐manifold. The AA‐localized flat
bands (blue) are approximately equally‐spaced with ω0 ≈ 340 Hz. The flat bands are either one‐fold (×1) or two‐fold
(×2) degenerate. Harmonic oscillator states also localize on the AB/BA symmetry regions (red). A representative
dispersive band is highlighted in orange. The Q‐factors are calculated by placing a monopole acoustic point source
in one of the cavities in the central unit cell with a free space reference root mean square power of 0.01 W. Losses
through air cavities are modeled under atmospheric attenuation at standard temperature (293 K) and pressure (1 atm)
conditions. Losses in the steel are defined with an attenuation coefficient of α = 0.05 dB/m. b, Pressure distribution
of the AA‐centered harmonic oscillator states labeled according to their angular harmonics. c, Real‐space pressure
distribution for the representative dispersive mode. d‐e, Pressure distribution over several moiré periods, showing larger
moiré crystals with an effective triangular (d) or honeycomb (e) lattice.

lattice analogous to twisted bilayer graphene, as shown in Fig. 4.1a. We calculate the pressure eigen-

modes and band structure of this system using the Pressure Acoustics, Frequency Domain interface

within the acoustic module of the commercial finite-element software COMSOLMultiphysics®.

The three pairs of side boundaries of the moiré supercell are given periodic Floquet boundary condi-

tions while the outer faces of the top and bottom steel sheets are impedance matched to air.

4.2 Origin of harmonic potential

Harmonic oscillator states form within a band dispersion that is locally parabolic in both real and

momentum space (Fig. 4.1b), mimicking the behavior described by equation (4.1). The top band of

the s-manifold of bilayer graphene has a kinetic energy dispersion E(k) ∝ −|k|2 around the Γ point,

29



as calculated in our honeycombmetamaterial (blue line in Fig. 4.1c). Across the moiré supercell, the

interlayer coupling tz is strongest when all the cavities perfectly overlap (AA stacking) and weakest

when the overlap is smallest. This local variation in tz creates a position-dependent potential,V(r),

which can be approximated for small θ by the stacking configuration of two untwisted layers with

a relative shift[83], as shown in Fig. 4.1d. In our acoustic metamaterial, the Γ-point eigenfrequency

of the upper band peaks at the AA, AB, and BA stacking configurations, corresponding to a local

potentialV(r) ∝ −|r|2 (blue line in Fig. 4.1d). We expect harmonic oscillator states to emerge

within these local maxima because the k-space curvature of the Γ-point band dispersion has the

same sign as the r-space moiré potential. This scenario leads to a local Hamiltonian equivalent to

equation (4.1) with a negative effective mass. The angular frequency of the harmonic oscillator can

be approximated by [84]

ω0 =

√
∂2H(k, r)

∂k2
∂2H(k, r)

∂r2
.

(4.2)

We estimate the k and r space curvatures by fitting parabolas to the blue band maxima in Fig. 4.1c

and d, yielding an expected level spacing of ω0 ≈ 340 Hz for the AA point from equation (4.2).

4.3 Emergent ladder of harmonic states

By twisting the metamaterial as illustrated in Fig. 4.1a, our simulation reveals a ladder of harmonic

oscillator states localized around the AA sites, shown in Fig. 4.2a. These states form flat bands with

roughly equal spacing ω0 ≈ 340 Hz, in excellent agreement with the independent approximation

from the shifted metamaterial using equation (4.2). The bands have extremely narrow intrinsic

linewidths Δf ∼ 1 μHz, corresponding to a quality factor Q ≡ f/Δf exceeding 1010. However,
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when we account for realistic acoustic losses due to damping within air and steel, Q falls to around

4,000, which still exceeds typical measured Q for airborne acoustic devices at ambient conditions

[89, 90]. By optimizing material selection, this design concept has the potential to achieve ultra-high

Q.

In real space, the harmonic oscillator modes exhibit well-defined spatial symmetries, as shown

in Fig. 4.2b. The spatial patterns are the angular harmonics of a two-dimensional quantum har-

monic oscillator, and we label these modes as s, p, and d orbitals, in analogy to the orbital states of

electrons around a nucleus. In contrast, dispersive bands with non-localized real-space distributions

form below the potential well, shown in Fig. 4.2a,c. As expected, the smode is non-degenerate, and

the pmode is two-fold degenerate. Meanwhile, the dmodes exhibit degeneracy breaking, with the

d0 mode splitting from the d−1 and d1 modes, likely due to the anharmonicity of the moiré poten-

tial well. Moreover, these harmonic oscillator states couple to create larger spatial arrays of high-Q

modes, forming an emergent triangular lattice on the moiré length scale (Fig. 4.2d).

Harmonic oscillator states also emerge at the AB and BA sites, whereV(r) has additional local

maxima. In this case, only the s and pAB/BA harmonic modes fit within the potential, highlighted

as red lines in Fig. 4.2a. The level spacing ω0 ≈ 250 Hz is smaller than the AA-localized modes,

reflecting the wider local curvature of the potential around AB/BA (see equation (4.2)). In contrast

to the AA-localized modes, which form a triangular lattice with nearest-neighbor distance
√
3λ, the

composite AB/BA-localized modes form a honeycomb lattice with nearest-neighbor distance λ.

In the stacked two-dimensional semiconductor systems that inspired this work [79, 80, 81], the

moiré potential is determined by the microscopic interactions between electrons and atoms, limit-

ing tunability. In contrast, the interlayer coupling in a metamaterial can be continuously tuned by

adjusting the interlayer thickness [88]. A stronger interlayer coupling increases the Γ-point band

splitting, which deepens the harmonic oscillator potential wellV0, as shown in Fig. 4.3a. A deep-

ened well allows for an extended ladder of harmonic oscillator modes, enabling access to those with
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higher angular momentum.

4.4 Tunability

Our metamaterial also allows the width of the potential well to be tuned. The potentialV(r) can

be widened by decreasing the twist angle, which moves the AB points further away from the AA

point, stretching the same change in tz over a longer length scale. A widerV(r) reduces the curva-

ture ∂2H(r)/∂r2, leading to more closely spaced resonances from equation (4.2). The relationship

between level spacing and twist angle is nearly linear, suggesting that harmonic oscillator modes

become densely packed in frequency as the twist angle approaches zero (Fig. 4.3b). For instance,

adjusting the twist angle from 6◦ to 2◦ increases the number of non-degenerate harmonic oscillator

modes from 4 to 25 (inset in Fig. 4.3b). At a twist angle of 2◦, we found that although the s and p

modes are separated by about 200 Hz, higher angular momentummodes can be spaced as little as 10

Hz apart. Crucially, this low-twist regime yields an acoustic resonator that maintains a high Q over a

wide bandwidth (Fig. 4.3c,d), overcoming the typical trade-off between Q and bandwidth.

Acoustic twisted vdWmetamaterials offer a promising platform for realizing broadband, high-Q

resonance modes. Our twisted bilayer metamaterial reveals a ladder of harmonic oscillator modes lo-

calized around the AA, AB, and BA stacking configurations. The depth and width of the harmonic

potential well depend on continuously tunable properties of the metamaterial, allowing the number

and frequency separation of the resonances to be adjusted as desired. Unlike traditional acoustic fab-

rication techniques where binary potentials are encoded through sudden changes in material den-

sity, our approach inherits a smoother long-range potential from the moiré pattern. This smooth

potential, combined with the strong localization and multi-cavity nature of these emergent modes,

makes them resilient to local fabrication defects. We anticipate these resonators will advance appli-

cations requiring broadband, high-Q performance, such as efficient amplification for energy har-
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appears as a series of closely‐spaced, sharp peaks in the pressure response amplitude as a function of source excitation
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bandwidth resonance response. The absolute amplitude of the peaks is dependent on the method of excitation, in this
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width at half maximum, remain greater than 4000 for all modes.
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vesting [91], chemical and biological sensing [92], and second-harmonic generation [93, 94, 95, 96].

Moreover, although our simulations focus on macroscopic length scales and kHz frequencies, the

underlying principles of moiré localization extend naturally to surface acoustic[97, 98, 99, 100] and

photonic systems[101, 70, 102, 103], opening doors for novel microwave and optical devices.
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5
Acoustic obstructed atomic insulator

The atomic insulator is well-described as a crystal with a full valence band and a finite energy gap

to an empty conduction band. A simple corresponding real-space picture is given by the Fourier

transforms of momentum-space energy bands, called the maximally localizedWannier functions

(MLWF). In materials where this simple picture breaks down and the MLWF of a band cannot be

exponentially localized to any point in the unit cell without explicitly breaking a symmetry or clos-

ing an energy gap, we say that the insulator is topological[104, 105, 106, 107, 108, 109, 110, 111,
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112]. Finally, there exists another type of insulator where the MLWFs are exponentially localized in

the unit cell, but off of any individual lattice site, called an obstructed atomic insulator (OAI) [111].

Here, MLWFs are localized at the Wyckoff positions of chemically bonded molecular orbitals that

fill both the valence and conduction bands. The hybridization of several atomic orbitals form an ef-

fective higher-symmetry orbital spread across the unit cell, away from individual atoms. As a result,

even non-interacting particles can be sensitive to the occupation of other nearby modes.

The interdependence of modes within the unit cell in an OAI leads to a bulk-boundary corre-

spondence if the effective higher-symmetry orbital is disrupted. In contrast, the bulk-boundary

correspondence of a topological insulator is global and guaranteed by continuity of the wavefunc-

tion, giving rise to a conducting boundary and an insulating bulk. When the molecular orbitals of

an OAI are cut by two conjoining boundary terminations, dangling bonds lead to corner-localized

0-D states, similar to the conducting states of a higher-order topological insulator [113]. However,

attempts to visualize this phase have been hindered by limitations in microscope resolution. More-

over, corner states can be difficult to observe, as impurities, long-range hopping, and edge recon-

struction can push them into the manifold of bulk states [114, 115, 116].

In general, OAIs have dispersive valence and conduction bands which can overlap with other triv-

ial states. Delocalized excitations and interference from nearby bands makes real-space imaging of

the molecular or in an OAI challenging. Therefore, the discovery of a clean 2DOAI system with an

isolated, ultra-flat conduction band is particularly attractive, as a very localized wavefunction would

be easier to identify. In real space, a non-degenerate flat band manifests as a highly localized mode,

called a compact localized state (CLS). Such a flat band has very small kinetic energy, making any in-

teractions present in the system the dominate contributor to the Hamiltonian. Thus, electronic in-

sulating flat bands could lead to the emergence of strongly correlated [117] andMott physics [118]

that are currently unexplored in the OAI regime.

In this work, we design the first 2D flat band OAI and experimentally implement it in an acous-
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tic metamaterial. Our metamaterial embeds the “Star of David” motif, which typifies the (gapless)

kagome flat band, in an extended triangular lattice. In our “extended-kagome” lattice, we isolate the

same CLS that makes up the kagome flat band, but now protected by a gap to all dispersive modes.

By exciting the acoustic modes of the system with a single point source, we derive the band structure

of the system and observe a gapped non-degenerate flat band, an effect previously unseen in explo-

rations of photonic or phononic engineered super-lattices [119, 120, 121, 122, 123, 124, 125, 126,

127, 128, 129, 130, 131, 132]. In addition, unlike previous designs of metamaterial OAIs which

have been characterized by quantized dipole [113] or quadrupole moments [133, 134, 135], the

acoustic ext-kag lattice hosts quantized hexapole moments. Lastly, The high degree of tunability

provided by acoustic metamaterials allows us to explore the ext-kag corner modes by breaking the

unit cell symmetry with various boundary terminations. The observation of a 2DOAI with an

ultra-flat conduction band points to a candidate lattice to observe overlap between strongly corre-

lated physics and the OAI phase.

5.1 OAI in one dimension

One of the earliest and simplest examples of an OAI is the Su-Schrieffer-Heeger (SSH) [136] model.

Consider a 1D chain ofN atoms with alternating nearest-neighbor hopping strength t1 ̸= t2. The

band structures of the two atomic chains are shown in Fig. 5.1b, which can be derived through a

simple tight-binding model. Intuitively, chemically bonding/anti-bonding orbitals create MLWFs

of the valence band that are centered in between strongly bonded atomic pairs, as shown by the

schematic diagram in Fig. 5.1a. The localized, symmetric, yet off-atom nature of the Wannier cen-

ters prove that the atom chain is actually an OAI[137]. The gray trace on top of the trivial phase di-

agram illustrates the charge-density distribution when the atomic chain ends with strongly bonded

atomic pairs. In the non-trivial phase when the chain ends with weakly bonded atomic pairs, “half-
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Figure 5.1: Realization of a one‐dimensional acoustic OAI. a, The Su‐Schrieffer‐Heeger (SSH) model is a simple 1D
example of an OAI. When a chain ends in between two weakly bonded atoms, it is in the trivial phase. The gray trace
represents the wavefunction probability density for a simple bulk mode from the bands formed by the orbitals depicted
as blue clouds. b,Meanwhile when a chain ends in between two strongly bonded atoms, it is in the non‐trivial phase.
The magenta traces represent the emergent edge modes. c, The band structure for the 1D SSH chain in the trivial
phase. The gray dot is a bulk mode correspondingly to the gray trace in a. d, The band structure for the SSH chain in
the non‐trivial phase. The in‐gap edge states are represented by the (two‐fold degenerate) magenta points. e, COMSOL
Multiphysics eigenstate simulation of the trivial (green) and non‐trivial (magenta) phases. f, Experimental acoustic
response of each cavity in both the trivial (green) and non‐trivial (magenta) phase at a frequency above the gap in the
valence band. Acoustic pressure response amplitude is linearly mapped to the area of the representing dot. g, Same as
f,, but for a frequency in the band gap. h, Same as f,, but for a frequency below the gap in the conduction. i, Schematic
diagram of the cavity acoustic resonators used in our experimental setup. j, Image of the 3D printed trivial(top, t1 > t2)
and non‐trivial (bottom, t1 < t2) phases of an acoustic metamaterial 1D OAI. k, Alternating channel widths are used to
implement two different hopping strengths, so a non‐trivial SSH chain terminates with the edge cavity weakly coupled
to the rest of the chain. l, A trivial SSH chain terminates with the edge cavity strongly coupled to the rest of the chain.

orbital”s are created as edge charges. Such edge charge is the manifestation of quantized electric

dipole moment defined as the sum ofWannier centers[138, 139],

p = − e
A

N∑
i=1

ri (5.1)
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where e is the electric charge, A is the area of the unit cell, and ri is the center of eachMLWF. Equiv-

alently, the quantized dipole moment is the Berry phase of the valence band[140, 141]:

p = − e
S

∮
BZ

i ⟨uk|∂kuk⟩ dk (5.2)

where |uk⟩ denotes the eigenstate of the occupied band and S is the area of the 1st Brillouin zone.

Solving the tight-binding model gives us the values of the two distinct phases of OAI[142]:

p =


0 t1 > t2

− e
2

t1 < t2
(5.3)

the quantized value− e
2
clearly shows that the non-trivial phase manifests as a in-gap corner mode,

as shown by the pink dots in Fig. 5.1b, while the bulk remains topologically trivial. The equivalence

between these two concepts tells us that, intuitively, the bulk-boundary correspondence of the OAI

is caused by breaking the localizedMLWF and leaving excessive charge on the edge.

Our metamaterials consist of [143, 144, 145, 113, 146] coupled-acoustic resonator chain as

shown in Fig. 5.1c. Each resonator imitates a single atomic site and is composed of three hollow

cylindrical cavities as shown in Fig. 5.1d. The primary cylinder, with height 45 mm and radius

15 mm, is a Helmholtz resonator whose fixed resonance frequencies mimics the on-site energy of

an atomic orbital. A smaller cylinder of height 3.5 mm and radius 0.5 mm forms a neck for the

Helmholtz resonator where a microphone is placed to measure the acoustic response within the

cavity. Lastly, a pair of cylindrical acoustic waveguides of length 7.5 mm and radius 2 mm connect

to the sides of the excited cavities. A pair of transducers drives the resonator through these waveg-

uides, exciting the fundamental mode with a π-phase shift along the long axis, an acoustic analog

of a pz orbital, as shown in Fig. 5.1d. The geometric parameters of the metamaterial were chosen to
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maximize the quality factor of the acoustic response.

We 3D-printed two 10-resonator chains with different edge termination patterns (Fig. 5.1c). Res-

onators are coupled by cylindrical waveguides of fixed length but alternating radii of 1.5 mm and

3 mm, implementing two possible coupling strengths t1 and t2. The model is in the trivial phase if

the edge coupling is weaker (t1 < t2), as is the case for the upper metamaterial in Fig. 5.1c, and in

the non-trivial phase if the edge coupling is stronger (t1 > t2), as is the case for the lower model in

Fig. 5.1c. Eigenstate calculations from COMSOLMultiphysics, shown in Fig. 5.1e, produce an ex-

pected band gap of 470 Hz for the trivial phase (green dots), while the non-trivial phase (pink dots)

hosts two in-gap edge states. We experimentally verify the existence of such in-gap edge states by ex-

citing each resonator individually and recording the acoustic response from the same resonator. The

acoustic pressure distribution of the trivial and non-trivial phases are nearly identical for frequencies

within the valence (f = 3.300 kHz) and conduction (f = 3.770 kHz) bands, as shown in Fig. 5.1f.

Meanwhile, at the in-gap frequency (f = 3.511 kHz) there is very low acoustic response throughout

the trivial chain, but a large acoustic response only at the edges for the non-trivial chain, indicating

the presence of in-gap edge states and confirming the transition into the OAI phase.

5.2 OAI in two dimensions – extended kagome lattice

In 2D the picture becomes more complicated, but OAIs can still be formed by constructing a lattice

that hosts off-atom, exponentially localizedMLWFs. We create a novel 2DOAI by embedding the

kagome unit cell in a larger triangular lattice, generating a gapped flat band with a MLWF localized

to the center of the new unit cell. A conceptual diagram of the real-space mode corresponding to

the flat band is depicted in Fig. 5.2a. In-plane s-like orbitals occupy the inner hexagon of the con-

ventional “star of David” kagome cell, with alternating π phase shifts every other site. Together,

these s-like modes form a single fxy-like orbital occupying each “star of David”. The symmetry of the

40



b -t +ta

t`

c d

Fr
eq

ue
nc

y 
(k

H
z)

Fr
eq

ue
nc

y 
(k

H
z)

Tight-Binding simulation COMSOL simulation

Γ1 Γ2Κ Μ Γ1 Γ2Κ Μ

Figure 5.2: A 2D OAI with an isolated ultra‐flat band. a, Diagram of the spatial distribution of the CLS of the ext‐kag
lattice at the flat band frequency. The alternating phase of the wavefuntion in the inner six sites cancels the nearest‐
neighbor hopping, t, outside of the inner hexagon, localizing the mode. b, The CLS tiles out across the lattice to generate
an emergent triangular lattice of obstructed atomic fxy orbitals. c, A tight‐binding model with nearest‐neighbor and
small next‐nearest‐neighbor hopping (t ̸= t′ ̸= 0) gives rise to a flat band that overlaps with other dispersive bulk
modes. Adding a small but finite onsite potential to the inner six sites of the unit cell then pushes the flat band above
the dispersive modes, gapping it out. d, COMSOL calculated band structure for an acoustic metamaterial analog of the
the extended kagome lattice.

41



b

= 5.782 kHz

= 5.723 kHz

Fr
eq

eu
nc

y 
(k

H
z)

0 0.04
Intensity (a.u.)Wavevector

dca

K MГ ГГ

4.0

4.5

5.0

5.5

e

0 0.04
Intensity (a.u.)Wavevector

K M Г

f

+1-1

acoustic pressure (a.u.)

sources

0

6.0

4.0

4.5

5.0

5.5

6.0

g h

Transducer

Microphone

+
+

+

-
-

-

Figure 5.3: Realization of two‐dimensional acoustic OAI in an extended kagome lattice. a, Image of the 3D printed
extended kagome acoustic metamaterial lattice. b, Zoom‐in of the central unit cell of the metamaterial shown in a. The
transducer used to excite the acoustic modes and the microphone used to measure the response are shown. c, The
measured real space distribution of the flat band in the extended kagome lattice. The resonator containing the acoustic
transducer is indicated by a gold star. Acoustic response is linearly mapped to the area of the representing dot. d, Same
as c, but for the kagome metamaterial. e, The measured band structure and f, density of states (DoS) of the extended
kagome acoustic metamaterial. The yellow DoS curve is averaged over six cavities in the central unit cell where the
transducer is placed while the gray DoS curve is averaged over the rest of the system. g‐h, Same as e‐f, but for the
kagome metamaterial.

hexagon is such that the nearest-neighbor hopping, t, to the sites on the edges of the “star of David”

destructively interfere, giving no spectral weight on those sites, as shown in Fig. 5.2b. Thus, the flat

band forms a new triangular lattice of the effective fxy orbitals, strongly localized at the center of
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each unit cell.

The true advantage of the extended kagome lattice is only revealed when next-nearest-neighbor

hopping, shown as t′ in Fig. 5.2b, is considered. The flat band of the traditional kagome lattice has

a time-reversal symmetry protected degeneracy at Γ with the highest dispersive band. Therefore,

although it exhibits a similar spatial wavefunction distribution, this mode is not a CLS. The intro-

duction of the extra lattice site in the extended kagome at the edge of each “star of David” expands

the number of bands from 3 to 14, as shown in tight binding calculation Fig. 5.2c, giving the de-

grees of freedom for the orthonormal basis to contain a gapped flat band, no longer protected by

TRS [147]. This has two primary advantages: I) the gap can be tuned by an onsite potential, δ, on

the inner six sites of the unit cell and II) the symmetry of the flat band mode negates next-nearest-

neighbor hopping effects, since all second nearest neighbors are either perfectly in phase or have no

spectral weight to contribute. In the acoustic metamaterial, naturally δ ̸= 0 by virtue of the cou-

pling channels, which slightly increase the volume of the inner 6 cavities, which have 4 coupling

channels each, compared to the outer 8, which have only 3 each. This leaves the frequency of the flat

band nearly unchanged when t′ ̸= 0, while all other modes are driven down in frequency, as shown

by the COMSOL simulation in Fig. 5.2d.

We experimentally verify the existence of the gapped flat band of the extended kagome lattice

shown in Fig. 5.3a. Acoustic resonators are arranged into the 14-cavity unit cell of the extended

kagome lattice with identical geometric parameters as used for the 1D SSHmetamaterial model. In

order to measure the relative phase difference between each resonator, the source is fixed at a res-

onator inside the central unit cell, shown in Fig. 5.3b. For each excitation frequency The real space

distributions of acoustic pressure are measured by a microphone. The expected CLS associated

with the extended kagome flat band appears as a large relative amplitude with alternating phase on

the inner hexagon of the excited unit cell, as shown in Fig. 5.3c. Each circle represents an acoustic

resonator, with the area scaling with acoustic pressure and the phase color-coded. The phase infor-
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Figure 5.4: Corner terminations create edge‐localized modes in the ext‐kag OAI. a, The DoS for four types of corner
terminations for the extended kagome lattice averaged over the corner of the lattice highlighted in the inset. Different
shades of blue correspond to different measured corner terminations. Peaks in the DoS associated with the corner
defect modes are indicated by gray dots. a‐dMeasured response amplitude of different corner terminations at the peak
response frequencies labeled by f0 − f3 in a, respectively. b, The ”natural” corner is a control for a perfected tiled unit
cell with no extra missing cavities, leaving the flat‐band mode unchanged at f0. c, A corner termination removing 4
cavities from the outer unit cell protects the hexagon that hosts the obstructed fxy orbital, shifting the flat‐band peak
down to f1, but still above the bulk bands. d, A corner with 5 missing cavities slightly disrupts the OAI flat band mode,
turning it into a defect corner state at f2 ∼ f1. d, A corner termination with 7 missing cavities cuts the inner hexagon in
half, greatly disrupting the OAI state and generating a corner defect mode deep in the bulk at f3.

mation allows us to Fourier transform and reconstruct the extended kagome metamaterial’s band

structure, as shown in Fig. 5.3e. For comparison, the same measurement was taken on an analogous

geometry kagome metamaterial at the flat band frequency, as shown in Fig. 5.3d, and its band struc-

ture is visualized in Fig. 5.3g. For both metamaterials, the expected spatial symmetries of the kagome
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CLS are observed at their respective flat band frequencies (fkFB = 5.732 kHz and fx-kFB = 5.782 kHz),

with further localization to the central unit cell in the extended kagome lattice. The large resonance

amplitude within the central unit cell where the source resonator is located, in conjunction with

the shorter decay length, indicates that bulk modes are not simultaneously excited and therefore

gapped.

From the band structure, it is apparent that there is a∼ 100 Hz band gap between the very sharp

flat band at the top of the spectrum and the closest dispersive modes. To further characterize this

gap, we plot the local density of states of both the extended kagome and kagome metamaterials, as

shown in Fig. 5.3f,h, respectively. The yellow curves show the local density of states of the inner-

most hexagon of the central unit cell, and the gray curves are an average over the rest of the metama-

terial. For both systems, the exact flat band frequencies can be derived from the center of the highest

frequency response peak in the yellow curve. The gray curve in Fig. 5.3h has finite value at fx-kFB , but

the gray curve in Fig. 5.3f dies rapidly just below fx-kFB , indicating the bulk dispersion band terminates

before reaching the flat band in the extended kagome lattice, further supporting the existence of a

gapped flat band in the extended kagome lattice.

We further prove that the flat band of the extended kagome lattice is in the OAI phase by alter-

ing its corner termination. A key signature of an OAI is the emergence of in-gap states when the

wavefunction of the localized mode is disturbed by a defect, as was the case in the 1D SSHmodel

(Fig. 5.1d). Here, we modify the corner unit cell of the extended kagome lattice by altering the cor-

ner termination of the finite metamaterial in 3 different ways, shown in Fig 5.4 b-e), which we

name Type-0, 1, 2, 3 termination. Each missing cavity is marked by an “x”. All corner unit cells are

excited from the same relative cavity (marked by the yellow star). For each termination type, a local

part of the metamaterial is measured, shown in orange in the inset of Fig. 5.4a. For each measure-

ment, an average of the acoustic response is shown by the different shades of blue curves shown in

Fig. 5.4a. Each response curve has a peak associated with a mode relatively localized to the corner
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cell, marked by the gray dots and labeled f0 − f3. The peak positions move down in frequency as

the number of missing cavities in the unit cell increases. It is important to note the absence of the

original flat band peak from the Type 1,2,3 terminations, indicating that the missing cavity does not

destroy the flat band, but rather it manifests as a corner defect mode at lower frequencies.

We theoretically propose a flatband OAI in 2D, a new class of topologically-trivial insulator,

and experimentally realize it by engineering a novel lattice in an acoustic metamaterial. We observe

various corner terminations that intersect the Wannier center of the CLS and track the resulting

change in frequency of the flat band. Our precise control over acoustic metamaterial geometries

allow us to study the features of 2DOAIs, and would help lead to faster progress in novel quantum

materials.
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6
Designer surface acoustic waves

The propagation of mechanical waves along the surface of some piezoelectric materials, called sur-

face acoustic waves (SAWs), provides a pathway for direct conversion between mechanical, electri-

cal, and optical energy, making the phenomenon suitable for applications in microwave technolo-

gies. SAWs have several advantages over other classical wave platforms for microwave applications,

including ease of electrical excitation up to tens of GHz, micron wavelengths allowing for minia-

turization, and the potential for low loss transmission [148]. Microfabrication on the surface of
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LiNbO3 allows for the scattering of the traveling waves into standing waves to create strong res-

onators [149, 150, 151, 152], as is needed for opto-mechanical conversion or signal amplification.

Alternatively, coupling travelling SAWs to quantum systems [153, 154, 155, 156] opens the doors

for uses in quantum communication or information processing technologies. For many applica-

tions, advanced band structure engineering is required, making metamaterials an ideal platform to

achieve the desired SAW dispersions. However, tools for direct measurement of travelling SAWs is

lacking, making it difficult to design and test the engineered lattices.

It is well known that acoustic metamaterials, systems whose dispersion properties are deter-

mined by macroscopic geometry as oppose to that of their constituent parts, have been used to

great success to control sound waves. Complex wave dispersions such as topological insulators

[70, 91, 157, 158, 159, 160, 98, 161], acoustic logic gates [71, 72], and materials with zero or neg-

ative refractive index [103, 74, 75] have been studied for sound in the audible or ultrasonic regime.

However, the miniaturization of acoustic metamaterials to micron scales and microwave frequencies

presents challenges in both fabrication and measurement. There has been previous effort to imple-

ment a metamaterial honeycomb lattice of deposited metallic micropillars to emulate the ”massless”

Dirac dispersion [97] or the topological features of sub-lattice symmetry breaking [98, 162, 163] in

SAWs, but all have relied solely on transmission measurements or single frequency scanning read-

outs, leaving out much information about the SAW scattering mechanisms and behavior beyond

theK point. Additionally, experimental measurements that rely on optical interference have a low

spatial resolution limited by the spot size (∼ 10 μm) and generally are sensitive to standing waves

only.
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Figure 6.1: |Metamaterial design a, Optical image of a single SAW metamaterial device. A hexagonal lattice of 400 nm
tall gold pillars is deposited in between two sets of interdigital transducers (IDTs) used for SAW generation/detection
in the 880‐1150 MHz frequency range. The SAW propagation direction corresponds to the x crystal axis of the 128◦

y‐cut LiNbO3 substrate. b, SEM image of the metamaterial. The direction of SAW propagation is kx, which corresponds
to the Γ − K direction of the honeycomb lattice. c, SEM picture of the pillars, where the white rhombus indicates the
unit cell, which consists of two deposited gold nanopillars. Parameters in the figure are a0 = 1.06 μm, r0 = 300 nm,
h = 400 nm, and δr varies among different samples depending on the degree of intended sublattice symmetry break‐
ing, i.e., for a honeycomb lattice δr = 0. d, Simulated acoustic band structure of the graphene (δr = 0) metamaterial
using COMSOL Multiphysics. The darker color corresponds to Surface Modes, while lighter color associates to Bulk
Modes. The flat bands around 950 MHz come from the radial expansion of the pillars and it is decoupled from the
substrate, thus it does not appear in the experiment. e, Simulated acoustic band structure of the h‐BN metamaterial
(δr = 2 nm) showing a band gap of 40 MHz around theK point.

6.1 Introduction to Electric force microscopy (EFM)

Here we present the use of electrostatic force microscopy (EFM) [164, 165, 166] as a platform for

the study of SAWs metamaterials. The large bandwidth and sub-micron spatial resolution capabil-

ities of EFM gives access to direct k-space measurements, making comprehensive studies of SAW

metamaterial band structures more accessible than ever before. As a proof of concept, we deposit a

honeycomb lattice of Au pillars on the surface of LiNbO3, reproducing the expected Dirac disper-

sion around theK point. We observe a significant reduction of the speed of sound near the Dirac

point as well as scattering from the excitation axis into the three-fold rotation symmetry axes of

the hexagonal unit cell. Additionally, we reproduce the full band structure within the honeycomb
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Figure 6.2: A novel platform for the design and measurement of SAWmetamaterials.   a, Schematic of experimental
setup including the metamaterial device and the electrostatic force microscope (EFM) used for the detection of the trav‐
eling SAWs. The EFM is a modified optical detection conductive AFM system that applies the RF voltage used to drive
the IDTs to the cantilever, chopped by its resonant frequency, ωr. The nonlinear interaction between the probe and
substrate effectively down‐converts the response of the high‐frequency component to an amplitude at the mechanical
resonant frequency of the cantilever (cite).   b, Snapshot in time of the tip‐sample interaction mediated by the surface
charge build (sigmaln) up of the SAWs. At points on the surface where the phase difference between the RF signal at
the tip (Vtip) and the charge wave associated with the SAW σLN is nπ for an integer n, the force will be maximally
repulsive for even n, as is the case at position x = x1, or maximally attractive for odd n, as shown for x = x2. The
resulting magnitude of the force felt by the cantilever |Ftip| is a sum of both a spatially dependent force contribution
δF(x), which depends on the phase of the SAW, and a background attractive electrostatic force, Fave, that remains
constant as a function of x.   c,d Time evolution of sample‐tip interaction at x = x1 (and x = x2), where the force is
maximally repulsive (or attractive), resulting in minimal (maximal) oscillation amplitude |Δz|ωr .

metamaterial over a wide bandwidth (∼ 280MHz), not previously accessible by other scanning

methods. We observe a transition from the ballistic to the diffusive scattering regime as the fre-

quency crosses above theK-point, revealed by a significant drop in the signal-to-noise (S/N) ratio,

supporting the existence of “deaf” bands [97, 167]. Additionally, we open a tunable gap around the

Dirac point by breaking sub-lattice symmetry, reinforcing the power of this platform for arbitrary

SAW band engineering.

Our SAWmetamaterial is composed of metallic pillars arranged in a honeycomb lattice on a

piezoelectric 128◦-Y cut bulk LiNbO3 substrate. Figures 6.1 b and c show scanning electron mi-

croscopy (SEM) images of a fabricated metamaterial, where gold (Au) pillars were fabricated using
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electron beam lithography and deposition (see Methods). This metallic array of micro-resonators

induces periodic potential variations in the SAWs. Each pillar acts as a local resonator coupled to the

LiNbO3 substrate, thereby mimicking electronic dispersion in 2D hexagonal quantummaterials

[168, 97]. The rhombic primitive cell of our SAWmetamaterial contains two sublattice sites, A and

B, which are micro-pillars with equal height (h∼ 400nm) and sidewall angle (θ ∼18°). When sub-

lattice sites A and B have equal radii, the structure can be viewed as an acoustic analog of graphene.

The C6 symmetry of the honeycomb lattice preserves the SAWDirac degeneracies around the K

and K’ points of the first Brillouin zone, analogous to graphene. By introducing a difference in the

radius of the pillar between the sublattice sites, the symmetry of the lattice is reduced to C3. The

broken inversion symmetry lifts the Dirac degeneracy, inducing a band gap. Two broadband inter-

digital transducers (IDTs) capable of generating planar SAWs ranging from 850MHz to 1150MHz

are patterned on the same substrate, launching waves in the x-crystallographic direction of LiNbO3.

Electrostatic Force Microscopy (EFM) achieves sub-micron resolution over a broad bandwidth

(500MHz-1500MHz), employs an heterodyne technique that circumvents direct RF signal detec-

tion and allows for the visualization of traveling waves. Furthermore, being a non contact mode, it

allows for fast scanning and finally can be implemented cheaply in most commercial AFM setups.

For these reasons, EFMwas chosen as the platform for SAW detection in our LiNbO3 metamateri-

als.

The electrostatic force between the sample and the cantilever can be expressed as:

Fz(x, y, t) =
1
2

(
∂Cts
∂z

)
V2
tip + Etipqtip (6.1)

Where Cts denotes the sample-tip capacitance,Vtip is the tip voltage, Etip is the electric field experi-

enced by the probe as a result of the surface polarization and qt is the amount of charge accumulated

on the tip. The voltage applied to the tip is an AC voltage at the SAW frequency ωRF, chopped by
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Figure 6.3: Direct observation of a Dirac cone in a SAW band structure. a‐c, Amplitude of the EFM response over a
30 × 30 μm scan frame for a frequency above (a), at (b), denoted fK, and below (c) the K point. The SAWs are clearly
visible in c and form the expected 2D hexagonal pattern at the K point in b. In a, the signal drops off as the symmetry
of the modes above the K point prevents direct excitation with a plane wave, which we call “deaf” modes. The inset in
(a) and (c) shows a zoom on the unit cell, where we observe respectively a bonding (c) and antibonding (a) mode. d‐f,
The Fourier transform of the real space images in a‐c, respectively. f shows peaks expanding out along the Γ‐K direction
as frequency increases up to fK. At fK, there is a clear sixfold peak at the edge of the first Brillouin zone at all K/K’
points, shown in e. The deaf modes are then visible above fK in d as circular bands closing around Γ2, as expected for
a parabolic dispersion. The dotted red line in e shows the linecut along the Γ1‐K‐M‐K’‐Γ2 direction that generates the
band structure in g. The cut extends into the second Brillouin zone as we measure momentum space directly with no
band folding. g, The reconstructed band dispersion from the FTs show Dirac cones characteristic of a honeycomb lattice
are visible at the K/K’ points. The dotted magenta line is a tight‐binding model meant as a guide to the eye. h‐j, Sum of
the spatial decay of EFM signal amplitude over all horizontal line scans from the real‐space data in a‐c. The observed
exponential decay for frequencies above the K point indicates that driving of the deaf modes is likely through secondary
scattering effects, resulting in a diffusive behavior. Below the K point, the SAW transport is ballistic resulting in a linear
amplitude decay. A transition between the two behaviors is observed at fK.

the cantilever resonant frequency ωr. The tip voltage can be expressed asVtip = [0.5+ 0.64 cos ωrt]×

VRF cos (ωRFt), where the terms in the square bracket represent the fundamental harmonic of the

chopping square wave.

For a propagating SAW in the x̂ direction, we can drop the y dependence and approximate the
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electric field at the cantilever tip due to the SAW as, Etip(x, t) = σLN(x, t)/ε0 = σ0 cos (ωRFt+ 2πx/λ) /ε0

where sigmaln is the local charge density, λ is the SAWwavelength and σ0 is the magnitude of

the charge density induced by the SAW. The charge accumulated at the tip, qtip, can be approxi-

mated as the sum of the induced charge by the SAW plus the charge due to sample-tip capacitance:

qtip = −σLN(x, t) + CtsVtip. The total force on the cantilever can then be computed from Equation

1, substituting the terms discussed above. Due to the resonance behavior of the cantilever, the dis-

placement amplitude is a function only of the terms that have an ωr time dependence, and any RF

frequency will be effectively integrated as the cantilever does not respond high frequency perturba-

tions. Finally the cantilever displacement is proportional to:

|Δz|ωr ∝

∣∣∣∣∣∣∣∣∣∣
δF(x)︷ ︸︸ ︷

Ctsσ0
ε0

VRF cos
(
2π
λ
x
)
+

Fave︷ ︸︸ ︷
1
2
∂Cts
∂z

V2
RF

∣∣∣∣∣∣∣∣∣∣
ωr

(6.2)

Where the first term arises from the net attractive δFattr of repulsive δFrep force contribution and

it is a function of the spatial SAW phase (2πλ x)while the second term is the background spatially

independent attractive force contribution Fave, as depicted in the schematic in Figure 2.

In our experimental setup, a Platinum (Pt) coated cantilever (Olympus OMCL-AC240TM,

spring constant k = 2N/m, quality factor in airQ ≈ 200) was used to scan at a constant height

of 180 nm above the sample surface. Each 30 × 30 μm scan is acquired in approximately 2 minutes,

with a spatial resolution of 230 nm per point. The spatial resolution of EFM is estimated to be on

the order of the tip-sample distance [166]. The scanning procedure consisted of two distinct phases:

first, an Alternating Contact (AC) mode line scan was performed to acquire the sample topogra-

phy. This was followed by a ”lift-mode” line scan at the predefined height. During the lift-mode

scan, the cantilever was not mechanically driven; instead, the oscillation amplitude was due solely
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Figure 6.4: | SAW band gap is tunable. a‐c, EFM amplitude over a 30 × 30 μm scan range at a, 1140 MHz, above fK, b,
1020 MHz, at fK, and c, 885 MHz, below fK in an h‐BN SAW metamaterial analog with δr = 15 nm. d‐f, Fourier trans‐
form of the images in a‐c. Clear peaks in the first Brillouin zone (f) move towards the edge of theK point at fK (e) and
then move into the second Brillouin zone above fK (d). Note the absence of the bright peaks at the edge of the Brillouin
zone at fK compared to the graphene metamaterial in Fig. 6.3 e. The dotted red line in e shows the linecut along the
Γ1 − K −M − K′ − Γ2 that generates the band structure in g. g, A band gap of 50 MHz opens around fK due to the
sublattice symmetry breaking. Two dispersive bands are still visible above and below the gap. The dotted magenta line
is a tight‐binding model meant as a guide to the eye. h, The width of the SAW band gap is proportional to the induced
sublattice mismatch, with green, purple, and teal representing a mismatch of%0,%7.5, and%15 respectively.

to the electrostatic interaction between the tip and the sample. The 180 nm lift height was chosen

to achieve a balance between maximizing the signal-to-noise ratio and providing a sufficient height

margin, preventing potential tip collisions with the pillars during the lift-mode EFMmeasurements.

The datasets presented hereafter comprise EFM scans acquired every 2.5 MHz (for graphene sam-

ple) and 5MHz (for h-BN samples). The chopping frequency was tuned to within 100 Hz of the

cantilever’s resonant frequency to optimize the EFM signal-to-noise ratio.
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6.2 Surface acoustic wave (SAW) graphene

We use EFM to characterize a honeycomb lattice of deposited Au pillars on the surface of LiNbO3 to

create an analogy to the electronic dispersion of graphene in SAWs. Real-space EFMmeasurements

at three frequencies representative of the three distinct SAW transport regimes below, at, and above

the Dirac frequency are shown in Fig. 6.3 a-c, respectively. Below the Dirac point, clear wavefronts

along only the excitation direction are visible in the EFM amplitude shown in Fig. 6.3 c, correspond-

ing to sharp peaks along the Γ1 − K lines in the first Brillioun zone, shown in Fig. 6.3 d. As the

frequency increases scattering remains low until the Dirac point, fK = 1040MHz, where the

wavefronts now exhibit interference patterns along the three rotation-symmetric axis associated

with theK-point, shown in Fig. 6.3 b. The Dirac frequency serves as a crossover point frommore

ballistic-like to diffusive-like transport. In this regime, referred to as Pseudo-diffusion, the energy

flux becomes omnidirectional as the group velocity direction becomes undefined at exactly fK [97]

(See [41] for details). Above fK, The signal-to-noise drops significantly, leaving little trace of the

wavefronts along any dominant direction, as shown in Fig. 6.3 a. However, the Fourier transform of

the real space image, shown in Fig. 6.3 d, reveals the formation of ring-like features around the Bragg

peaks, which are also the center of the second Brillioun zone, which we label Γ2. With momentum

space information as a function of frequency, we reconstruct the band structure, shown in Fig. 6.3

g, along the Γ1−K−K′−Γ2 high-symmetry linecut. We observe the characteristic linear dispersion

of the Dirac cone at theK andK′ points, but with a reduced group velocity of 2700 m/s compared

to the typical speed of 3900 m/s for free-space SAW transport in LiNbO3, establishing our ability to

control and measure the k-dependence of the SAW dispersion as well as the group velocity.

Any finite level of SAW scattering in the honeycombmetamaterial will disperse excitation power

from the IDT, reducing the amplitude of the EFM response deeper into the lattice. As a result,

the real-space data used to recreate the band structure in Fig. 6.3 g was collected in a region within
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20 μm of the metamaterial boundary to optimize the S/N ratio. The average EFM amplitude as

a function of distance along the x̂-axis is shown in Fig. 6.3 h-j, corresponding to the data shown

in Fig. 6.3 a-c, respectively. Below fK the amplitude of the EFM response decreases linearly with

distance, as shown in Fig. 6.3 j, implying a small scattering rate relative to the 30 × 30μm scan

window, consistent with ballistic transport. Above fK, the EFM response amplitude decays expo-

nentially with distance, as shown in Fig. 6.3 h, corresponding to the high-scattering diffusive regime.

The pseudo-diffusive crossover between the two regimes occurs at fK, as shown in Fig. 6.3 i, where

the decay is more consistent with a higher order polynomial. Due to the rapid decay of signal, it is

difficult to measure any modes in the diffusive regime via transport methods [97]. However, the

spatial resolution and high sensitivity of EFM permits imaging of previously invisible modes.

The emergence of diffusive transport at higher frequencies lies in the nature of classical waves.

Unlike condensed matter systems, there is no concept of a Fermi level in metamaterials, which must

be driven to populate the available eigenstates. There is then two requirements to excite SAWmodes

within the metamaterial: frequency and spatial mode symmetry. Below fK, the two pillars within

the hexagonal unit cell oscillate together, with no relative phase in the direction perpendicular to the

incoming wave propagation, which we call the symmetric modes, as shown in Fig. 6.3 c inset. Above

fK, the two pillars oscillate out of phase, with a node appearing between pillars, which we call the

anti-symmetric modes, as shown in Fig. 6.3 a inset. The IDTs generate plane waves at a fixed drive

frequency fD, which project onto the available symmetric eigenstates. This leads to direct excitation

of modes below fK, resulting in a strong EFM response, as shown in Fig. 6.3 c). However, above fK,

the incoming wave cannot project onto the anti-symmetric states, and therefore appear as an effec-

tive band gap, called ”deaf” bands [167]. This has prevented previous experiments on honeycomb

SAWmetamaterials from observing modes above fK. However, secondary scattering effects can still

drive the anti-symmetric modes, but at much lower amplitude, requiring a measurement with high

sensitivity. The SAWs measured by EFM are very clear below and at fK, as shown in Fig. 6.3 c and

56



b, respectively. Meanwhile, above fk, while the signal to noise is reduced, there is still clear signal,

which allows us to reconstruct the dispersion relation of the upper band despite not being able to

excite it directly. Thus for waves

6.3 Opening a controllable gap

The natural extension of tuning the SAW group velocity is control over the frequencies where SAWs

can propagate at all. Breaking the six-fold rotational symmetry of the honeycomb lattice removes

the protection of the Dirac cone, opening a gap in the energy spectrum. We tune the sublattice sym-

metry breaking through the difference in radius, δ, of the deposited Au pillar between the A and B

triangular sublattices, creating a SAWmetamaterial in analogy to hexagonal Boron Nitride. With a

%7.5 mismatch between sublattices, frequencies significantly above and below fK behave similarly

to the the case for SAW graphene, as shown in Fig. 6.4 a,b and c,f, respectively. However, frequen-

cies near fK now exhibit the behavior of a band gap, with no visible waves in the image shown in

Fig. 6.4 b and corresponding pronounced Bragg peaks in the Fourier transform shown in Fig. 6.4 e.

We can better visualize the behavior around fK through the band structure along the Γ1−K−K′−Γ2

high-symmetry linecut, shown in Fig. 6.4 g. A spectral gap opens of∼ 50MHz around fK, corre-

sponding to a region of extremely rapid exponential decay of SAW amplitude into the metamaterial.

Where eigenstates above the gap still can be excited via secondary scattering processes, there are no

longer valid states for the incoming SAWs to project onto in the gap, preventing their propagation

completely.

Sublattice symmetry breaking acts like a mass term added to the Dirac dispersion, with the added

mass correlating with the level of symmetry breaking. Increasing the difference in pillar radius then

serves as a tuning knob for the gap around fk, as shown in Fig. 6.4 h. When the sublattice symmetry

breaking is increased to δ = %15, the gap approximately doubles to Δ ∼ 100MHz, represented
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by the cyan dot, compared to the Δ ∼ 50MHz gap for δ = %7.5, shown by the magenta dot.

Meanwhile, for δ = 0 we recover the honeycombmetamaterial with no gap opening, highlighted

by the green dot. This near-linear trend is confirmed by COMSOLMultiphysics simulations shown

by the crosses of the corresponding colors. We then have established the tunable transition between

three regimes of SAW transport through the honeycombmetamaterial, ballistic, diffusive, and full

reflection.

We have established a new platform for the design and measurement of GHz SAWmetamaterials

on the surface of piezoelectric crystals. A deposited lattice of gold pillars modifies the dispersion of

incoming SAWs to implement an arbitrary tight-binding model determined by the geometry of the

metamaterial. The spatial and frequency resolution provided by EFM enables us to directly image

momentum space within the metamaterials and thus to recover the full band structure. We have

demonstrated the ability to slow and completely gap out SAWs through this method of microwave

band engineering. Additionally, we have established the tunable transition between three regimes of

SAW transport through the honeycombmetamaterial: ballistic, diffusive, and full reflection, all with

different scattering behaviors. This combination of metamaterial design and measurement allows

for the more complex SAW band engineering for a variety of microwave technologies.
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A
Twisted bilayer kagome lattice

A.1 Flat bands in solid state systems

The mechanism behind the high transition temperature of cuprate superconductors has been a

driving question within the condensed matter field since the Nobel prize winning discovery of lan-

thanum barium copper oxide in 1986 [169]. Cuprates are strongly anisotropic bulk crystals, with

much stronger bonds in-plane than between some planes. In particular, the CuO2 planes form a
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Figure A.1: Stacked kagome layers form a moiré pattern a, Geometry of a tight binding electronic kagome model dis‐
playing the star of David pattern. b, Lowest band manifold of the electronic tight‐binding model for the kagome lattice.
c, Geometry for the acoustic analog of the kagome lattice. Atomic sites are made from air cavities in a 1 mm thick steel
sheet. Thin membranes are placed on the top and bottom to impedance match the system to air. d, COMSOL band
structure calculation for the system with the unit cell shown in c,. The primary features including the Dirac cone atK
and the flat band at the top of the spectrum is captured. e‐g, Diagrams of the three possible high‐symmetry stacking
arrangements for bilayer kagome, C6, C3, and C2, respectively. h‐j, Electronic tight‐binding band structure for the same
three stacking arrangements [177]. k‐m, COMSOL calculated acoustic band structure for acoustic bilayer kagome lattice
with the same respective stacking orientations, capturing the same single‐particle physics as the electronic tight binding
model.

Lieb lattice, which hosts a quasi-2D flat band at the Fermi surface. The high superconducting tran-

sition temperature in cuprates has sparked wide interest in flat band materials in a search for other

strongly correlated phases or clues about the mechanism behind superconductivity in cuprates.

This search has lead to a recent interest in a class of crystals that contain 2D planes of atoms that

form a kagome lattice. One such class are the kagome metals, such as KV3Sb5, CsV3Sb5, and RbV3Sb5

which contain a kagome net of vanadium atoms [170]. Several kagome metals have been shown to

exhibit strongly correlated phases like superconductivity and charge ordering, including AV3Sb5

(for A=K,Cs,Rb) [171, 172, 173, 170], CsTi3Bi5[174], and ScV6Sn6 [175, 176]. The similarity of

the flat band origin and the simultaneous emergence of strongly correlated states makes the kagome

superconductors a potential key insight to the mechanism behind the unconventional cuprate su-

perconductivity.

The search for flat band systems is not limited to bulk crystals, however. The discovery of Dirac

cones transitioning to flat bands in magic angle TBG also leads to the emergence of strongly corre-
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Figure A.2: Magic angle emerges in TBK. a‐c, Calculated band structure around the Dirac frequency for a large (a),
intermediate (b), and small (c) interlayer twist angle. The Dirac bands begin gapped out due to the interlayer hybridiza‐
tion but remain dispersive until a small enough twist angle where the bands become flat. d, Spatially localized mode
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lated states [66], and therefore may be important in understanding the cuprates as well. Flat bands

have also been discovered in vdW heterostructures made from transition metal dichalcogenides

[77, 78, 79, 80, 81], signifying the search for flat bands in vdW heterostructures is a greater property

of moiré physics, and not exclusively to stacked layers of graphene.

There were several projects I began while in the Hoffman group that produced promising results,

but we lacked the resources, time, or manpower to bring to fruition. The most well-developed of

those projects was the simulation of twisted bilayer kagome (TBK). As opposed to each layer con-

sisting of a honeycomb lattice, like in TBG, TBK consists of two stacked layers of kagome lattices.

The kagome lattice adds a third triangular sublattice, as shown in Fig. A.1 a, to the honeycomb

structure, reproducing the Dirac cones graphene is known for around theK point, but also hosting

a new flat band that is degenerate with the highest energy dispersive mode at Γ, shown in Fig. A.1

b. Although an exfoliatable 2D kagome material remains elusive, there is much to be learned about

moiré physics writ large, and for when a 2D kagome system is created on the quantum level.
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A.2 Implementing acoustic bilayer kagome

We designed an acoustic metamaterial twisted bilayer kagome lattice where the Dirac band flattening

occurs at a larger magic angle than for TBG. Similar to the acoustic TBG system discussed in Chap-

ter 5, each 2D kagome lattice site consists of a cylindrical air hole (density 1.2 kg/m3, speed of sound

343 m/s) in a steel sheet (density 7850 kg/m3, speed of sound 5790 m/s), as shown in Fig. A.1 c, sup-

porting single-cavity acoustic modes with frequency spacing set by the cavity size. We connect these

modes through thin channels to allow nearest-neighbor intralayer hopping t||, and focus on the low-

est (s-band) manifold of states, whose dispersion closely mimics that of monolayer kagome [177], as

shown in Fig. A.1 d. For a resonator in the audible range, we choose a cavity radius ofR = 3.5 mm,

nearest-neighbor spacing a = 10 mm and channel width w = 0.875 mm. We used a frequency-

domain eigenstate study in the acoustic module of COMSOLMultiphysics with periodic boundary

conditions placed on all sides of a single moiré supercell.

To implement an interlayer coupling strength tz, we insert a 1 mm thick membrane between two

vertically stacked kagome metamaterial layers. The couplings t|| and tz are controlled by the channel

width and interlayer membrane density, ρ, respectively [87, 88]. The interlayer hybridization opens

a gap dependent on the stacking arrangement, as shown in Fig. A.1 k-m. While both the thickness

and the density of the interlayer tune tz, reducing the density allows us to reach otherwise inacces-

sibly large values of tz. It has been shown that the magic angle in TBG can be increased by applying

pressure to the bilayer system [178, 179], forcing the layers closer together and therefore increasing

the interlayer hopping [68, 180].

We first search for the first magic angle by fixing the coupling membrane density ρ = 350 kg/m3 and

reducing the twist angle, θ, from a large to a small value, transitioning the bilayer from the nearly

decoupled to the strongly coupled regime, respectively, as shown in Fig. A.2 a-c. As the twist an-

gel approaches the first magic angle at θ = 2.28◦, the Dirac bands are pushed towards the Dirac
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maximum of the DoS shows two peaks corresponding to the first two magic angles as ρ decreases.

frequency around 8 kHz, shown in Fig. A.2 c. The eigenstate associated with the Dirac bands is

spatially centered and localized around the C6 site in analogy to the localization to the AA sites in

TBG.

A.3 Beyond the first “magic angle”

We often think of the “magic-angle” as the twist angle value at which we first see band flattening

and corresponding strongly correlated behavior. However, the moiré supercell is defined by a larger

length scale of λ ∼ a
2 sin(θ/2) where a is the monolayer lattice constant magnitude, which means the

Brillioun zone also shrinks by the inverse scaling factor. As a result, there are actually many “magic-

angles” originating from the higher energy Dirac crossings generated by band-folding [68, 180]. The

sequence of magic angles can be described by the dimensionless parameter α = κ tz
t||
sin(θ/2), where

for the kagome lattice κ = 2
√
3

4π [177]. Generally, the “magic angles” are where the hybridization
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strength between the two layers cause maximal flattening of the Dirac bands and the physical sig-

nature of flat bands can be thought of as a reduced bandwidth [68]. Alternatively, the compression

of spectral weight into a small bandwidth causes a spike in the density of states. The latter is a more

convenient metric as it does not require keeping track of individual bands, but rather integrates over

the whole Brillouin zone. We calculate a triangular cut of the sixfold symmetric Brillouin zone and

choose an evenly distributed meshing to calculate the eigenfrequencies of the lowest band manifold.

We then use a finite element method to integrate the band structure across the meshing to repro-

duce the DoS and integrated DoS.

The second magic angle is generally difficult to study due to the computational resources re-

quired to simulate a moiré system with the required small twist angle. Instead, we can fix the twist

angle and realize a magic-angle through varying ρ. We see the first peak in the maximum value of the

DoS, shown in Fig. A.3 b, at ρ = 350 kg/m3, corresponding to the first magic angle, supporting

the results shown in Fig. A.2 c,d. As ρ continues to decrease, the max of the DoS falls until it again

peaks at ρ = 150 kg/m3, indicating the existence of a second magic angle. It becomes difficult to

explore the regime below ρ = 150 kg/m3 as tz becomes larger than t|| and the bilayer tight binding

model breaks down. Interestingly, the normalized max(DoS) for the second magic angle is larger

than it is for the first, indicating the Dirac bands become even flatter. One possible explanation is

the linear combination of the four Dirac bands can combine in a different way for the different

magic angles, making the bands flatter. Alternatively, it is possible that the interlayer coupling has

become so large in this regime that the original kagome flat band has been pushed down to the Dirac

frequency due to the hybridization strength. We are still investigating which of these two competing

solutions better explains the second peak in the max(DoS).
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