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Interacting quantum materials and their acoustic analogs

ABSTRACT

When electrons in solids interact strongly with one another, they often produce unexpected,
emergent phases, like high-temperature superconductivity or fractional quantum Hall states. In this
thesis, I approach this strongly interacting regime from two directions: by searching for materials
with naturally occurring strong interactions, and by developing new strategies to enhance existing
interactions.

In the first approach, I focus on lanthanide or actinide metals that host 4/ or 5 magnetic mo-
ments, such as SmBg or URu,Si,. At temperatures of around a few Kelvin, the conduction elec-
trons in these materials coherently screen the magnetic moments, becoming entangled with them.
This strong interaction has dramatic consequences. The once-mobile electrons in URu, Si, sud-
denly struggle to move, appearing as though they have an effective mass nearly a hundred times
higher than a free electron does! Whereas in SmByg, this interaction drives a topological phase tran-
sition that yields heavy Dirac states at the material’s surface. At milliKelvin temperatures, the in-
teractions between these Dirac states may promote even stranger behavior, like a spontaneously
generated quantum anomalous Hall effect, fractionalization, or a phase with non-Abelian quantum
statistics. In chapters 1-4 of this thesis, I present the first images of heavy Dirac fermions ever taken,
and I describe how atomic-scale defects influence their fate.

In the second approach, I search for ways to decrease an electron’s kinetic energy so that its in-

teractions with other electrons play a more prominent role in determining its behavior. One way
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to slow electrons down is to trap them in certain spatial regions, either by creating a moiré pattern
or by using their own destructive wave interference to prevent them from moving away. As it turns
out, these methods are just as effective at slowing sound waves as they are at slowing electron waves.
A carefully constructed acoustic metamaterial can reshape the flow of sound to closely resemble
how electrons move in a solid. Using acoustic metamaterials to mimic electron behavior is certainly
appealing: it can take years to find a reliable recipe for growing new quantum materials, whereas a
new acoustic metamaterial might take only a few hours to 3D print. In chapters 5-8 of this thesis, I
present designs for acoustic metamaterials that exploit topological protection to create a robust logic
gate, that mimic generic van der Waals heterostructures, and that can slow sound to a few centime-
ters per second—only mildly outpacing a garden snail!

If combined, these two approaches could create a platform for engineering designer quantum
phases with strong electron interactions, opening a path towards future technology such as custom-
built unconventional superconductors, robust quantum computers, and antiferromagnetic spin-

tronic devices for efficient information storage and processing.
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Part 1

Unearthing strong interactions



Inter acting quantum mater ials

THE ADVENT OF QUANTUM MATERIALS—materials in which the effects of quantum mechanics
cannot be ignored—is poised to combat pressing global challenges in energy efficiency and the stag-
nation of silicon-based electronics. For instance, recently discovered interface-enhanced supercon-
ductors provide a new path for low-loss electronics that would greatly reduce power consumption

[7, 8]. At the same time, topological superconductors that host non-Abelian quasiparticles may per-



mit fault-tolerant quantum computation [9—11], a revolutionary computing paradigm that may be
just around the corner [12]. Harnessing the full potential of quantum materials requires unearthing

new systems where topologically protected quasiparticles interact strongly with each other.

1.1 THE SYNERGY BETWEEN INTERACTIONS AND TOPOLOGY

Since the 1950s, lanthanide and actinide metals that host a dense lattice of 4f'or 5/ moments have
been a fruitful platform to unearth novel interacting quantum states. In these systems, the competi-
tion between antiferromagnetic ordering of the local f moments and their screening by conduction
electrons leads to a rich phase diagram exhibiting quantum criticality [13], unconventional super-
conductivity [14], and heavy fermions [15, 16]—quasiparticles with effective masses thousands of
times that of a bare electron. These heavy fermions appear at low temperatures when the magnetic
moments are screened by the formation of a coherent spin-zero many-body ground state, in which
the f-electron character is entangled with the itinerant carriers (see Fig. 1.1(a)). This phase is char-
acterized by an hybridization gap in the quasiparticle spectrum, leading to an interaction-driven
insulating phase if the gap encompasses the Fermi level, called a Kondo insulator (Fig. 1.1(b)). But
these Kondo insulators are far stranger than their non-interacting counterparts. Recent experiments
repeatedly indicate some form of remnant metallicity in Kondo insulators [17-21], even as the re-
sistance simultaneously diverges [22]. This disparity prompted many intriguing proposals—some
that predict exotic new phases [23-26] and some that implicate defects [27-30]. One thing has
remained clear throughout this debate: the strongly interacting regime is full of surprises.

The discovery of topological insulators in the last decade has broadened the horizons for new
quantum materials, and fundamentally altered the way they are characterized. Rather than relying
on Landau’s paradigm of broken symmetries to define phases of matter, a topological index keeps

track of the ordering of a material’s energy bands [31]. In the bulk, materials with inverted ordering
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Figure 1.1: Band structures in a Kondo lattice (A) The interaction between local f moments (red arrow and dashed
line) and itinerant conduction electrons (blue) creates a lattice of screened Kondo singlets (inset), leaving behind a heavy-
fermion metal with mixed character (solid lines). (B) In certain cases, this interaction can open a gap A at the chemical
potential, driving the system into an insulating phase. (C) If this insulating gap encodes a non-trivial topology, heavy
Dirac states (yellow) will form at the material’s surface.

are indistinguishable from those with normal ordering. But their topology forces the band inver-
sion to unwind at the material’s surface, spawning emergent Dirac states that allow dissipationless
charge and spin transport (see Fig. 1.1 (c)). However, a priori, electron-electron interactions in these
systems are too weak to produce the full range of extraordinary phases expected from the topolog-
ical knotting of quantum-mechanical states. Recent theoretical work is driving in a new direction
[32—34], predicting materials whose strong electron interactions spontaneously generate topological
phases hosting quasiparticles with fractional spin and charge [35], or with non-Abelian exchange
statistics [36, 37], all of which remain undiscovered. Many of the leading platforms for universal
topological quantum computation require these novel elements [9], making the search for interact-
ing topological matter not just one of fundamental importance but also paramount for technologi-

cal innovation.

1.2 EMERGENT MYSTERIES IN SMB

In the last several years, the search for interacting topological materials has sharply focused on the

compound SmBg. In its proposed topological Kondo insulator phase, emergent conducting sur-



face states entangle with interacting felectrons [32, 38, 39]. This process is predicted to generate
the highest known density of Dirac fermions, with effective masses several orders of magnitudes
larger than those in any other system. As a consequence, a strongly interacting liquid of heavy Dirac
fermions should form at the surface, capable of harboring exotic topological phases distinct from
the bulk [40]. The direct observation of these heavy Dirac states would constitute the discovery of
an interaction-driven topological phase whose potential for application is magnified by its accessibil-
ity at a material’s surface and by its placement at the chemical potential.

Early indications of conducting surface states in SmBg were quickly discovered via geometry-
dependent transport measurements [41—44]. However, follow-up measurements using either angle-
resolved photoemission (ARPES) [45—52], or the de Haas van Alphen (dHvA) effect [19, 53, 54]
neither agreed with each other, nor matched the theory. A key difficulty in accurately detecting the
topological state in SmByg is the quality of the surface, which lacks a natural cleavage plane [55]. In
fact, domains of any ordered termination rarely exceed a few tens of nanometers, far smaller than the
typical photoemission spot size of a few hundred microns. Accordingly, ARPES measurements av-
erage intensity from several polar and non-polar terminations, presumably blurring spectral features
that are shifted in energy by polarity-driven band bending. Meanwhile, the three dHvA experiments
all interpreted their quantum oscillations differently, claiming they come from either a Dirac sur-
face state two orders of magnitude lighter than theoretical predictions [53], an exotic bulk Fermi
surface [19], or aluminum inclusions [54]. The gross discrepancies cast doubt on all these claims;
meanwhile the predicted strongly interacting topological surface state remains hidden.

The remainder of this part of the thesis is organized as follows. In chapter 2, I present the first
direct observation of the full momentum-space structure of three flatly dispersing Dirac surface
bands in SmBg with effective masses reaching 410 &+ 207z, (where 2, is the bare electron mass). In
chapter 3, I reconcile the discrepancy between these heavy Dirac states and the light ones measured

by ARPES by accounting for polarity-driven band bending on a mixed termination. In chapter 4,1



develop a new technique to visualize charge at atomic length scales. This technique reveals metallic
puddles around three common defects in SmBg, with characteristics that match the mysterious 3D

Fermi surface seen in dHvA measurements.



This chapter appears as:
Nat. Phys. 16, 52-56 (2020)

Harris Pirie, et al.

Imaging emergent heavy Dirac fermions of

a topological Kondo insulator

THE INTERPLAY BETWEEN STRONG ELECTRON INTERACTIONS and band topology is a new fron-
tier in the search for exotic quantum phases. The Kondo insulator SmBg has emerged as a promis-

ing platform as its correlation-driven bulk gap is predicted to host topological surface modes en-
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tangled with f'electrons, spawning heavy Dirac fermions [32, 38, 39, 56]. Unlike the conventional
surface states of non-interacting topological insulators, heavy Dirac fermions are expected to har-
bor spontaneously generated quantum anomalous Hall states [40], non-Abelian quantum statistics
[36, 37], fractionalization [35], and topological order [35-37]. However, the small energy scales re-
quired to probe heavy Dirac fermions have complicated their experimental realization. Here we use
high-energy-resolution spectroscopic imaging in real and momentum space on SmB¢. On cooling
through 35 K, we observe the opening of an insulating gap that expands to 14 meV at 2 K. Within
the gap, we image the formation of linearly dispersing surface states with effective masses reaching
410 % 20 m,. Our results demonstrate the presence of correlation-driven heavy surface states in
SmBg, in agreement with theoretical predictions [32, 38, 39, 56]. Their high eftective mass trans-
lates to a large density of states near zero energy, which magnifies their susceptibility to the antici-

pated novel orders, and their potential utility.

2.1 A CORRELATION-DRIVEN TOPOLOGICAL INSULATOR

Kondo insulators (KI) are formed when strong interactions within a periodic array of localized mo-
ments, usually felectrons, lead to reorganization of the low temperature electronic structure [34].
This process opens an insulating gap A, driven by hybridization between renormalized, low-lying
localized states and itinerant conduction electrons (Figs. 2.1A-B). The KI SmBg, in which localized
fand itinerant d states are contributed by Sm atoms (Fig. 2.1A inset), exhibits such a characteristic
metal-insulator crossover at 74 ~ 30-50 K [57, 58]. Mysteriously, the resistance plateaus below s
K [57, 58], signaling the onset of a new conduction channel whose origin has been intensely debated
for decades [34]. One resolution to this long-standing problem posits that SmBg hosts a novel zopo-
logical Kondo insulator (TKI) ground state [32, 38, 39, 56], whose low temperature conductivity

originates from topologically emergent Dirac surface states within the narrow energy window of the



KI gap. Large f-electron contributions to these states are predicted to yield the heaviest Dirac states
of any known material.

Electronic structure calculations predict SmBg to be a TKI [38, 39, 56]. The expected bulk band
structure of the associated Kondo lattice model contains two crystal-field-split f'states and a band of
d electrons (Figs. 2.1A,B). Quantum mechanical mixing between opposite parity fand d states van-
ishes at the high symmetry points k* = TI', X, M, R where parity is a good quantum number, thus
forcing nodes in the hybridization matrix element, (f] V(k*) |d) = 0 (Fig. 2.1C). Consequently,
the parity d(k) of the fully hybridized filled states is inverted at three symmetry-equivalent X points
in the 3D cubic Brillouin zone. The resulting topological invariant predicts a non-trivial topological
phase [32, 56], captured by the index » = drdr(dxdar)® = —1, where oy x ar,r = =1 is the parity
of filled bands at high symmetry points (red circles Fig. 2.1D). On the SmBg Kondo lattice, topo-
logically emergent surface states are predicted to i) lie predominantly within the energy interval of
the correlation-driven bulk gap, ii) have a Dirac spectrum, iii) be centered at the I and two X-points
of the 2D surface Brillouin zone, and iv) have distinct band velocities. The last prediction follows
intuitively from observing that 3D constant-energy manifolds at the X-points with different relative
orientations create inequivalent 2D projections (Fig. 2.1D). Consequently, surface states connecting
2D-projected bulk hybridized bands are expected to have distinct velocities at the I and X-points
(Fig. 2.1D).

Experimentally, temperature-dependent point-contact spectroscopy [42] has shown the SmBg
bulk electronic structure to be consistent with a KI, while surface conduction channels have been
demonstrated by geometry-dependent transport measurements at low temperatures [44, 58]. Mag-
netothermoelectric studies [59] imply that the (110) surface of SmBg may harbor heavy metallic
surface states, though their topological nature is not clear. On the other hand, torque magnetom-
etry experiments [53] on the (110) surface measured surface states whose velocities are more than

two orders of magnitude larger than expected [39]. In contrast, a separate quantum oscillation mea-
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Figure 2.1: Anticipated topological Kondo insulator electronic structure of SmBg. (A) The Kondo insulator
(K1) electronic structure consists of an itinerant d-character band (blue), centered around the X point, which hybridizes
with Iocalizedf-character (red) states. Bothfand d states are contributed by the Sm atoms, which form a cubic unit
cell (inset). (B) Narrow energy window of the same electronic structure in (A). At low temperatures a d-band (¢;) and
two closely spaced crystal—ﬁeld—splitf—states (£f1, 5fz) hybridize to form three separate bands (EJr R Ef , E;) with a
gap of several meV. (C) The topological invariant for the Kl electronic structure is calculated from a product of parity
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(marked red circle). (D) The cubic topological Kondo insulator (TKI) electronic structure has parity inversion at three X
points (red balls) in the 3D Brillouin zone giving a Z, topological index v = 0rdz (3X3M)3 = —1 that encodes the
strong topological state. When projected onto the 2D Brillouin zone, the inversion manifests at the I and two )_(points
(red circles) and consequently sets the locations of the predicted 2D Dirac states. These Dirac surface states acquire
different velocities from the inequivalent projections of the bulk elliptical constant-energy contours onto the 2D surface
Brillouin zone (green ellipses and blue circle).
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surement attributed these states to the bulk [19]. Direct energy- and momentum-resolved electronic
structure mapping by angle-resolved photoemission spectroscopy (ARPES) [47-49] appeared to
show linearly dispersing surface bands with velocities at least an order of magnitude larger than
those expected for the Dirac fermions of SmBg and with an inferred Dirac point buried far below
the bulk gap [39] (Supplementary Table 2 [60]). Because much of the active physics in the ground
state resides within a small energy window set by the KI gap, A ~ 8-10 meV, as revealed by trans-
port experiments [44, 61], ARPES mapping of the electronic structure is limited in detecting nar-
row bandwidth states of a incipient TKI [so]. Furthermore, ARPES measurements typically aver-
age over different (polar) surface terminations with relative intensity and chemical potential shifts in
their surface states, rendering interpretations difficult [2, 52]. Collectively, these suggestive but con-
troversial experiments have renewed the urgency to discover topological states arising from strong
electronic interactions. Ultimately, observation of strongly correlated topological states in SmBg re-
quires measurements on a uniform and ordered surface termination, access to filled and empty states
at low temperatures, and meV energy resolution in momentum space to disentangle the shallow
dispersions of a bulk KI band structure (Fig. 2.1B) and surface heavy Dirac fermions (Fig. 2.1D).
Here we use spectroscopic scanning tunneling microscopy (STM) to directly map the structure
and formation of heavy Dirac states on the (oo1) surface of SmBg in two complementary measure-
ments. First, we resolve the energy- and momentum-space structure of two inequivalent Dirac cones
from quasiparticle interference (QPI) patterns around atomic defects by measuring spatially re-
solved differential conductance, dI/dV(r,E = ¢V) = g(r, E). Second, we track the formation of
heavy Dirac states from their additional contributions the low-temperature point spectroscopy by
measuring ¢(E, 7). We find that their onset is far more abrupt than expected from thermal broad-
ening; instead, it is correlated with the development of the bulk KI. Our measurements corroborate

one another by each detecting a consistent Dirac-point energy of Ep ~ —5 meV.

II



2.2 IMAGING QUASIPARTICLE INTERFERENCE

We studied nominally pure, 0.1% Gd-doped, and 0.5% Fe-doped SmBg¢ by cleaving single crystals in
cryogenic ultra-high vacuum and directly inserting into the STM at 4 K (see Methods). We found
that adding a small amount of Gd or Fe dopants enhanced quasiparticle scattering, but our observed
QPI dispersions were consistent across all samples. We focused on regions where exactly half of the
atoms remain on the cleaved surface, resulting in an ordered (2 x 1) reconstruction (Fig. 2.2A)
[62, 63]. We identify this surface as a half-Sm termination because intentional Fe dopants, which
substitute for Sm, appeared at the lattice sites. A half-Sm termination is beneficial because it is non-
polar, eliminating the possibility of polarity-driven surface states [51]. Furthermore, the (2 x 1)
reconstruction increases our sensitivity to one of the X-point Dirac cones by folding it to the I point
(Fig. 2.2B), where it has a longer vacuum decay length due to its lower in-plane momentum [64].
We detected clear interference patterns in raw ¢(r, £) around defects, caused by the elastic scat-
tering of quasiparticles, as shown in Figs. 2.2C,D. Their energy-dependent wavevector, q(£) =
k/(E) — k;(E), encodes the momentum transfer between initial (k;) and final (ky) states and tracks
the underlying electronic structure [65-67]. In SmBy, QPI patterns are typically short-ranged
around defects, as in Fig. 2.2D, reflecting contributions from localized f'electrons. Correspondingly,
they manifest as fairly broad peaks in the Fourier-transformed differential conductance, |g(q, E)|,
with highest signal-to-noise along the g, direction (Fig. 2.2E), primarily due to the anisotropy of
the scattering form factor (see Supplementary Section V [60]). We quantified their wavevector by
fitting angle-averaged linecuts of |g(q, £)| along ¢, with a set of Gaussians (Fig. 2.2F, details in Sup-
plementary Section IV [60]). The QPI wavevector changes rapidly with energy, as shown in Fig. 2.3,
but can be broadly divided into two energy ranges. For energies within the KI gap A, there are two
sets of roughly linear dispersions: one very shallow (green guides in Fig. 2.3), and one steep (blue

guides). For energies outside this range, the set of dispersions can be mapped to the known low-
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Figure 2.2: Imaging quasiparticle interference (QPI) on the (2 X 1) surface of SmBg. (A) A (2 X 1) surface
reconstruction on the half-Sm termination of SmB¢ doubles the unit cell in they direction, creating the rows of atoms
shown in the topographic image (sample bias V’; = —100 mV, current set point [, = 50 pA). (B) Correspondingly, the
surface Brillouin zone is halved along /ey, folding the Y-point Dirac cone to . (C) Atomic defects on the surface scatter
momentum eigenstates to generate QPI patterns in the spatially resolved differential conductance,g(r, E=0 meV),
measured in the boxed area in (A) (V; = —100 mV, I; = 150 pA). In this region, QPI appears as a ring in the Fourier
transform (FT) of differential conductance, Ig(q, E)| (green line in inset). (D) The QPI is short ranged around defects,
reflecting contributions from Iocalizedfstates; it decays after a few periods in this linecut along the black line in (C).

(E) In a larger 30-nm area, the QPI signal in Ig(q, E= -3 meV)| manifests as a broad peak with highest signal-to-
noise along g, (Vs = 30mv, I, = 180 pA). At this energy, it occurs at the gy vector corresponding to intra-cone
backscattering within the X-point Dirac cone (labelled 41 in (B)). The image has been two-fold symmetrized to increase
signal-to-noise. (F) We quantified QPI peaks by fitting &-averaged linecuts of Ig(q, E)| along gy toasum of Gaussians
that capture contributions from the Bragg peak, low-q disorder and dispersing QP! (green peak labelled g1).

energy Kondo insulator states of SmBg (details in Supplementary Section VIII [60]). None of these
dispersions were noticeably affected by magnetic fields up to 9 T (compare Fig. 2.3A-B), consistent
with previous STM spectra [68] (see Supplementary Section VI [60]). All dispersions were repro-
ducible in six different raw datasets, on three distinct samples, from two different growers, with
distinct STM acquisition parameters, three of which are shown in Fig. 2.3.

The in-gap states we image are in excellent agreement with expectations for a TKI phase with /-

dominated heavy Dirac fermions [38, 39, 56]. Their dispersions, overlaid on Figs. 2.3A,C, match
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Figure 2.3: Raw QPI is consistent in three different sample areas. (A-C) f-averaged linecuts along gy of

|§(q7 E)| on three different sample areas give consistent results. In each case, dispersing QPI signals are marked by
dashed guides: green (labelled 41) and blue (g) lines track surface states, while the red guides track Kl states. A box-
windowed FT (zoomed inset in (C)) enhances the low-q signal (blue) compared to the Hanning-windowed FT that re-
duces spread of the high-q states in the main panel. The q-axis error bars are estimates based on the covariance matrix
of the Gaussian fits, whereas the E-axis error bars show the energy resolution of the STM. Data in (A) and (C) have

B = 0T,and (B) has B = 9 T, which does not noticeably affect the QPI. All other data acquisition parameters are listed
in Table SI.

the two sets of linear traces expected from scattering within distinct Dirac cones, (labelled ¢; and ¢
in Fig. 2.2B): their average nodal point energies Ep = —5 4 1 meV, lie within the KI gap, and their
distinct velocities, vy ~ 1150 £ 40 m/s and v ~ 14000 & 1000 m/s, identify them as Dirac states
positioned at the X-point and the [-point, respectively (Fig. 2.1D). The largest effective Dirac mass
[34] is at the X point with m* = hkg/vp, = (410 & 20)m,. Additionally, the size of each Fermi
pocket along g, is in excellent agreement with ARPES measurements of £z [47, 49]. Meanwhile,
the apparent discrepancies between our measured velocities and Dirac points, and those of ARPES,
can be explained by the fact that we access a single, non-polar surface, whereas ARPES experiments
typically average over a mixture of terminations [2].

Intra-cone backscattering, illustrated in Fig. 2.2B, is the simplest identifiable process responsi-
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ble for the observed Dirac-state QPL. We adduce that the scattering vector q(Er) = 2k(Ef) isin
good agreement with the size of surface state Fermi pockets in electronic structure calculations [39].
Yet, the observation of backscattering is unusual, because in the simplest model for topological sur-
face states, whereby Dirac cones have an in-plane helical spin structure, neither magnetic nor non-
magnetic backscattering leads to a peak in the QPI spectrum [69]. On the other hand, introducing
even weak out-of-plane ferromagnetic correlations immediately restores the backscattering peak for
magnetic defects, while preserving the Dirac cone structure (see Supplementary Section III [60]).
Such ferromagnetic canting can occur due to the Dzyaloshinski-Moriya interaction, the local spin
polarization induced by magnetic defects [70], or in topological insulators with strong interactions,
such as TKIs, where it was shown theoretically that surface states possess an out-of-plane spin po-
larization [40, 71]. As it turns out, hysteresis associated with surface ferromagnetism was recently
observed in SmBg at low temperature [72]. In addition, we found that a small inclusion of nomi-
nally non-magnetic Sm-vacancies leads to an enhanced magnetic susceptibility at low temperatures,
akin to the addition of Kondo holes [73] (see also Supplementary Section III [60]). In fact, the com-
bination of magnetic defects and local ferromagnetic correlations was also proposed as the origin of

the backscattering QPI signal recently measured in magnetically doped topological insulators [74].

2.3 THE FORMATION OF HEAVY DIRAC STATES

To associate the Dirac states detected from QPI with a TKI phase, we also tracked their tempera-
ture dependence in point spectra, ¢g(E, T). Unlike trivial surface states, the formation of heavy Dirac
fermions at the surface of a TKI is predicated on the coherence of the correlation-driven KI gap.
With increasing temperature, incoherent Kondo lattice states spread into this gap as the hybridiza-
tion between fand d electrons unwinds. Eventually, this process is expected to drive a topological

phase transition as band-parity inversion is lost, eliminating the non-trivial surface states. However,
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theory has not yet succeeded to describe coherent Kondo lattice evolution, much less the concomi-
tant formation of heavy Dirac fermions. Here, we experimentally extract this complex connection
by tracking the simultaneous temperature evolution of the KI gap and Dirac surface state contri-
butions to g(E). In general, g(£) cannot be directly interpreted as density of states in multi-orbital
Kondo lattice systems due to the quantum interference between electrons co-tunneling into fand d

states [75, 76]. We account for this effect by modeling the differential conductance spectrum as
g(ro, E) [tTImG(r —190=0,E)t], t! = [z t; 15, (2.1)

where 7, represents tunneling probabilities into the individual orbital states and G(r, E) is the
Fourier transform of G(k, E), the renormalized KI Green’s function describing a tight-binding
Hamiltonian that qualitatively reproduces known bulk bands [39] (see also Supplementary Section
VIII [60]). Eqn. 2.1 includes contributions only from the underlying K1, but not from emergent
topological surface states. Even so, it accurately captures all features in ¢(E) at 15 K (Fig. 2.4A),
implying that surface states are negligible at this temperature. Fits to Eqn. 2.1 can be further decom-
posed into interference terms and the bulk density of states, D(E), weighted by the relative tunnel-
ing probabilities (inset to Fig. 2.4A). As temperature is lowered, D(E, T) exhibits a narrow energy
window of diminished spectral weight that onsets below 7, ~ 35 K and expands to A ~ 14 meV
at low temperatures (Fig. 2.4B), in correspondence with bulk measurements of the KI gap in SmBg
(42, 445 57, 58]

The heavy Dirac surface states in SmBg emerge only at low temperatures as the KI gap becomes
coherent. They are visible in our measurements of g(E) at 2 K as an additional contribution within
the KI gap that is not captured by Eqn. 2.1 (see arrow in Fig. 2.4A). The differences between ¢g(E)
and fits to Eqn. 2.1 are characteristic of linear bands with a crossing point near —5 meV (Fig. 2.4C),

which perfectly matches our independent QPI measurements of heavy Dirac surface states (Fig. 2.3).
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Figure 2.4: Concomitant evolution of Dirac states and KI gap. (A) Quantum mechanical interference of elec-
trons tunneling from the tip to either d orfstates in the SmBg Kondo lattice leads to a characteristic peak-dip lineshape
ing(E) data (open circles). At 15 K, the data is well described by a co-tunneling model (Eqn. 2.1, black line), allowing
bulk Kl state contributions (D(E), blue line in inset) to be disentangled from interference effects (orange). Yet at 2 K,
the fit deviates for energies within the Kl gap (grey region), signaling the onset of an additional conductance channel
(surface states, arrow) not captured in our bulk KI model. (B) The temperature evolution of Kl states, D(E) from fitting
g(E, T) to a co-tunneling model (see blue curve in (A)). The Kl gap A onsets below TZ & 35 Kand reaches A = 14
meV at 2 K. (C) The deviations ofg(E) from the co-tunneling model intensify with lowering temperature. They are
characteristic of a linear band dispersion with a nodal energy of —S meV, and match our independent raw QPI measure-
ments of Dirac surface states (see Fig. 2.3). (D) The rapid onset of the Dirac surface states, captured from integrating
the fit residuals in (C) (wss, blue dots), cannot be explained by thermal broadening (thick blue line, see Supplementary
Section X [60]). (E) Instead, it is correlated with the development of the bulk Kl gap, calculated by integrating D(E)

for energies within A, demonstrating the direct relationship between the evolving host insulator and its topologically
emergent states (see inset).

Similar temperature-dependent features in g(E) point spectra have also been observed on the (1 x 1)

boron termination [68]. We quantified the emergence of the surface states by integrating gresiqual (£)
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at each temperature (Fig. 2.4D). We found that the surface states diminish rapidly with increasing
temperature, faster than can be accounted for by thermal broadening alone (blue line in Fig. 2.4D),
and indeed faster even than the filling of the insulating gap at around 35 K where the topology of
the bands is inverted. One possible explanation for this fast decay is that the surface states are reliant
on bulk coherence. Certainly, the evolution of their spectral weight is correlated with the weight of
residual states in the KI gap, calculated by integrating D(E) for energies within A (Fig. 2.4E). Alter-
natively, the unusually fast decay of the surface states may reflect their interactions with magnetic
correlations generated by Kondo lattice defects [58, 77].

Our simultaneous imaging of Kondo insulator formation and slow in-gap surface modes is con-
sistent with SmBg hosting a correlation-driven topological surface state that harbors the heaviest
known Dirac fermions. The optimal positioning of the f~character surface states at the chemical po-
tential, enforced by Kondo lattice interactions, increases prospects for interface engineering to dis-
cover novel forms of topological superconductivity and construct transformative quantum devices.
SmBg and prospective TKIs may become leading testbeds for fractional and non-Abelian statistics,

both of which are essential elements of prospective universal topological quantum computation.

2.4 METHODS

STM experiments were carried out on single crystals of pure, 0.1% Gd-doped, and 0.5 % Fe-doped
SmBg grown using the Al-flux method [43]. Crystals were cleaved in cryogenic ultrahigh vacuum
(UHV) at ~ 30K and immediately inserted into our home-built STM. STM tips were cut from Ptlr
wire and cleaned by 77-situ field emission on Au foil. The cryogenic UHV environment allowed the
cleaved surface to stay clean for several months. Data were collected on three different samples and
multiple fields of view.

Magnetic susceptibility measurements were performed on single crystalline samples of SmBg and
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Smy. 95 B¢ grown by the Al-flux technique with starting composition Sm:B:Al=1 — x : 6 : 700
(x = 0.0and 0.05, respectively). The mixture of Samarium pieces, Boron powder (99.99%) and
Aluminum shots (99.999%) was placed in an alumina crucible and loaded in a vertical tube furnace
with ultra high-purity Ar flow. The furnace was heated to 1450°C for 12 h followed by slow cool-
ing t0 1050°C at 2°C/h. At1050°C the furnace was shut down, and the flux was removed at room
temperature by etching with a NaOH solution. The atomic structure of the resulting single crys-
tals was verified by X-ray diffraction at room temperature in a Bruker D8 Venture diffractometer
using a Mo Kz X-ray source. A Quantum Design superconducting quantum interference device
was used to measure the magnetic response of the crystals to a magnetic field of 1 kOe. The mag-
netic susceptibility curves were normalized to their values at 350K because of the uncertainty in the

determination of the actual number of Sm vacancies.
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Phys. Rev. B 1o1 085142 (2020).

C. E. Matt, Harris Pirie, et al.

Consistency between ARPES and STM

measurements on SmBg

THE KONDO INSULATOR SMB¢ HAS EMERGED as a primary candidate for exotic quantum phases,
due to the predicted formation of strongly-correlated, low-velocity topological surface states, and

corresponding high Fermi-level density of states. However, measurements of the surface-state ve-
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locity in SmBg differ by orders of magnitude, depending on the experimental technique used. Here
we reconcile two techniques, scanning tunneling microscopy (STM) and angle-resolved photoemis-
sion spectroscopy (ARPES), by accounting for surface band bending on polar terminations. Using
spatially-resolved scanning tunneling spectroscopy (STS), we measure a band shift of ~ 20 meV
between full-Sm and half-Sm terminations, in qualitative agreement with our density functional
theory (DFT) calculations of the surface charge density. Furthermore, we reproduce the apparent
high-velocity surface states reported by ARPES, by simulating their observed spectral function as an
equal-weight average over the two band-shifted domains that we image by STM. Our results high-
light the necessity of local measurements to address inhomogeneously-terminated surfaces, or fabri-
cation techniques to achieve uniform termination for meaningful large-area surface measurements

of polar crystals such as SmBg.

3.1 INTRODUCTION

In a Kondo insulator (KI), strong interactions between localized f'electrons renormalize their spec-
tral weight towards the chemical potential. Below a characteristic temperature 7%, conduction elec-
trons begin to scatter from these renormalized f'states, opening a hybridization gap at the Fermi

level. In a subset of KIs called topological Kondo insulators, this gap can encode a non-trivial bulk
topological invariant, leading to the appearance of protected surface states [34, 78]. In the KI SmBp,
the onset of the hybridization gap leads to a resistivity upturn below ~ 50 K [57, 58, 79]. Yet, rather
than diverging, the resistivity saturates below 5 K, indicating the emergence of an additional con-
duction channel [41, 44]. This conduction channel has been attributed to topological surface states
by several theoretical studies, which span complementary approaches including renormalized band
theory and tight-binding Hamiltonians matched to LDA (+Gutzwiller) calculations [32, 39, 56].

These calculations predict the existence of three surface Dirac cones with heavy quasiparticles, of
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Figure 3.1: (a) Schematic of the SmB band structure, showing two heavyfbands hybridizing with a light & band (all
purple), and topological surface states (TSS, orange) that have a low velocity. Inset of (a): Bulk and surface Brillouin zone
of SmBgp. (b) Zoom-in of band structure at the Fermi level.

predominantly fcharacter, as shown schematically in Fig. 3.1. Such low-velocity Dirac fermions
would provide a high density of states at the Fermi level, increasing their susceptibility to exotic
orders and their potential utility [35, 37, 40, 56]. However, the empirical identification of the ad-
ditional conduction channel [41, 44] with the predicted topological surface states [32, 39, 56] has
remained controversial due to apparent contradictions between different experimental techniques.
Experimentally, angle-resolved photoemission spectroscopy (ARPES) and scanning tunneling
microscopy (STM) have each identified key features of the topological states in SmBgp, but with
quantitative and qualitative differences. At low temperatures, ARPES studies reported a hybridiza-
tion gap that hosts linearly dispersing surface states [45-49] with a non-trivial spin texture [80, 81].
However, the apparent velocity of these states is an order of magnitude higher than theoretically
predicted (see Table 3.1). Meanwhile, the hallmark of a topological surface state—its Dirac point—
has not been clearly resolved in any ARPES experiment to date [47], leading to the suggestion that it
has been pushed into the valence band by a strong surface potential [82], or by the breakdown of the
Kondo effect at the surface [33]. On the other hand, milliKelvin scanning tunneling spectroscopy
(STS) studies identified several strong resonances within the hybridization gap, consistent with low-

velocity surface states [68, 83]. Additionally, momentum-resolved STM directly imaged linearly
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Table 3.1: Comparison of SmB surface-state properties predicted by theory and measured by STM, ARPES, and quan-
tum oscillations. We tabulate values for the Fermi velocity v, Dirac-point energy Ep, and surface Fermi wavevector 4,
at both the X and I points of the surface Brillouin zone.

Theory [39] STM [1] ARPES [49] Quantum scillation [53]
hog (meV-A) 76403 16+2 240 £ 20 1900 £ 300
Ep, (meV) 54401  1+1 65+ 4 5749
(kp, — X)(7/a;) 0.44+0.06 01940.02 0.5140.03(T—X—T) 0.039 £ 0.003
hop (meV-A) 90+ 9 5042 220 + 20 4300 %100
Ep, (meV) 942 741 2343 — 460 + 20
/e%(ﬁ/do) 0.07£0.01 0.14+£0.02 0.15 +0.03 0.142 4+ 0.001

dispersing low-velocity surface states that converge to a Dirac point within the gap [1], consistent
with theoretical predictions [39].

The apparent inconsistencies between STM and ARPES arise from the different experimental
length scales for each technique. STM typically images hundred-nanometer regions with picometer
spatial resolution. On SmBgp, STM universally observes surface domains with sizes on the order
of tens of nanometers [1, 62, 63, 68, 83, 84], consistent with its polar structure and the lack of a
natural cleavage plane. Yet the typical ARPES spot size is on the order of tens of microns [85], and
consequently averages over thousands of SmBy surface domains. This averaging poses a problem if
the various domains exhibit polarity-driven band bending, as ARPES spectra will contain a superpo-
sition of spectral features, shifted in energy with respect to one another.

Here we use STM spectroscopy to guide a simulation of the spectral functions on polar Sm1 x 1
and non-polar Sm 2 X 1 terminations, using the energy and momentum broadening of typical
ARPES experiments. For a range of realistic experimental parameters, our simulated ARPES spec-
tra show topological surface states with an artificially enhanced Fermi velocity and a buried Dirac
point, similar to published experimental ARPES results. Our findings provide the long-sought,

tully-consistent explanation for the apparent discrepancy between the band structure measured by
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ARPES and STM. They further confirm the consistency between STM and theoretical predictions

of low-velocity surface states with an in-gap Dirac point and high density of states at the Fermi level.

3.2 METHODS

We performed STM experiments on single crystals of SmBg grown using the Al-flux method [43,
72]. We cleaved the crystals in cryogenic ultra-high vacuum at ~ 30 K before inserting them into
the STM head. We prepared Ptlr STM tips by ex situ mechanical sharpening then 7z situ field emis-
sion on Au foil.

We performed calculations in the framework of density functional theory (DFT), as imple-
mented in the Quantum ESPRESSO package [86]. We calculated the exchange-correlation func-
tional using the generalized gradient approximation of Perdew-Burke-Ernzerhof (GGA-PBE) [87].
The electron-ion interactions are described by ultrasoft pseudopotentials with valence electron con-
figurations of 25*2p" for B atoms and 5524d"°5p®6s*4f° for Sm atoms. The energy cutoff for the
plane wave basis is 120 Ry with a charge density cutoff of oo Ry. We used a Monkhorst-Pack [88]
scheme with a 12 X 12 X 1 k-mesh for the Brillouin zone integration for the supercell with one unit
cell (1 x 1Sm)and 6 x 12 X 1 k-mesh for the supercell with two unit cells (2 x 1 Sm). In all cal-
culations, the lattice parameter was fixed at the experimental value 29 = 4.13 A, with slab thickness
20.65 A and vacuum thickness 15 A to minimize interactions between the periodic images. We did
not consider spin polarization or spin-orbit coupling since our focus is on the electrostatics of the

material.

3.3 SURFACE CHARACTERIZATION

Due to its lack of a natural cleavage plane, an abundance of distinct surface terminations have been

observed by STM on SmBg [89]. Across a dozen STM experiments, the largest reported domain of
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Figure 3.2: STM topography of the (a) Sm 1 X 1 termination and the Sm 2 X 1 termination of (b) pristine SmBg and

(c) Fe-doped SmBg [1]. Acquisition parametersare: () 7' = 9.5K, V; = 200mV,R; = 10 GQ (b) T = 8.5K,
Vi=100mV,R; =5 GQand(c) T = 6.5K, VV; = 100 mV, R; = 0.5 G. (d) - (e) Spatially homogeneous dr/dv
spectraonthe Sm1 X 1and Sm 2 X 1 surface. Each curve is offset for clarity. The location is indicated in the inset of
each panel. The inset in (d) shows an area of 2.5 X 2.5 nm? and (e)anareaof 5.1 X 5.1 nm2. Acquisition parameters
are: (d) T'= 9.5K, Vy = =200 mV, R} = 2 G, bias excitation amplitude Vyy,, = 2.82mV,and (e) T = 6.5 K,
Vi =200 mV, R} = 1 G, bias excitation amplitude, Vi, = 1.41 mV. (f) - (h) Side-view (upper) and top-view (lower)

246.7 meV/A’

74.0 meV/A?
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of different surface terminations and their corresponding formation energies, calculated by DFT.
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an ordered surface on pristine SmBg (< 1% dopants) is only 60 nm [1, 62, 63, 68, 83, 84, 89—91].

Two commonly observed surfaces are the 1 x 1 square lattice [Fig. 3.2(a)] and the 2 x 1 rows that
arise when half of the Sm atoms are removed during cleaving [Fig. 3.2(b) and 3.2(c)] [89, 92]. The
2 x 1surface has also been observed by low-energy electron diffraction [93] and ARPES, where it
manifests as Umklapp scattering [46, 52]. We confirmed the identity of the 2 x1 surface using lightly
Fe-doped samples where Fe is known to substitute for Sm [77]; we observed individual Fe-atom
signatures centered on the rows of Sm atoms in Fig. 3.2(c). We confirmed the identity of the 1 x 1
lattice presented in Fig. 3.2(a) as a full Sm layer due to the direction of its band bending compared to
the 2 X 1 surface, as shown in Fig. 3.2(d-¢) and discussed in more detail below.

The relative prevalence of each surface can be understood from its formation energy [Figs. 3.2(f-
h)]. Although most STM reports have focused on the 1 x 1 surface [62, 63, 68, 83], our more fre-
quent observation of the 2 X 1 surface is consistent with its lower formation energy as calculated
by DFT. In general, a more balanced charge distribution on either side of the cleave, as drawn in

Fig. 3.2(g), is intuitively expected to lower the surface formation energy.

3.4 TERMINATION-DEPENDENT BAND BENDING

In general, the surface termination can cause a redistribution of charge that affects the local elec-
tronic structure, an effect well studied in conventional semiconductors [94]. In bulk SmBgp, Sm
atoms donate equal amounts of charge to the B¢ octahedra above and below them. However, on
thel X 1surface the Sm atoms are under-coordinated; the B layer beneath the topmost Sm layer
cannot accept all of the excess electrons, so they accumulate on the surface. This charge accumula-
tion is qualitatively captured in our calculations of the electron transfer, which use Bader analysis to
partition the DFT charge density (Fig. 3.3).

The increased electron density near the 1 X 1 surface leads to reduced surface charge transfer
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Figure 3.3: DFT-calculated electron transfer from Sm atoms to Bg clusters for the 2 X 1 surface (a) and the 1 X 1 surface
(c). Fewer electrons are drawn from each Sm atom on the 1 X 1 surface as compared to the 2 X 1 surface.

shown as a blue line in Fig. 3.3(b), greater filling of the Sm orbitals, and to a slight downward bend-
ing of the surface bands. On the other hand, Sm atoms at the 2 X 1 surface can donate a greater
fraction of their electrons to the B layer below, because there are only half as many Sm atoms at the
surface as in the bulk. Correspondingly, we found only a minor deviation in the calculated charge
transfer at the 2 X 1 surface, shown as a red line in Fig. 3.3(b). Although our Bader charge analysis
quantitatively departs from the experimental Sm valence of around +2.5 [95], it provides a qualita-
tive understanding of the charge transfer on the SmBg surface.

To experimentally determine the accumulation of surface charge, we measured local differential
conductance, dI/dV(r, E), where I is the tunneling current and 7’is the bias applied to the sam-
ple with respect to the tip. On a typical ordered domain, there are three pronounced spectral fea-
tures: a peak around —150 meV, a peak just below Ef, and a shoulder around 40 meV, as shown in
Fig. 3.4(a). The two filled-state peaks predominantly reflect contributions from the Sm 4f states, as
determined by previous STM and ARPES measurements, and by dynamical mean-field theory cal-

culations [1, 83, 84, 96]. Although the peak energies are homogeneous within each ordered domain
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Figure 3.4: (a) Measured d[/d V" on two different surfaces of SmBgp. Acquisition parameters are (blue curve) 7' = 9
KV, = =250 mv, R] = 2 G, bias excitation amplitude Vs = 2.8 mV, and (red curve) T = 8K, V/; = 200
mV, Ry = 1GQ, Vi = 1.4 mV. (b) Starting with the electronic structure derived by STM on the non-polar 2 X 1
surface (red) [1], we inferred the electronic structure on the 1 X 1 polar termination by rigidly shifting the occupied
states down by 20 meV (blue), based on our local STS measurements. The average of the simulated spectral functions
fromthe 2 X land1 X 1 surfaces imitates the result of a spatially averaging measurement such as ARPES. We con-
voluted the averaged spectral function with a Gaussian kernel in order to account for finite temperature, energy and
momentum resolution. The following realistic experimental parameters have been used to simulate the spectra along
the M — X — M and X — I’ — X directions. Upper panel: 7= 12 K, AE = 10 meV, Ak = 0.04 A~! (as reported
in Ref. [49]); lower panel: T = 1K, AE = 3 meV, Ak = 0.01 A~ (as reported in Ref. [52]). Furthermore, we included
band folding as described in Ref. [52] for the simulation presented in the lower panel. Despite the low-velocity Dirac
fermions we started with, both simulations give the appearance of high-velocity states at the Fermi level that reproduce
the ARPES experimental data presented in Refs. [49] and [52]. (c) Two different ARPES intensity maps are reproduced
from Refs. [49] and [52] for direct comparison with our mixed-termination simulations in panel (b). (d) Adding electrons
increases the Fermi level by a large amount due to the high velocity of the surface states above the chemical potential,
whereas removing electrons decreases the Fermi level by only a small amount given the low surface state velocity below
the chemical potential..

[see Fig. 3.2(d-¢)], we found that the peaks are shifted downward on the 1 x 1 surface by about 20

meV compared to the 2 X 1 surface.

3.5 SPECTRAL FUNCTION SIMULATION

ARPES spectra can be broadened by local band bending if the spot size encompasses multiple sur-

face domains of difterent polarity. We investigated this possibility in SmBg¢ by deriving a spectral
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function for each termination, from our STM measurements [1]. In accordance with our data, our
simulation includes low-velocity Dirac states close to the chemical potential, connecting a light bulk
d band to two heavy bulk fbands. Each state includes a Fermi-liquid-like quasiparticle decay rate

o w* [97]. We simulated each termination by adjusting the energies of the fand d bands to match
our STM spectra. Specifically, in the 1 x 1 spectral-function simulation, the occupied states are
shifted down by 20 meV relative to the 2 x 1 simulation. We simulated ARPES spectra by com-
puting an equal-weighted average of the spectral functions for each surface, then convolving the
result with a Gaussian kernel that accounts for detector resolution and temperature broadening as
shown in right panels of Fig. 3.4(b). Specifically, we mimic the detectors in Ref. [49] with param-
eters T = 12K, AE = 10 meV,and Ak = 0.04 A_l, and Ref. [52] with parameters 7 = 1K,
AE = 3meV,and Ak = 0.01 A" In each case, our simulation captures the main features of the
measured ARPES spectra as reproduced in Fig. 3.4(c): an apparent hybridization gap of approxi-
mately 20 meV, and in-gap surface states with an apparent high velocity, which seem to extrapolate

to a buried Dirac point *.

3.6 DiscussioN

A complete understanding of the cleaved SmBg surface requires considering both electron-rich
surfaces, such as the Sm 1 x 1 surface, and electron-deficient surfaces, such as the B-rich terminations.
Importantly, our STM measurements have shown that the heavy Dirac surface states become flat
only below the chemical potential [1], leading to a highly electron-hole-asymmetric band-bending
scenario, as depicted in Fig. 3.4(d) and Fig. 3.s5. In such a scenario, we expect that surplus electrons,

as found on Sm 1 X 1 terminations, primarily populate the steeper (upper) part of the surface-state

“The l"é(;z) crystal-field-split 4/ state is missing in our STM-derived simulation, but present in ARPES
experiments. The discrepancy arises because STM does not couple strongly to the I' éz) state, which lacks the
correct symmetry to hybridize. However the lack of hybridization also means that the I éz) state does not play
an important role in Kondo or topological physics.
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Figure 3.5: Band bending range on SmBy surfaces. The Sm 1 X 1 is the most negatively charged surface with a measured
downward band bending of 20 meV, compared to the charge neutral Sm 2 X 1 surface. Bands on the B 1 X 1 surface,

which is the most positively charged surface, are shifted up by 1.5 meV [68]. Therefore, our simulation including just the
Sm1 x 1and Sm 2 X 1 surface spans more than 90 % of the maximum energy range of 21.5 meV.

dispersion [see Fig. 3.1(b)], producing a notable downward shift of spectral features, as shown in
Fig. 3.4(a). Conversely, a surface deficient of electrons, as expected for B-rich terminations, would
depopulate the very flat (lower) part of the surface-state dispersion. Due to the dramatic difference
in band slope (velocity) above and below the Fermi level, spectral features would be shifted upward
by much less on a surface with missing electrons, than they would be shifted downward on a surface
with the same number of excess electrons. Indeed, on B¢ 1 x 1 surfaces, STM measured a prominent
peak at —6.5 meV [68], which is shifted upward by only 1.5 meV compared to the corresponding
peak on the neutral Sm 2 X 1 surface [see Fig. 3.4(a)]. Thus, the total band-bending range, defined
by the most negatively charged Sm 1 x 1 termination and the most positively charged Bg 1 x 1
termination, is 21.5 meV, as shown in Fig. 3.5. Therefore, our ARPES simulation, using data from
the two surfaces we observe, covers more than 90% of the maximum possible surface band-bending.
While our study focuses on the (oor) surface, recent ARPES experiments also reported high-

velocity surface states on the (110) and (111) surfaces [98, 99]. These reports are surprising because
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both surfaces are nominally non-polar and hence are expected to host low-velocity Dirac states. In
fact, magnetothermoelectric studies have already indicated the presence of heavy metallic states on
the (110) surface [59], contrary to the ARPES measurement. Under closer inspection by STM,

the (110) surface appears to be inhomogeneous on small length scales [89]. The intense atomic-
scale disorder may alter the local electronic environment and cause local charging, analogous to
termination-dependent band bending on the (100) surface [83]. This local charging would be aver-
aged in ARPES measurements, possibly resulting in enhanced surface-state velocities, similar to our
simulations on the (100) surface (Fig. 3.4).

Band bending on SmBg may also affect the perception of the hybridization gap and explain the
apparent discrepancy between its size, as reported by ARPES and STM. ARPES generally reports
15-20 meV for the part of the hybridization gap below Ef, as shown in Fig. 3.4(c) [45-49, 52], while
the full gap, as measured by STM, is only 8-15 meV [1, 62, 68, 83]. In Fig. 3.4(b), our ARPES sim-
ulation shows a large gap below £, of about 25 meV, despite arising from a band structure with
agap of only 15 meV on the non-polar surface, as measured by STM. Specifically, averaging over
different surface terminations blurs the top of the bulk valence band, which introduces an appar-
ent increase of the hybridization gap on the occupied side. The full impact of excess charge on the
surface Kondo environment and d-f hybridization remains an open theoretical question [33].

SmByg is a promising platform for devices that exploit correlated topological phases, but its cubic
and polar structure give rise to small, charged surface domains, on which band bending may locally
distort the Dirac surface states. Using STM spectroscopy, we investigated two distinct surface termi-
nations and measured a band shift of about 20 meV between them. These measurements guided
a simulation of ARPES spectra, which captures the essential experimental features of ARPES,
but remains consistent with STM conclusions [1]. Our results suggest that band bending is most
pronounced on Sm-rich terminations, motivating the development of new surface treatments or

epitaxial-growth techniques such as molecular beam epitaxy to achieve a more uniform termina-

31



tion. Control over the termination would allow the important correlated surface states to be tuned
closer to the Fermi level, without introducing disorder through chemical doping, which would be

advantageous for future applications [100].
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Visualizing the charge puddles around
Kondo holes

MANY OF TODAY’S QUANTUM MATERIALS ARE impacted by intrinsic charge inhomogeneity, es-
pecially those with strong electron interactions that promote competing orders [1o1]. In a Kondo

lattice, the interaction between itinerant conduction electrons and local f moments generates heavy
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fermions—quasiparticles with masses hundreds of times that of a bare electron [15, 16]. This in-
teraction unwinds around atomic disruptions to the felectron site, called “Kondo holes”, lead-

ing to puddles of itinerant charge that nucleate local magnetic structure [73, 102—104]. Yet such
charge environments have eluded measurement at the atomic scale, largely because their strong
inherent screening reduces the electrostatic potential. Here we introduce a technique to visual-

ize the charge distribution in heavy-fermion systems with sub-nanometer resolution using a con-
ventional scanning tunneling microscope (STM). Specifically, we measure the local rectification
R(r,V) = |I(xr,+V)/I(r,—V)|, which tracks small shifts in the Kondo resonance as it adjusts to
different charge environments. Using this technique, we image the charge redistribution around
spin-less thorium atoms in URu,Si, and discover signatures of unhybridized conduction electrons
existing within its heavy-fermion ground state. Meanwhile, in the topological Kondo insulator
SmBg, we discover that Sm-site defects are Kondo holes that harbor puddles of itinerant charge ex-
tending for around 6 nm. Our results suggest that the prevalence of local magnetism around Kondo
holes can fully explain the mysterious 3D quantum oscillations recently measured in Kondo insu-
lators [19, 20]. Finally, we anticipate our work to be a starting point for developing atomic-scale

charge sensors using heavy-fermion probes.

4.1 KoNDO HOLES NUCLEATE PUDDLES OF UNHYBRIDIZED ELECTRONS

At nanometer length scales, intrinsic charge inhomogeneity is commonplace, but its consequences
are often complex, especially in materials with strong electron interactions that promote competing
orders [101]. In Kondo-lattice systems, the competition between antiferromagnetic ordering of lo-
cal fmoments and their screening by conduction electrons leads to a rich phase diagram exhibiting
quantum criticality [13], unconventional superconductivity [14], and heavy fermions [15, 16]—

quasiparticles entangled with f-electron character (see Fig. 4.1(a)). Atomic-scale disorder provides
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Figure 4.1: Calculations of the disrupted screening cloud around Kondo holes. (A) In a Kondo lattice envi-
ronment, magnetic moments at each site (gray arrows) are coherently screened by itinerant conduction electrons (blue
arrows) to form a spin-less ground state of heavy fermions (orange line), characterized by the wavevector k}]}. (B) If one
moment is removed to create a Kondo hole, the conduction electrons previously screening it can redistribute them-
selves. (C) The redistributed screening cloud contains oscillations in the conduction electron density (Anc), interaction
strength (A1), and magnetic susceptibility (Ay, ), as shown schematically. (D) In a Kondo lattice, the calculated

dZ/dV contains a peak-dip feature near the Fermi level, due to co-tunneling into the Kondo resonance. The energy po-
sition of this peak (black triangles) shifts according to the local charge, 7.. (E) The asymmetric d//d}/ induces a strong
peak in the rectification R(r, V) = |I(x, +V)/I(x, — V)|, whose amplitude changes as the Kondo resonance shifts
position. These changes are nearly linear for the small range of local doping expected around a Kondo hole (inset).

both a probe of the electronic structure of these phases [65] and a tuning parameter to promote
correlated phases [73]. By substituting the f~contributing atom or by removing it entirely, an im-
purity in a dense Kondo lattice locally untangles the hybridized heavy-fermion ground state [102],
leaving puddles of unhybridized electrons behind (see cartoon in Fig. 4.1(b)). As the disrupted elec-
trons reorganize to form a new screening cloud, they adjust the strength of their interactions with
the remaining f moments [73], leading to enhanced local magnetism [104] (Fig. 4.1(c)). If the same
mechanism exists in the topological counterparts to these systems [32], then the breakdown of hy-
bridization around Kondo holes may locally prohibit the emergent topological phase. At higher
concentrations, the Dirac surface states could mediate interactions between Kondo holes, leading to
new phases, like a spontaneous quantum anomalous Hall effect [40].

Early indications of Kondo holes were found in the low-temperature resistivity and specific

heat of heavy-fermion metals doped with nonmagnetic impurities [105]. More recently, the hy-
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bridization disorder around Kondo holes was visualized at atomic length scales [106], supporting
the existence of unhybridized electrons in the redistributed screening cloud [73]. Directly cou-
pling to these charge puddles is difficult, as the metallic screening strongly renormalizes the bare
charge distribution. However, there are a few promising new approaches [107-109]. The most
widespread among them is to decorate the tip of a Kelvin probe force microscope with a single atom
or molecule [110, 111]. This technique was recently used to image charge variations within a single
molecule [112]. However, it becomes inaccurate for small tip-sample separations due to the influ-
ence of short-range forces [113, 114], complicating further improvements to its spatial resolution
[115]. Meanwhile, a scanning tunneling microscope (STM) routinely achieves the sub-nanometer
spatial resolution, cryogenic temperatures, and meV energy resolution required to access atomic
charge distributions, but existing methods to extract the electrostatic potential from the STM vac-
uum decay length contain significant artifacts [116]. Consequently, simultaneously achieving the
high precision and high resolution required to measure the screened charge environment around a
Kondo hole is not possible using existing techniques.

Here we develop a new STM modality to image the charge environment in Kondo-lattice systems
with sub-angstrém resolution. Specifically, we measure the ratio of forward-to-backward tunnel-
ing current, i.. the local rectification R(r, V) = |I(r, +V)/I(r, — V)|, where I is the sample-to-tip
tunneling current at position r and applied sample bias V. At high biases above 100 mV, R(r, V)
was previously used to track charge inhomogeneity from the spectral weight transfer in hole-doped
cuprates [117]. We focus on low biases, typically /' < 10 mV, where spatial variations in R(r, V)
mirror the response of the Kondo resonance to its local charge environment. These variations image
the disrupted screening cloud around spin-less thorium atoms in URu,Si; and around three sep-
arate Sm-site defects in SmBg: Fe dopants, Gd dopants, and Sm vacancies. We identify these three
Kondo holes as the primary origin of topological backscattering in SmBg, indicating the develop-

ment of local magnetism. Importantly, the charge puddles we image in SmB contain the same,

36



unexpected wavevector seen in recent quantum oscillation experiments [19, 118], suggesting that

Kondo-lattice defects contribute to those measurements.

4.2 ImaciNGg KonDpo HOLES IN URU,SI,

Our technique uses the energy shift of the Kondo resonance ¢/(r) to detect the local charge envi-
ronment. In a mean-field description, ¢(r) is a Lagrange multiplier that enforces uniform f-electron
occupation, typically constraining <nf> = lateachssite. As additional carriers Az, enter the system,
¢radjusts position to ensure the constraint is still met, by adding or depleting f-electron character
from the reshaped Fermi surface (see calculation in Fig. 4.1 (d)). The magnitude and direction of the
¢rshift depend on the details of the band structure. But the relationship between Az, and ¢7is linear
over a wide doping range, implying that the local charge environment can be inferred from measur-
ing ¢7. The Kondo resonance usually appears as a peak-dip feature in the STM tunneling conduc-
tance dZ/dV [119] due to the presence of multiple tunneling channels [75, 76]. In simple cases, &
can be estimated by fitting d//d /" to a Fano or co-tunneling model [65, 120], though the exact value
can depend on the model used. Consequently, measurement of the sub-meV energy shift of ¢/(r)
is not reliable for detecting the charge redistribution around a Kondo hole. On the other hand, the
strong peak-dip feature associated with the Kondo resonance naturally creates a pronounced peak in
the rectification. The height of this peak is insensitive to STM setup artifacts [117], but it changes
dramatically as e shifts, because the rectification primarily probes the particle-hole asymmetry of the
local density of states (see Fig. 4.1(e)).

To demonstrate our technique for detecting local charge, we first studied Kondo holes in 0.1%-
thorium-doped URu, Siz, which undergoes a transition to a coherent heavy-fermion state below
T, = 17.5K [65, 121-123]. Above this temperature, it displays roughly metallic behavior with

a Fermi surface consisting of a single conduction band with wavevector k5 ~ 0.3 7/a, where a
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Figure 4.2: Kondo holes in URu,Si,. (A) Heavy fermions emerge in URu,Si, at temperatures below about 17

K as itinerant conduction electrons (blue line) hybridize with a renormalized 5f level, reducing the Fermi wavevector
from k% to klﬁ. (B) The formation of heavy fermions is characterized by an asymmetric Fano lineshape in the tunneling
conductance (gray curve). Near a thorium dopant, the conductance trace reveals a sharp in-gap resonance (orange), a
signature of a Kondo hole. (C) The amount of rectification is highly sensitive to the d//d}” peak position (black triangles
in B), which shifts towards zero near the dopant, consistent with the modified local charge density. The spectra in B and
C are averaged over the 18 well-isolated thorium dopants shown in panel D. (D-E) The measured rectification ratio
contains clear oscillations (E) that manifest as a ring in the 4-fold-symmetrized Fourier transform. (F) These oscillations
match the high-temperature Fermi wavevector of 2k5, both above and below the heavy-fermion crossover. (G) In
contrast, a conventional d//d J” measurement couples to the temperature-dependent Fermi surface, which changes
dramatically from 18.6 K to 5.9 K. For clarity, the 18.6 K data has been scaled in F and offset in G.

is the lattice constant (see Fig. 4.2(a)). Below 75, the Fermi wavevector jumps to /e}Fl ~ 0.257/a
due to the coherent onset of two heavy bands [65]. Substituting spin-less thorium atoms for mag-
netic uranium atoms is known to induce Kondo-hole behavior [103], creating oscillations in the
local hybridization at 24 [106]. These defects also act as scattering centers, generating quasiparti-
cle interference patterns in dZ/dV(r, V) at the heavy-fermion wavevector 2/6% [65]. The established
coexistence of these two wavevectors and the accessible temperature of the metal-like state make
URuj,Si; an ideal compound to characterize our new technique using the expected charge puddles

around Kondo holes.

We simultaneously measured R(r, V) and dZ/dV(r, V) on the uranium termination of URu, S,
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both above and below 75,. The coherent onset of heavy fermions below 7, is accompanied by the
appearance of a peak-dip feature in dZ/dV: the Kondo resonance (see Fig. 4.2(b)). Close to a tho-
rium dopant, this feature evolves into a in-gap resonance, shifting the peak position upwards. This
shift—and even the barely perceptible shifts 2 nm away from the dopant—are strongly amplified

by measuring the rectification (see Fig. 4.2(c)). For biases within the hybridization gap |v|/e < 5
mV (where —e is the electron charge), the rectification measured in a larger 60 X 60 nm? area
reveals widespread spatial oscillations emanating from thorium dopants, as shown in Fig. 4.2(d).
These long-lived oscillations create sharp peaks in the Fourier transform along the lattice direction at
0.29 £ 0.01 (27/a) (see Fig. 4.2(e-)). Their wavevector is in excellent agreement with 245, as deter-
mined from quasiparticle interference patterns in dZ/dV(r, V') above T, but it is distinct from the
heavy bands measured in dZ/dV(r, V') below T, (see Fig. 4.2(g)). The existence of these rectification
oscillations at 24}, suggest that some electrons retain their itinerant character around Kondo holes,

even below 7.

4.3 IMAGING KONDO HOLES IN SMB4

If Kondo holes similarly liberate electrons in the insulating counterparts to heavy-fermion met-

als, they could contribute to a number of recent bulk anomalies seen in Kondo insulators, like the
low-temperature upturn in linear specific heat [17], the finite AC optical conductivity [18], and
the 3D Fermi surface inferred from quantum oscillation [19, 20] and Compton scattering [21] ex-
periments. In the topological Kondo insulator SmBg, these metallic properties persist even as the
bulk resistivity increases by 10 orders of magnitude [22]! This discrepancy led to several theoretical
proposals—some suggest that the metallic behavior is intrinsic [23-25], and some implicate defects
[27-30]. Experimentally, an increased concentration of Sm vacancies was shown to globally inhibit

the development of the hybridization gap [124], and eventually lead to bulk DC conduction [22].
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Figure 4.3: Kondo holes in SmBg. (A) In SmBy, the hybridization of conduction electrons (blue line) with localized
4fmoments leads to an inverted band structure (gray) hosting emergent heavy Dirac surface states with a reduced

Fermi wavevector (orange), as shown in this schematic. (B) Both the Fe dopant and Sm vacancy in this area of (2 X 1)-
reconstructed SmBy are expected to act as Kondo holes because they each displace a 4f moment. (C-D) The d//d V'
peak changes position near the Fe dopant (black triangles), leading to large variations in the local rectification. The
spectra in C and D have been offset for clarity. (E) The measured rectification in the same area as B contains clear
oscillations around the two impurities. (F) Linecut of the rectification along the black dashed line in B. (G) In a larger

80 X 80-nm? area, these oscillations appear as a sharp ring in the 2-fold-symmetrized Fourier transform, which matches
the unhybridized Fermi surface inferred from ARPES experiments (dashed lines).

Meanwhile, samples with high concentrations of Gd dopants appear to generate metallic puddles
that amplify local magnetism [125, 126]. Similar local magnetism was observed in samples with in-
tentional Fe dopants [77], another Sm-site defect. All of these facts suggest the presence of Kondo
holes, yet their key signature—the accompanying charge oscillations at 243 —remain undetected by
any microscopic probe.

We imaged charge oscillations at 2k} around around three candidate Kondo holes in SmB¢: Sm
vacancies, Fe dopants, and Gd dopants, two of which are shown in Fig. 4.3(b). We focused on the

2 x l-reconstructed Sm termination, as its charge environment most closely represents that of the
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Figure 4.4: Kondo holes backscatter heavy Dirac fermions. (A) This area of SmBg contains several Kondo holes
(red and green dots) on several (2 X 1)-or (1 X 2)-reconstructed patches (solid lines). (B) For energies within the
Kondo insulating gap, the Fourier-transformed d//d /" along qy contains a linearly dispersing signal (black dashed line)
corresponding to quasiparticle interference from backscattered heavy Dirac fermions. The Fourier transform from

(1 x 2) domains were rotated by 90° before being averaged with those from (2 X 1) domains. (C) The amount

of topological backscattering, calculated from Fourier-filtering df/d V" at the backscattering wavevector q = 2k, is
strongly peaked around each Kondo hole. This map is computed only for ordered patches of the sample, as marked in A,
and excludes the step edges.

bulk [2]. Close to a Fe dopant, we noticed that the peak in d7/d ¥ shifts in energy, strongly impact-
ing the simultaneously measured rectification (see Fig. 4.3(c-d)). Similar shifts have been associated
with the buildup of charge around boron clusters on the Sm (1 x 1) termination [83]. For biases
within the hybridization gap |v|/¢ < 10 mV, a spatial map of the rectification reveals clear os-
cillations around dopants (see Fig. 4.3(e-f)). In a larger 80 x 80-nm? area (shown in Fig. 4.4(a)),
these oscillations create a sharp ring in the Fourier transform of R(r, V), as shown in Fig. 4.3(g). Its
wavevector is larger than that of the surface state detected by quasiparticle interference imaging [1]
and it does not disperse with bias, indicating a different origin. On the other hand, its size closely
matches the unhybridized 54 band found by extrapolating angle-resolved photoemission data [49]
to the Fermi level, after accounting for band folding on the 2 x 1 surface (dashed lines in Fig. 4.3(g)).
The oscillations in R(r, V) show for the first time the real-space structure of local charge puddles
around Kondo holes in SmBg, with a wavevector that matches the 3D Fermi surface measured by

quantum oscillations [19].
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4.4 THE ORIGIN OF TOPOLOGICAL BACKSCATTERING

The prevalence of magnetism and the breakdown of hybridization around Kondo holes can ex-
plain the observation of backscattering in SmBg [1], which is generally forbidden for topological
surface states. The surface states were already shown to be locally sensitive to magnetism: they are
suppressed around Sm-site defects or when measured with a magnetic STM tip [90]. Furthermore,
their emergence is tied to the coherence of the hybridization gap [1], suggesting that the reduced
hybridization around Kondo holes [106, 124] may weaken them. To directly determine the micro-
scopic mechanism linking Kondo holes and topological backscattering, we imaged dZ/d¥(r, V) on a
large area of 2 x 1-reconstructed SmBg that contains 15 well-isolated Kondo holes (Fig. 4.4(a)). The
dZ/dV(r, V) maps contain quasiparticle interference patterns matching the wavevector for backscat-
tering of topological heavy Dirac fermions ¢ = 2%, in agreement with our previous report [1]. We
searched for the origin of this signal by Fourier-filtering d7/d V(r, V) at the wavevector 25 to create
a map of the local backscattering strength (Fig. 4.4(c)). The sharp peaks in this image are a conse-
quence of the localized nature of the quasiparticle interference, a result of f-electron entanglement.
Most of these peaks align with the positions of Sm vacancies or Fe dopants, indicating that Kondo
holes are the dominant source of topological backscattering in SmBg.

Atomic-scale charge inhomogeneity has a profound impact on many interacting quantum mate-
rials, but it is usually difficult to measure. In Kondo-lattice systems, images of the local rectification
provide a rare peek at the ground-state charge landscape. They reveal puddles of itinerant electrons
around defects, signaling a local breakdown of hybridization. In SmBg, the connection between
hybridization and topology poses a dilemma around Kondo holes—does topological protection ex-
tend to interaction-driven systems? Our observation of topological backscattering indicates that this
protection is lost around Kondo holes, pointing to a Swiss-cheese-like state within the topological

phase. Lastly, our demonstrated sensitivity of the Kondo resonance to its local charge environment,
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and its subsequent amplification in R(7, V), open a new direction for atomic-scale charge sensing

using heavy-fermion probes.
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Rapidly prototyping quantum materials
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Quantum mimicry

AT THE MOST BASIC LEVEL, THE behavior of all quantum materials is captured in a single vector

wave equation, called the Schrédinger equation:

Y () = 1Y), (5:1)
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where the Hamiltonian H describes the potential and kinetic energy of each electron, | ¥ (#)) is the
time-dependent, many-body wavefunction encoding the relative amplitude and phase of each quan-
tum state, and 7 is the reduced Plank constant. If this wave equation could be accurately solved for

systems with ~ 10?4

particles, the entire range of interacting quantum phases would be within
reach. Unfortunately, the scope of this calculation far exceeds the earth’s collective computing

power, so a simplification is needed to move forward.

5.1 THE CASE FOR ACOUSTICS

One approach to simplifying Eq. 5.1 is to formulate a similar equation but for a simpler system,
such as acoustic waves. With optimistic eyes, Eq. 5.1 appears to already have roughly the same form

as the equation governing the propagation of sound:

1 09?

B(r)V ﬁ(r)Vp(t, r) = gy pt, 1), (5.2)
— ~¥(2)
~T

where p(r) is the density, B(r) is the bulk modulus, and p(z, r) is the pressure. Here p(r) and B(r)
are spatial potentials that dictate how sound moves through a medium, similar to the role played
by H in Eq. 5.1, whereas p(z, r) describes the combined amplitude and phase of the acoustic waves,
much like [¥(z)) does in Eq. s.1.

At first glance, the Newtonian behavior of sound seems completely detached from the quan-
tum motion of electrons in solids. Yet the similarity between their governing wave equations raises
the hope that some of the quantum phases hidden in Eq. 5.1 have analogous acoustic solutions
in Eq. 5.2, provided the mapping between these equations is defined precisely. For example, the
hydrogen-like solutions of the Schrédinger equation can be directly compared to the series of acous-

tic standing modes in an air cavity (compare Fig. 5.1(a) and (b)). Coupling two of these modes gives
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Figure 5.1: Equivalent band structures at two vastly different length scales. (a) The building blocks of quan-
tum materials are the orbitals in the valence shells of constituent atoms. (b) The same symmetries are obeyed by the
standing waves formed when sound is confined to a cavity, such as the space between these gray pillars. (c) The emer-
gent behavior of quantum materials is the collective motion of many coupled orbitals in a lattice geometry. (d) A care-
fully constructed acoustic metamaterial can implement the same couplings as its quantum counterpart, implying the
collective behavior is comparable in each system. (e-f) The resultant electronic and acoustic band structures describe
the analogous motion of electrons and sound in a honeycomb lattice, despite eight orders-of-magnitude difference in
their respective length scales.

the same bonding and anti-bonding eigenmodes in acoustics as it does in quantum mechanics. And
by arranging enough coupled cavities in a lattice geometry, a sufficiently complex acoustic meta-
material can even mimic the emergent, collective behavior of thousands of electrons in a solid (see
Fig. 5.1 (c-f)).

Concentrating on acoustic waves is certainly an appealing approach: the equations for sound
are exactly solvable using finite-element methods, and new acoustic designs can be 3D printed and
tested within hours. Additionally, while quantum materials are limited by discrete atom choices,
acoustic metamaterials offer the possibility to explore intermediate compounds because they can be
tuned continuously. They bridge the gap between discrete material platforms, allowing their emer-
gent properties to be isolated, optimized, or combined—all of which can aid the design of future
devices. Lastly, new acoustic metamaterials can be quickly converted to photonic equivalents under

a simple mapping of variables [127].
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Yet, the analogy between acoustics and electronics has its limitations. First, the pressure eigen-
modes in acoustics are fundamentally bosonic, meaning they commute under exchange, unlike elec-
trons. Consequently, the interactions between these modes are implemented differently from the
interactions between electrons. But the non-linear extensions of the acoustic wave equation imply
that some form of acoustic interactions is feasible. Besides, the commutation relations don’t prevent
acoustic metamaterials from accurately recreating the single-particle eigenstates of their quantum
counterparts. Second, acoustic pressure fields are generally classical, but they can have parallels in
the quantum limit. For example, two recent experiments demonstrated control of surface acoustic

waves in the quantum limit [128, 129], and lattice geometries are a natural extension [130].

5.2 THE RISE OF ACOUSTIC METAMATERIALS

In the last few years, acoustic metamaterials have emerged as convenient testbed for a wide variety
of condensed matter phenomena. Already, they have been used to successfully imitate topological
insulators [131], higher-order topology [132, 133], fragile topology [134], and Weyl semi-metals
[135-137]. Incredibly, these metamaterials often demonstrated by analogy the novel properties of
quantum systems before those quantum materials were first synthesized! At the same time, meta-
materials have contributed to the development of next-generation technology, such as invisibility
cloaks [138], topological lasers [139, 140], and super-resolution ultrasound imagers [141]. These
applications demonstrate that the transfer of knowledge flows both ways: acoustic metamaterials
have unlocked new phases of topological quantum matter, while simultaneously translating ideas
from electronics into useful acoustic devices.

In the remainder of this part of the thesis, I describe three forays into quantum mimicry that
demonstrate its two-way transfer of knowledge. In chapter 6, I present the design of the first topo-

logical acoustic transistor—a switch for sound that can be controlled by a second similar switch.

48



In chapter 7, I describe a general design scheme for imitating van der Waals heterostructures, a vast
space of quantum materials that can be combined together like Lego blocks. Finally, in chapter 8,
I recreate in acoustics the novel mechanism that generates correlated insulating behavior in twisted

bilayer graphene.

49



This chapter appears as:
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Harris Pirie, et al.

Topological phononic logic

TOPOLOGICAL METAMATERIALS HAVE ROBUST PROPERTIES ENGINEERED from their macro-
scopic arrangement, rather than their microscopic constituency. They can be designed by starting
from Dirac metamaterials with either symmetry-enforced or accidental degeneracy. The latter case
provides greater flexibility in the design of topological switches, waveguides, and cloaking devices,

because a large number of tuning parameters can be used to break the degeneracy and induce a
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topological phase. However, the design of a topological logic element—a switch that can be con-
trolled by the output of a separate switch—remains elusive. Here we numerically demonstrate a
topological logic gate for ultrasound by exploiting the large phase space of accidental degeneracies
in a honeycomb lattice. We find that a degeneracy can be broken by six physical parameters, and we
show how to tune these parameters to create a phononic switch that transitions between a topolog-
ical waveguide and a trivial insulator by ultrasonic heating. Our design scheme is directly applicable

to photonic crystals and may guide the design of future electronic topological transistors.

6.1 CLASSICAL TOPOLOGICAL INSULATORS

Topological insulators were first conceived as quantum electronic materials with an insulating bulk
and conducting surface Dirac states, allowing for dissipationless charge and spin transport along
their boundaries. Their central principle—the inversion of energy bands—is also present in many
classical lattice systems, inspiring the design of photonic [142—144], phononic [145], and mechani-
cal metamaterials [146—148] with topologically protected transport. These classical systems provide
a platform to test ideas in topological band theory, because they are more tangibly understood than
their quantum counterparts, and their governing wave equations can be solved exactly. Their robust
properties have been used in many promising applications including zero- and negative-refractive-
index materials [136, 149—152], cloaking [153, 154], and protected waveguides for sound and light
that outperform non-topological alternatives [131, 155, 156]. A key remaining challenge is to con-
trol the topological phase in a way that allows waveguides to toggle one another, paving the way to-
wards topological logic circuits with greater efficiency than current CMOS technology [157-159].

A general design approach to achieve the band inversion that defines a topological metamaterial
is to start from a bulk Dirac state, then intentionally break the Dirac-point degeneracy to open a

negative gap. This approach can be broadly divided into two methods. The first method starts from
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a symmetry-enforced Dirac state, such as the K-point Dirac cone in graphene-like honeycomb or
triangular metamaterials, then opens a gap by breaking a symmetry of the system. In systems with
broken time-reversal (7") symmetry [160-164], the resultant topological phase is analogous to the
quantum Hall effect, while those with broken inversion symmetry [165—170] can realize an analog
of the quantum spin Hall effect. However, there is limited flexibility in the design of these topologi-
cal phases, as they can be tuned only by a symmetry-breaking operation. On the other hand, the sec-
ond method searches for the accidental degeneracy of three [127, 149, 154] or four [150, 171, 172]
bands, producing a Dirac-like cone or double Dirac cones, respectively. This method gives access

to a far larger set of topological phases because the accidental degeneracy can be broken by several
more-accessible tuning parameters while retaining inversion and 7~ symmetry. Despite the util-

ity and flexibility of this second method, the complete space of all topological phases has yet to be
mapped for any accidental degeneracy.

We start from a particular accidental bulk Dirac-point degeneracy that gives rise to a topological
state analogous to a quantum spin Hall system. In a quantum spin Hall system, the protection of
the Dirac point is a consequence of the spin-/2 nature of electrons. Specifically, because 72 = —1
for spin-1/2 states, Kramers theorem requires a degeneracy at all 7 -invariant points of the Brillouin
zone. However, spin-o phononic and spin-1 photonic systems both have T? = +1, so Kramers
theorem does not apply. Instead, designs typically rely on mode hybridization to form a pseudospin-
1/2 subsystem, for example with the transverse electric and magnetic polarizations of light [143].
But transverse shear modes are not available in airborne acoustics, so finding an analogy of Kramers
theorem is challenging. In 2012, Sakoda [171] addressed this issue and constructed a pseudospin-
1/2 system using the discrete symmetries of a triangular lattice, which was adapted to longitudinal
acoustic modes shortly thereafter [150, 172, 173], and subsequently demonstrated experimen-
tally [131]. In this scheme, a lattice with Cg, symmetry generates an accidental degeneracy at the

I point between doubly degenerate F; and E modes that transform as (x, y) and (xy, ¥* — y%),
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denoted (px, py) and (dyy, d,2 ), respectively. These doubly degenerate modes allow the for-
mation of a pseudospin-1,/2 basis, with corresponding eigenstates p. = (. =+ ip,)/v/2and
dy = (dxz_),z + i)/ /2. The accidental degeneracy between the p+ and d4 subsystems can
be lifted without breaking Cg, symmetry, resulting in a topological phase with helical edge modes
protected by a pseudo-7 symmetry, analogous to the quantum spin Hall state [131, 165].

Here we numerically investigate the topological phase space for a I'-point accidental degener-
acy in a phononic honeycomb lattice using commercial finite-element modeling software com-
soL MULTIPHYSICS. We find a manifold of system configurations that host a bulk accidental dou-
ble Dirac cone, and we demonstrate that a topological phase can be induced by gapping the Dirac
node with six independent physical parameters, which collapse into a three-dimensional (3D) phase
space. This vast phase space guides the design of three topological circuit elements: a static-geometry
waveguide, an externally switchable device, and a universal logic gate. While we illustrate each ele-

ment using phononic metamaterials, the same design principles apply to electronic and photonic

metamaterials.

6.2 FORCE-TUNED TOPOLOGICAL WAVEGUIDE

A static-geometry topological waveguide is formed at the interface between a lattice with normally
ordered bands and one with inverted bands. This type of waveguide was already demonstrated us-
ing two hexagonal phononic crystals of steel pillars in a fluid medium with different filling ratios,

7 = R/a[131, 172], where R and z are the radius and spacing of the pillars, respectively (see inset
to Fig. 6.1(b)). When the filling ratio is large, the band structure around the I" point contains dou-
bly degenerate p+ modes separated from d4 modes by a positive energy gap, A > 0, as shown in

Fig. 6.1(a). At the critical filling ratio for a steel/water system, 7* = 0.371, the four modes become

accidentally degenerate and the bulk metamaterial hosts double Dirac cones. Below critical filling,
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Figure 6.1: An externally controlled topological switch for sound. (a) The phononic band structure for

a honeycomb lattice of steel pillars in water passes through an accidental degeneracy as the radius of the pillars

is varied. This degeneracy is between p4 bands (red) and d+ bands (blue), and occurs at the critical filling ratio of
7= R*/ﬂ = 0.371 (middle panel). As the filling ratio is tuned away from this value, a positive (right) or negative
(left) band gap opens, leading to a topological phase transition. (b) This transition can be clearly seen by tracking the I'-
point eigenvalues as 7 is tuned. (c) A topological waveguide is made by placing two lattices with 7; < 7* and gz > 7*
next to each other (left panel). When the pillars are compressed vertically, their radius expands such that both sides of
the waveguide become trivial insulators (right panel). This device is a topological switch for sound that turns ‘off’ when
compressed.

the p4+ modes have higher energy than the 44+ modes, and the band structure contains a negative
energy gap, A < 0. Topologically protected edge modes are confined to the interface between a
positive- and negative-gapped material, allowing the design of topological waveguides that are pseu-
dospin polarized and immune to defects including cavities, bends, and lattice disorder [131].

Our first advance is a new mechanism to create an externally switchable topological waveguide
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for sound, providing a simple alternative to the existing schemes [174-176]. In general, a topolog-
ical switch hosts robust transport when ‘on’, but is a trivial insulator when ‘off’. It requires a tun-
ing mechanism capable of changing the sign of the band gap on the topological side, while leaving
the trivial side unchanged. We found that an external vertical compression/extension can induce
this behavior, as it alters the radius of pillars, which can toggle the topological phase (see inset to
Fig. 6.1(b)). For materials with a positive Poisson’s ratio, a topological waveguide naturally switches
‘off” when compressed, once the filling ratio of its topological side increases beyond 7, as shown

in Fig. 6.1(c). In practice, rubber pillars are ideal for this application as they are far more stretch-
able than metal pillars, and have a higher Poisson’s ratio [177]. Advancing beyond static-geometry
topological waveguides [131, 155, 156, 167—170], this type of switch could be used to control pas-
sive acoustic isolation systems, but the output of one switch cannot sustain the macroscopic stretch

required to activate a second, similar switch.

6.3 A TOPOLOGICAL SWITCH CONTROLLED BY ULTRASOUND

Our second, more significant advance is to design a phononically controlled acoustic switch—i.c. a
topological logic element. Like electronic field-effect transistors, these switches may be connected
together to form circuits. Here we rely explicitly on the flexibility granted by the large phase space of
accidental degeneracies in a honeycomb metamaterial. In general, an accidental band degeneracy can
be lifted by tuning any lattice parameter, as it is not protected by symmetry. The relevant parameters

in a phononic lattice define the acoustic wave equation,

N Y I (N .
v Lxr)Vf’( )} 2 e, ()

where p is the pressure, @ is the eigenfrequency, and p (r) = p(r)/p, and v,(r) = v(r) /vy, are

the relative density and speed of sound, respectively. In total, there are six physical parameters that
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Figure 6.2: Topological phase space for a honeycomb phononic lattice. An accidental degeneracy between
the p4 and d4 modes in a steel/water system (green star in (c)) can be broken by tuning the ratio of (a) density while
holding speed of sound and radius fixed; or (b) speed of sound while holding radius and density fixed. (c) Each accidental
degeneracy is a point in (E,ﬁ, ;7) space, colored according to its crossing frequency (e.g. the steel/water system has a
crossing frequency of 90 kHz for 2 = 1 cm). Together, they separate phase space into a topological and a trivial region.
A topological waveguide pairs configurations from different sides of this surface (see solid line labelled ON), provided
their bulk spectral gaps overlap. Transmission through it can be switched ‘off’ by tuning to two configurations that occur

on the same side of the surface (see path labelled OFF).

can tune the resulting eigenspectrum: R, 4, Por P> Up> and vy, where the subscript refers to pillars
or medium. First note that uniformly scaling Po and p_ produces no change. Second, uniformly
scaling v, and vy, scales all eigenfrequencies of Eq. 6.1, but does not shift eigenfrequencies relative to
one another, and therefore cannot alter the topological phase. We take this scaling into account by
adopting dimensionless units for frequency, @ = wv/34/27vy,. In fact, the frequency-normalized
band structure depends only on three dimensionless ratios: 7 = R/, = vp /vy andp = P [P
In the example system of steel pillars in water, we find that varying either o or g lifts the accidental
degeneracy and can open a negative gap (Fig. 6.2(a-b)). More generally, varying any combination

of lattice parameters along a path in (7, p, 7) space that connects the topological phase to the trivial
phase must pass through an accidental degeneracy. Consequently, there exists a surface in (7, p, 7)

space that separates the topological phase from the trivial phase, on which there is accidental degen-
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eracy between p+ and d4+ modes and a bulk double Dirac cone. We numerically calculated the shape
of this surface, shown in Fig. 6.2(c), by recording the accidental crossing point in an 7 sweep for a
discrete set of (2, p) points, at fixed (v, £, )-

A key challenge in designing a topological switch is to preserve overlapping bulk spectral gaps be-
fore and after switching. For example, in the sweep shown in Fig. 6.2(a), increasing p causes both p4
and d4 modes to decrease in frequency, leading to a band inversion because the 4+ modes decrease
faster than the p4 modes. Yet, this tuning parameter alone cannot be used to design a topological
waveguide because at any frequency there are bulk modes in one of the two sides that mask the edge
states, unlike Fig. 6.1(b). The same accidental degeneracy can be broken by varying v, which causes
both p+ and 4+ modes to increase in frequency (Fig. 6.2(b)), again precluding a usefully overlap-
ping gap. However, an overlapping bulk gap may occur when tuning a combination of # and p, for
instance, in a waveguide between two sets of pillars with different materials but the same radius. In
general, each accidental degeneracy on the surface in Fig. 6.2(c) can be used to construct a practical
waveguide for a parameter sweep through some solid angle in (2, p, 7) space. Schematically, such a
waveguide combines two points in parameter space connected by a path that punctures the surface
in Fig. 6.2(c). Consequently, a topological switch combines four points in phase space, with three
above the surface (trivial) and one below (topological), e.g. the square points in Fig. 6.2(c). Fur-
thermore, a useful switch requires the bulk to remain gapped and overlapping on all four (7, 2, 7)
trajectories that connect these points, except where they pass through the surface.

To enable the output of one switch to control the next, our design for a phononically-controlled
topological switch uses a temperature increase delivered by ultrasonic phonons as its tuning mech-
anism. Each switch contains a honeycomb lattice of steel pillars connecting the source and drain
terminals, attached to a base plate made from a second material, in an air-tight container, as shown
in Fig. 6.3(c). The temperature increase needed to toggle the switch is provided by a thermoacous-

tic converter connected to a third terminal (labelled ‘gate’ in Fig. 6.4(g-h), see [177]). The primary
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Figure 6.3: Designing a temperature-controlled topological switch. We consider a honeycomb lattice of steel
pillars (R; = 3.5mm, R, = 4.1mm,2 = 8.5 mm)anchored to a high-thermal-expansion base plate, in an air
medium within a sealed fixed-size box. (a) Heating this system has two main competing effects: eigenfrequencies are
increased by raising the speed of sound in air (dashed lines), but decreased as the base plate thermally expands (dotted
lines). The latter effect also tunes 7 to induce a band inversion. These two effects can be balanced by correctly choosing
the thermal expansion coefficient of the base plate (here 1.61 x 10~3 K1), providing a temperature-tunable topological
phase transition with an overlapping spectral gap (solid lines). (b) A topological switch combines two sizes of pillars: one
side transitions from trivial to topological as the switch is heated (Rl), while the other remains trivial throughout (Rz).
(c) Unlike the switch design in Fig. 6.1(c), which is triggered by tuning R at fixed 4, this switch is turned ‘on’ by increasing
a at fixed R, and can be actuated by phonon-delivered heat.

effect of heating the device is to change the speed of sound in the medium, which typically increases
all eigenfrequencies of the system (see dashed lines in Fig. 6.3(a)). Second, heating causes thermal
expansion of the materials, increasing both R and 4, though not necessarily equally. If the base
plate and pillar materials are selected such that 2 increases faster than R, the net result is to reduce
all eigenfrequencies of the system and induce a band inversion (dotted lines in Fig. 6.3(a)). Finally,
heating alters the density of the air and the materials, which has been taken into account, but is in-
significant. The first two effects can be balanced to maintain a bulk gap throughout the switching
process, by fixing the ratio vy, /4 that appears in the eigenfrequency of Eq. 6.1. Because the base

plate expands linearly with temperature, we seek a medium where vy, also increases linearly. For
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an ideal gas at temperature 7, vy, increases as /T, but the trend is almost linear near room tem-
perature; as such, air is a suitable medium. Consequently, to keep vy, /4 fixed as the temperature
increases from 7T to T}, we seek a base material with a coefhicient of thermal expansion given by
@ = 1/(T; + \/T;Tj). For the proof-of-principle switch shown in Fig. 6.3(b), the required base-
plate thermal expansion coefficient is 1.61 X 1073 K1, which is within the range achievable by
origami metamaterials [178]. Alternatively, we empirically demonstrated an even larger effective
thermal expansion coefficient by thermally actuating using the shape-memory alloy Nitinol [177].
The advantage of a topological phononic switch can be seen from the finite-sized calculations
in Fig. 6.4. Unlike a trivial waveguide, which experiences significant losses induced by disorder and
bends (Fig. 6.4(a-b)), the topological switch acts as a robust pseudospin-dependent waveguide when
‘on’ due to a Dirac cone between the two sides (Fig. 6.4(c-d)). As it is cooled, the pillars contract
around the input terminal; both sides become trivially insulating and block transmission, turning
the switch ‘oft” (Fig. 6.4(e-f)). Our topological switch is stable against mild temperature changes
provided its operational frequency remains within the spectral gap (see Fig. 6.3(a)). Such tempera-

ture variations alter only the localization of the edge states, not their presence or absence [177].

6.4 BUILDING A UNIVERSAL LOGIC GATE FOR ULTRASOUND

Our proof-of-principle temperature-controlled phononic switches can be linked to form a universal
NAND gate with two main segments. First, we design a topological AND gate by connecting two
switches in series (Fig. 6.4(g)). This device requires both control signals (A and B) to be ‘on’ to heat
each switch and allow information to propagate [177]. Second, to design a topological NOT gate,
we utilize a base plate material that has a negative coefficient of thermal expansion; that is, it shrinks
when heated. At room temperature (control is ‘off’), the NOT gate is a topological waveguide that

transmits information, but when the control is ‘on’, the device heats and shrinks, transitioning to
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Figure 6.4: Topological logic gates with ultrasound. (a) Transmission through a trivial waveguide, like this chan-
nel in an insulating steel/air phononic crystal, is disrupted by disorder and bends. (b) The band structure of the corre-
sponding supercell (see inset) contains a bulk gap with trivial edge states. (c) In contrast, a topological waveguide with
the same parameters as in Fig. 3, allows robust transport regardless of channel geometry; it can be used as the ‘on’ state
of a topological switch. (d) Its band structure hosts protected, Dirac-like edge states (inset) due to a negative bulk gap
on one side. (€) When the system is cooled, it contracts and both sides become trivial insulators, preventing transmis-
sion. (f) Excitations at frequencies within the gap decay exponentially as they enter the device. (g) A topological AND
gate, constructed from two switches in series, requires both control signals (A and B) to be high to register an output. (h)
A topological NOT gate uses a base plate with a negative thermal expansion coefficient; it contracts to turn ‘off’ when
heated (left), and expands to turn ‘on’ when cooled (right).

a trivial insulator. To maintain an overlapping bulk gap throughout this transition, we require a
medium where the speed of sound decreases with increasing temperature, a behavior commonly
observed in oils [179]. Specifically, a device using steel pillars in sunflower oil requires a coefhicient of
thermal expansion of —2.0 X 1073 K™! to keep the ratio vy, /4 fixed, a value recently demonstrated
[178].

The design of topological metamaterials based on a broken accidental degeneracy is extremely

versatile due to the large number of tuning parameters available. Specifically, for a phononic honey-
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comb lattice, the topological phase can be tuned by six independent parameters, which collapse onto
a 3D phase space. This phase space guided a proof-of-principle design for a phononically controlled
topological switch, the building block of an acoustic logic gate. The macroscopic size and moder-
ate speed of our device makes it an ideal tool for teaching and understanding topological materials.
More importantly, the same design process can be followed for piezoelectric materials at mesoscopic
length scales, enabling switchable control of topologically protected surface-acoustic waves for in-
tegrated phononics [180]. Finally, our approach directly applies to optical systems under a simple
mapping of variables [127], or to nano-structured quantum materials [181], providing a new direc-

tion for developing a field-effect topological transistor.
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van der Waals metamaterials

The van der Waals heterostructures are an active frontier for discovering emergent phenomena in
condensed matter systems. They are constructed by stacking elements of a large library of two-
dimensional materials that couple together through van der Waals interactions. However, the num-
ber of possible combinations within this library is staggering, so fully exploring their potential is a
daunting task. Here we introduce van der Waals metamaterials to rapidly prototype and screen their

quantum counterparts. These layered metamaterials are designed to reshape the flow of ultrasound
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to mimic electron motion. In particular, we show how to construct analogues of all stacking con-
figurations of bilayer and trilayer graphene through the use of interlayer membranes that emulate
van der Waals interactions. By changing the membrane’s density and thickness, we can also reach
coupling regimes far beyond that of naturally occurring graphene. We anticipate that van der Waals
metamaterials can be used to explore, extend, and inform future electronic devices. Furthermore,
they allow the transfer of useful electronic behavior to acoustic systems, such as flat bands in magic-
angle twisted bilayer graphene, which may aid the development of super-resolution ultrasound

imagers.

7.1 INTRODUCTION

The recent excitement surrounding van der Waals (vdW) heterostructures stems from the diverse
emergent phenomena that can arise by layering two-dimensional (2D) materials like graphene and
other xenes, or transition metal dichalcogenides [182—184]. Such vdW heterostructures are poised
to contribute to transformative technologies including ultra-thin low-energy transistors [185], pho-
todetectors [186], and light-emitting diodes [187]. Recently, their capabilities were expanded to
include exotic many-body quantum behaviors such as unconventional superconductivity, which
can occur in twisted bilayer graphene (TBG) [188, 189]. However, finding the most interesting sys-
tems and behaviors is a time-consuming task, given the countless stacking combinations afforded by
the ever-increasing library of 2D materials and tuning parameters such as twist angle. Twist angle is
a particularly exciting but challenging new parameter, because the small ‘magic angle’ of 1.18° that
gives rise to such exotic effects in TBG also presents forbidding computational difficulties due to the
increased unit cell size. An open problem is to develop a method for rapidly predicting and proto-
typing vdW heterostructures to create a tight feedback loop for their technological advancement.

In the last few years, phononic metamaterials have emerged as a promising platform for mimick-
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Figure 7.1: Phononic metamaterial analogue of graphene. (a) In graphene, the honeycomb lattice symmetry leads to (b)

a band structure featuring a linearly dispersive K-point Dirac cone (blue), adapted from Ref. [190]. (c) We designed a
phononic metamaterial to imitate graphene by arranging a honeycomb lattice of steel pillars in air. The pillars have radius
R = 0.32 cm, height = 0.1 cm, and spacing 2 = 1 cm. (d) Their simulated phononic band structure recreates the
Dirac cone in graphene (blue).

ing condensed matter systems [131, 147, 164, 191, 192]. They are appealing quantum analogues
because their governing wave equations are straightforward, making calculations fast; they can be
quickly fabricated; and their properties derive from macroscopic structures with continuously
tunable geometry, as opposed to the limited discrete elements of the periodic table. A carefully
constructed phononic metamaterial can host propagating sound waves that closely resemble the
behavior of electrons moving in solids. For example, the Dirac-like electronic bands of graphene,
which rely on the C4 symmetry of its honeycomb carbon lattice (Fig. 7.1(a-b)), can be reproduced
in the phonon band structure of a honeycomb arrangement of steel pillars in air (Fig. 7.1(c-d)).
This general framework has been applied to yield analogues of graphene in longitudinal phononics
[127, 193], surface acoustics [130], photonics [194], and mechanics [192, 195]. Given these suc-
cesses, it is natural to ask whether the same strategy works for multi-layer systems. Existing metama-

terial designs have made innovative use of multi-layer structures [196, 197], including recent work
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that coupled two-layered sonic crystals to create topological phases [198]. These findings represents
important steps towards mimicking multi-layer heterostructures. However, without control of the
strength of interlayer coupling, accurately recreating the diverse library of vdW heterostructures
remains an elusive goal.

Here we demonstrate a versatile framework for mimicking layered vdW heterostructures with
acoustic metamaterials. Specifically, we numerically explore the coupling strength of an inter-
layer membrane as a function of material properties using the commercial finite-element model-
ing software COMSOL MULTIPHYSICS. By tuning the membrane properties, we discover a simple
phenomenological model for metamaterial interlayer coupling that allows us to recreate all stack-
ing configurations of bilayer and trilayer graphene, and furthermore to reach coupling regimes far
beyond those in naturally occurring graphene. Our work opens a different path to explore vdW het-
erostructures, which could uncover new phenomena and inform the fabrication of future quantum
materials. In the opposite direction, our work guides the translation of electronic vdW phenomena

to phononic systems, which could stimulate useful acoustic devices.

7.2 PHONONIC BILAYER GRAPHENE

Building on previous work, we started from a monolayer phononic metamaterial designed to em-
ulate the Dirac cone in graphene [4, 131, 172]. The presence of a Dirac cone relies only on the Cg
symmetry of the unit cell, but its shape can be tuned by material choice and pillar size. For conve-
nience, our device consists of a honeycomb lattice of steel pillars in air, as shown in Fig. 7.1(c). We
calculated its band structure for various configurations of pillar radius (R), height (), and spac-
ing (a), and found a close match to graphene when R = 0.32cm, 4 = 0.lcm,andz = lem
(Fig. 7.1(d)). Importantly, our metamaterial contains an isolated Dirac cone like graphene, despite

small differences in the surrounding bands. Consequently, for frequencies close to 26.8 kHz our
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Figure 7.2: Phononic metamaterial analogue of bilayer graphene. (a) We recreated interlayer hopping in bilayer
graphene using (b) two layers of honeycomb metamaterial separated by a flexible membrane. (c) In AB-stacked bilayer
graphene, the Dirac cones hybridize to create a ‘kissing’ band structure. (d) With an interlayer membrane made of 0.19-
mm thick HDPE, the same effect is seen in our bilayer metamaterial. This effect is well described by the same tight-
binding Hamiltonian used to describe bilayer graphene (inset). (e) In AA-stacked bilayer graphene, the structure of the
Dirac cone changes. (f) By stacking our metamaterial in the AA configuration, it accurately captures the AA graphene
Dirac cone structure. Panels (c) and (e) are tight-binding calculations reprinted with minimal alterations from Ref. [199],
with permission from Elsevier.

acoustic device responds similarly to undoped graphene.
Our first advance is to demonstrate a phononic analogue of bilayer graphene by stacking two
honeycomb metamaterials on top of each other. In its natural state, bilayer graphene stacks in an

AB configuration (Fig. 7.2(a)). Each layer contributes an identical Dirac cone, £(k), to the band
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structure. The two Dirac cones then couple through interlayer hopping, A, to generate a char-
acteristic band structure whereby the linear Dirac cones are replaced by parabolic ‘kissing’ bands

[199] (Fig. 7.2(c)). The combined structure can be described by a simple tight-binding Hamiltonian

[199, 200],

Ek) 9 0 ork
H(k) = , where E(k) = , (7.1)
o7 Ek) gk 0
1 0 0
0=1dap =3 ) (7.2)
A O

and vf is the Fermi velocity. In this model, £(k) describes hopping between sublattice sites within

a single layer, while J43 describes the first-order interlayer coupling, which always occurs between
inequivalent sub-lattice sites and so contributes an off-diagonal term. To compare the magnitude of
graphene’s interlayer hopping to that in our metamaterial, we used a dimensionless coupling metric,
A = A/D, where D is the Dirac-cone bandwidth. In bilayer graphene, A = 4.7% based on tight-
binding fits to experimental data and 4 initio calculations (see Fig. 7.2(c) and Ref. [199]).

Our metamaterial analogue of bilayer graphene controllably couples phonons between layers
through the use of an intermediary membrane (Fig. 7.2(b)). Intuitively, as phonons in one layer
propagate, they induce matching oscillations in the membrane, which links to the other layer and
promotes the desired layer-to-layer crosstalk. To achieve a similar coupling magnitude as in bilayer
graphene, we used a 0.19-mm thick sheet of high-density polyethylene (HDPE) as the intermedi-

ary layer. We computed the phononic band structure of our bilayer metamaterial using comsoL
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MULTIPHYSICS (open circles in Fig. 7.2(d)). All simulations contain additional 0.19-mm thick
HDPE sheets on the outer edges to confine the modes to the 2D layers. Strikingly, we found ‘kiss-
ing’ bands in the bilayer metamaterial, analogous to those in bilayer graphene. Furthermore, the
phononic bands are well described by the same tight-binding model (Eqn. 7.1 and 7.2, solid lines
in Fig. 7.2(d)) with reasonable values for the sound velocity v, = 140 m/s (analogous to vf in
graphene) and phonon bandwidth A = 700 Hz, yielding A = 47%. Thus, the intermediary
HDPE sheet quantitatively reproduces the interlayer hopping in bilayer graphene.

The first key advantage of vdW metamaterials is the versatility of their stacking configuration.
In bilayer graphene, stacking arrangements other than AB host a rich range of physical phenomena
[188, 201]. Yet non-AB stacking is technically challenging to fabricate in graphene, which tends
to relax locally back to AB, making it especially difficult to isolate and empirically confirm a par-
ticular uniform configuration. On the other hand, constructing translated or twisted metamateri-
als presents no additional difficulty, allowing analogues of quantum electronic phenomena to be
rapidly and unambiguously explored. To illustrate this point, we recreated the band structure of
AA-stacked bilayer graphene by translating our AB-stacked metamaterial, but retaining the same
HDPE interlayer (Fig. 7.2(e-f)). The band structure is well described by the tight-binding Hamil-
tonian in Eqn. 7.1, but with a modified coupling matrix that instead encodes interlayer hopping

between vertically-aligned, identical sub-lattice sites:

This model accurately describes both the phononic and electronic AA-stacked systems, as shown in
the insets to Fig. 7.2(e-f). In addition, it captures the behavior of both AA-stacked and AB-stacked

metamaterials using the same values of vr and A, simply by switching the J matrix.
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The second key advantage of vdW metamaterials is the ease with which membrane properties can
be changed to explore diverse coupling regimes. In electronic vdW heterostructures, the interlayer
coupling is often seen as a fixed property, and experiments that vary it are technically challenging.
For instance, a substantial vertical pressure of 1.3 GPa is required to effect just a 20% increase in the
interlayer coupling strength of TBG by pushing the layers closer together [202]. Yet, this additional
tuning knob has permitted some remarkable discoveries; for example, pressure increases the magic
angle and the superconducting transition temperature in TBG [202, 203]. In our system, tuning
the interlayer coupling is as simple as using a thicker membrane or changing its composition. Intu-
itively, the same pressure variation causes a flexible membrane to move more than a stift membrane,
so the interlayer coupling increases as the membrane becomes thinner or less dense. We computed
the band structure of our AB-stacked bilayer metamaterial to quantify A as a function of thickness
for five different membrane materials, as shown in Fig. 7.3. We found that A was largely indepen-

dent of the interlayer membrane’s speed of sound over a wide range of values. For example, an ar-
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tificial order-of-magnitude increase in the speed of sound of the HDPE membrane in Fig. 7.2(b),
without altering its density (o) or thickness (7)), produced only a minimal change in A from 4.7%
to 4.6%. To a good approximation, A varies inversely with p and T following the phenomenological
rule:

1
PT

>
Il

o (7.4)

ol >

These strong dependencies make it possible to vary A over more than two orders of magnitude us-
ing only common household materials, like steel or wood. Thus, candidate twistronic materials can
be categorized based on their intralayer and interlayer coupling strengths, then prototyped as simple
phononic metamaterials by adjusting the pillar and membrane properties. In addition, the interlayer
thickness could be spatially textured to capture variations in coupling strength due to the inherent
lattice corrugation or relaxation in many vdW heterostructures, including twisted bilayer graphene

[183, 204—206].

7.3 TowAarDS FULL vDW HETEROSTRUCTURES

Our interlayer coupling scheme generalizes beyond bilayer metamaterials. Quantum vdW het-
erostructures combine elements from a vast library of 2D materials to realize emergent behavior
that further diversifies as the number of layers increases. To demonstrate this trend in vdW meta-
materials, we simulated an analogue of trilayer graphene by stacking three honeycomb lattices of
steel pillars, interspersed with the same HDPE membranes used previously (Fig. 7.4(a)). Trilayer
graphene has three possible stacking configurations, each encoded by a different interlayer hopping
matrix, . In each case, we engineered a similarly-stacked trilayer metamaterial with interlayer inter-
actions that promote a nearly identical band structure to trilayer graphene, as shown in Fig. 7.4(b-c).

Both the electronic and phononic system can be described by the same tight-binding Hamiltonian,
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which is a simple extension of Eqn. 7.1,

Ek) & 0
H) = | 57 Ek) o |- (7-5)
0 o Ek)

where the stacking-dependent § matrices are

5@ _ %44

1

AA

1 048 2 oL
3,(4;,4 = ﬁ> 3,(41;,4 = %a (7.7)
SO 4@ _ 948

abC = %asc = (7.8)

Unlike their quantum counterparts, vd W metamaterials can be tuned continuously to span a
large space of band structures. Although we have focused primarily on analogues of graphene, par-
allels to other vdW materials can be easily drawn by tuning the geometry and composite materials
of the metamaterial. For example, hexagonal boron nitride (hBN) is a common ingredient in many
vdW heterostructures because it hosts a large insulating band gap [208]. It consists of two inter-
penetrating triangular lattices of boron and nitrogen, and consequently breaks the Cg symmetry of
the unit cell to open a gap at the K point. Similarly, an analogue of hBN can be produced by break-
ing the C¢ symmetry of the graphene metamaterial in Fig. 7.1(c), for example by using pillars of
different radii. Unlike the electronic version, the resulting band gap in the metamaterial can be con-
tinuously tuned because the radii may be chosen arbitrarily. Single-layer metamaterials exhibiting
such wide band gaps have been extensively explored in the literature [209]. Our coupling scheme al-

lows them to be incorporated into vdW metamaterials, affording enormous flexibility in recreating,
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Figure 7.4: Phononic metamaterial analogue of trilayer graphene. (a) Our trilayer phononic metamaterial comprises
three honeycomb lattices of steel pillars separated by 0.19-mm thick HDPE layers. (b) The Dirac cone structure of
trilayer graphene displays qualitatively different behavior in each of its three different stacking configurations, adapted
with permission from Ref. [207]. Copyright 2017, American Chemical Society. (c) Each behavior is recreated in a trilayer
metamaterial by matching the stacking pattern. The calculated band structure (open circles) is well described by a simple
two-parameter Hamiltonian (Egn. 7.5, solid lines).

exploring, and extending the emergent electronic phenomena of quantum vdW heterostructures.

7.4 CONCLUSIONS

The essential ingredient of vdW heterostructures—their interlayer coupling—extends beyond elec-
tronic systems. By adding a flexible membrane between phononic metamaterials, we demonstrated

that this coupling can be accurately recreated in acoustics. The resultant vdW metamaterials per-
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mit the rapid exploration of diverse stacking combinations and extensive coupling regimes that are
challenging to reach in electronic materials. To illustrate their potential, we developed macroscopic
acoustic analogues of every stacking configuration of bilayer and trilayer graphene. Our results pro-
vide a guide for designer vdW metamaterials, which may focus and inform future vdW-based elec-
tronic devices. Conversely, they permit mapping intriguing electronic phenomena to phononics,
like the flat bands in magic-angle TBG, which may provide a new platform for non-linear acoustics.
Finally, our design scheme applies directly to photonic metamaterials through a simple mapping of

variables [127].
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S. Minhal Gardezi, Harris Pirie, et al.

Simulating twistronics with acoustic

metamaterials

TwISTED VAN DER WAALS (vDW) HETEROSTRUCTURES have recently emerged as a tunable plat-
form for studying correlated electrons. However, these materials require laborious and expensive ef-

fort for both theoretical and experimental exploration. Here we numerically simulate twistronic be-
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havior in acoustic metamaterials composed of interconnected air cavities in two stacked steel plates.
Our classical analog of twisted bilayer graphene perfectly replicates the band structures of its quan-
tum counterpart, including mode localization at a magic angle of 1.12°. By tuning the thickness of
the interlayer membrane, we reach a regime of strong interlayer tunneling where the acoustic magic
angle appears as high as 6.01°, equivalent to applying 130 GPa to twisted bilayer graphene. In this
regime, the localized modes are over five times closer together than at 1.12°, increasing the strength

of any emergent non-linear acoustic couplings.

8.1 TWISTRONICS VASTLY EXPANDS THE VDW PHASE SPACE

Van der Waals (vdW) heterostructures host a diverse set of useful emergent properties that can be
customized by varying the stacking configuration of sheets of two-dimensional (2D) materials, such
as graphene, other xenes, or transition-metal dichalcogenides [182-184, 210]. Recently, the pos-
sibility of including a small twist angle between adjacent layers in a vdW heterostructure has led to
the growing field of twistronics [211]. The twist angle induces a moiré pattern that acts as a tunable
potential for electrons moving within the layers, promoting enhanced electron correlations when
their kinetic energy is reduced below their Coulomb interaction. Even traditional non-interacting
materials can reach this regime, as exemplified by the correlated insulating state in twisted bilayer
graphene [188]. Already, vdW heterostructures with moiré superlattices have led to new platforms
for Wigner crystals [212], interlayer excitons [213-215], and unconventional superconductivity
[189, 202, 216]. But the search for novel twistronic phases is still in its infancy and there are count-
less vdW stacking and twisting arrangements that remain unexplored. Theoretical investigations

of these new arrangements are limited by the large and complex moiré patterns created by multiple
small twist angles. Meanwhile, fabrication of vdW heterostructures is restricted to the symmetries

and properties of the few freestanding monolayers available today. It remains pressing to develop
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a more accessible platform to rapidly prototype and explore new twistronic materials to accelerate
their technological advancement.

The development of acoustic metamaterials over the last few years has unlocked a compelling
platform to guide the design of new quantum materials [217]. Whereas quantum materials can
be difficult to predict and fabricate, acoustic metamaterials have straightforward governing equa-
tions, continuously tunable properties, fast build times, and inexpensive characterization tools,
making them attractive testbeds to rapidly explore their quantum counterparts. Sound waves in an
acoustic metamaterial can be reshaped to mimic the collective motion of electrons in a crystalline
solid. These acoustic devices can recreate many phenomena seen in quantum materials, such as
chiral Landau levels [218], higher-order topology [132, 133], and fragile topology [134]. In vdW
systems, the Dirac-like electronic bands in graphene have been mimicked using longitudinal acous-
tics [127, 191, 193], surface acoustic waves [130], and mechanics [192, 195]. Further, it was recently
discovered that placing a thin membrane between metamaterial layers can reproduce the coupling
effects of vdW forces, yielding acoustic analogs of bilayer and trilayer graphene [5, 198]. The inclu-
sion of a twist angle between metamaterial layers has the potential to further expand their utility. In
addition to electronic systems, moiré engineering has recently been demonstrated in systems con-
taining vibrating plates [219], spoof surface-acoustic waves [220], and optical lattices [221]. How-
ever, without simultaneous control of in-plane hopping, interlayer coupling, and twist angle, rapidly
prototyping next-generation twistronic devices using acoustic metamaterials remains an elusive goal.

Here we propose a simple acoustic metamaterial that precisely recreates the band structure of
twisted bilayer graphene, including mode localization at a magic angle of 1.12°. We start with a
monolayer acoustic metamaterial that implements a tight-binding model describing the low-energy
band structure of graphene. By combining two of these monolayers with an intermediate polyethy-
lene membrane, we numerically simulate both stacking configurations of untwisted bilayer graphene

using finite-element modeling software, coMsoL MULTIPHYSICS. Our simulated acoustic analog
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of twisted bilayer graphene hosts flat bands at the same magic angle of ~ 1.1° as its quantum coun-
terpart [188, 222]. A key advantage of our metamaterial is the ease with which it reaches coupling
conditions beyond those feasible in atomic bilayer graphene. By tuning the thickness of the inter-
layer membrane, we design new metamaterials that host flat bands at several magic angles between
1.12° and 6.01°. Our results demonstrate the potential for acoustic vdW metamaterials to precisely

simulate and explore the ever-growing number of quantum twistronic materials.

8.2 USING AIR CAVITIES AS ATOMS

We begin by introducing a general framework for designing acoustic metamaterials to prototype
non-interacting electronic materials that are well described by a tight-binding model. In our meta-
material, each atomic site is represented by a cylindrical air cavity in a steel plate (see Fig. 8.1(a)). The
radius of the air cavity determines the eigenfrequencies of its ladder of acoustic standing modes. In
a lattice of these cavities, the degenerate standing modes form narrow bands, separated from each
other by a large frequency gap. We focus primarily on the lowest, singly degenerate s band. Just as
electrons hop from atom to atom in an electronic tight-binding model, sound waves propagate from
cavity to cavity in our acoustic metamaterial through a network of tunable thin air channels. This
coupling is always positive for s cavity modes, but either sign can be realized by starting with higher-
order cavity modes [223]. Because sound travels much more easily through air than through steel,
these channels are the dominant means of acoustic transmission through our metamaterial. They
allow nearest- and next-nearest-neighbor coupling to be controlled independently by varying the
width or length of separate air channels, providing a platform to implement a broad class of tight-
binding models.

To recreate bilayer graphene in an acoustic metamaterial, we started from a honeycomb lattice of

air cavities, with radius of 3.5 mm and a separation of 10 mm, in a 1-mm-thick steel sheet, encapsu-
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Figure 8.1: Acoustic vdW metamaterials. (a) In this acoustic metamaterial, sound waves propagate through connected
air cavities in solid steel to mimic the way that electrons hop between carbon atoms in bilayer graphene. Our metama-
terial design has cavity spacing2 = 10 mm, cavity radius R = 3.5 mm, channel width w = 0.875 mm, and steel
thickness D = 1 mm. The smaller, unconnected cavities in the center of each unit cell improve the interlayer coupling
of our bilayer metamaterial, but they do not act as additional lattice sites. (b) The C; symmetry of the lattice protects

a Dirac-like crossing at the K point of the calculated monolayer acoustic band structure. (c-d) Two sheets of acoustic
graphene coupled by an interlayer polyethylene membrane of thickness 7" = 2.35 mm accurately recreate the AB and
AA configurations of bilayer graphene, as shown in these calculations. (e) As the two sheets are twisted relative to one
another, the two Dirac cones contributed by each layer hybridize, ultimately producing a flat band at small twist angles.
(f) The twisted bilayer heterostructure has its own macroscopic periodicity with distinct AB and AA stacking regions.

lated by 1-mm-thick polyethylene boundaries. Each cavity is coupled to its three nearest neighbors
using 0.875-mm-wide channels, giving an s-mode bandwidth of 2¢ = 7.8 kHz (sce Fig. 8.1(b)).
This s manifold is well isolated from other higher-order modes in the lattice, which appear above 2.5
kHz. The Cg symmetry of our metamaterial ensures a linear crossing at the K point, similar to the
Dirac cone in graphene [190]. The frequency of this Dirac-like crossing and other key aspects of the
band structure are controlled by the dimensions of the cavities and channels. Building on previous
work, we coupled two layers of acoustic graphene together using a thin interlayer membrane [s].

By laterally translating the stacking configuration, the same acoustic metamaterial mimics both the
parabolic touching around the K point seen in AB-stacked bilayer graphene, and the offset Dirac

bands seen in AA-stacked bilayer graphene [200, 201], as shown in Fig. 8.1(c-d). The frequency
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span between the K-point eigenmodes is twice the interlayer coupling strength A, which is set by the
interlayer membrane thickness [5]. We found that a 2.3 5-mm-thick polyethylene membrane (den-
sity 950 kg/m3 and speed of sound 2460 m/s) accurately matched the dimensionless coupling ratio

A/t ~ 5% in bilayer graphene.

8.3 ACOUSTIC MAGIC ANGLES

Introducing a twist angle between two graphene layers creates a moiré pattern that grows in size as
the angle decreases. At small angles, the Dirac cones from each layer are pushed together and hy-
bridize due to the interlayer coupling [224, 225], as shown in Fig. 8.1(e). Eventually, they form a flat
band with a vanishing Fermi velocity (vF) at a so-called magic angle [188, 222, 226], see Fig. 8.2(a).
We searched for the same band-flattening mechanism by introducing a commensurate-angle twist to
our acoustic bilayer graphene metamaterial. Strikingly, our metamaterial mimics its quantum coun-
terpart even down to the magic angle, producing acoustic flat bands at 1.12°, as shown in Fig. 8.2(a-
b). Importantly, there are no other acoustic bands near the Dirac point that can fold and interfere
with these flat bands (see Fig. 8.1(b)). The flat bands appear upside down in our acoustic model
because its interlayer coupling (between s cavity modes) has the opposite sign from graphene’s (be-
tween p, orbitals). However, this asymmetry is quite small and its influence is not generally notice-
able at higher angles [222, 227]. Our acoustic flat bands correspond to real-space pressure modes
that are primarily located on the AA region, see Fig. 8.2(c). This AA localization agrees with calcu-
lations of the local electronic density of states in magic-angle twisted bilayer graphene [188, 228]. In
our acoustic system, these localized modes represent sound waves that propagate with a low group
velocity of 0.05 m/s, compared to 30 m/s in the untwisted bilayer.

The magic angle of twisted bilayer graphene can be tuned by applying vertical pressure to push

the graphene layers closer together and increase the interlayer coupling [203]. Consequently, the
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Figure 8.2: Trapping sound by twisting. (a) As the twist angle between two layers of graphene decreases, the Dirac
bands are compressed around the Fermi level, eventually becoming completely flat at a magic angle of 1.12°, as shown
in these electronic tight-binding calculations of unrelaxed twisted bilayer graphene. (b) The same trend occurs in our
numerical simulations of a bilayer acoustic metamaterial, spawning acoustic flat bands at 1.12°. (c) For large angles,
the calculated acoustic Dirac-like modes at the K point are itinerant and persist across the entire supercell. But at the
magic angle, they become localized on the AA-stacked region in the center of the supercell.

Dirac bands begin to flatten at higher angles under pressure than at ambient conditions. However,
a substantial vertical pressure of a few GPa is required to move the magic angle from 1.1° to 1.27°,
corresponding to only a 20% increase in the interlayer coupling strength [202]. In our metamaterial,
no such physical restrictions apply: the interlayer coupling can be tuned over two orders of magni-
tude simply by changing the thickness of the coupling membrane [5]. In practice, we anticipate an
experimental setup that includes interchangeable polyethylene sheets of different thicknesses. To
demonstrate this capability, we numerically reproduced the band flattening at a fixed angle of 2°

simply by incrementally reducing the thickness of the interlayer membrane to 1.21 mm (Fig. 8.3).
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Figure 8.3: Interlayer coupling tunes the magic angle. Reducing the thickness of the polyethylene membrane enhances
the coupling between layers of our simulated acoustic metamaterial. Consequently, an acoustic flat band (orange) can
been formed either by decreasing the twist angle with a fixed membrane thickness (along rows), or by decreasing the
thickness at fixed angle (columns). For example, to realize flat bands at 2°, we need to reduce the membrane thickness
to 1.21 mm.

In other words, the flat band condition can be approached from two directions: either reduce the
twist angle at fixed interlayer thickness, or reduce the thickness at fixed angle. For comparison, it is
expected to require about 9 GPa of vertical pressure for twisted bilayer graphene to reach flat bands

at2° [203].

8.4 EXPLORING EXTREME COUPLING REGIMES

Our acoustic metamaterial provides a simple computational platform to explore twistronics in ex-
treme coupling regimes, well beyond the experimental capability of its electronic counterpart. By
turther reducing the interlayer membrane thickness, we searched for flat bands at high commen-
surate angles of 3.89°, 5.09°, and 6.01°, equivalent to pressures of 45 GPa, 85 GPa, and 129 GPa

that would need to be applied to the graphene system [203]. In each case, we discovered flat bands
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Figure 8.4: Reproducing flat bands at high magic angles. (a) By reducing the thickness of the interlayer membrane to
0.58 mm, 0.43 mm, and 0.35 mm, we computed flat bands at 3.89°, 5.09°, and 6.01° twist angles. (b) In each case, the
simulated K-point eigenmodes appear predominantly around the AA-stacked region in the center of the supercell. As
the supercell shrinks, these localized modes form a dense array, increasing the possibility of interactions with similar
localized modes in neighboring supercells. (c) By correctly choosing the interlayer membrane’s thickness, any angle can
become a magic angle with a vanishing K-point velocity.

similar to those in twisted bilayer graphene (Fig. 8.4(a)). These flat bands all correspond to collective
pressure modes that are localized on the AA-stacked central regions (Fig. 8.4(b)). But these local-
ized modes are over five times closer to each other spatially at 6.01° than they are at 1.12°. Generally

speaking, the modes interact more strongly as they become closer together, potentially allowing
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interactions to dominate over the reduced kinetic energy at a high magic angle. Consequently, a
high-magic-angle metamaterial could be susceptible to non-linear effects if tuned correctly, akin to
a phonon-phonon interaction. In principle, any twist angle can become a magic angle that hosts a
dense array of such localized modes, by choosing the correct interlayer thickness (Fig. 8.4(c)).
Although we focused on recreating twisted bilayer graphene, our metamaterial can be easily ex-
tended to capture other vdW systems. For example, by breaking the sublattice symmetry in our unit
cell, one can explore the localized modes shaped from twisted quadratic bands, imitating semicon-
ductors like hexagonal boron nitride [229] or transition-metal dichalcogenides [230]. Our metama-
terial platform could even mimic twistronic Hamiltonians that cannot yet be realized in condensed
matter experiments, which are restricted to the primarily-hexagonal set of 2D materials available
today. In principle, a twistronic heterostructure can be constructed from any lattice symmetry to
spawn diverse flat bands with distinct topologies [231]. Acoustic metamaterials can smoothly de-
form between these twistronic phases, allowing their properties to be isolated, optimized, or com-
bined. Further, our metamaterial design can independently control AA and AB coupling by appro-
priately texturing the interlayer membrane, which may unlock perfectly flat bands at the magic angle
[206]. It can also implement tunable in-plane lattice relaxation, which modifies both the electronic
[205, 232] and phononic [233, 234] bands in twisted bilayer graphene. Beyond two-layer systems,
our design motivates a future experimental setup to explore the intricate moiré patterns created by
multiple arbitrary twist angles. Such experimental acoustic devices may quickly surpass theoretical
electronic calculations, which are made nearly impossible by the highly incommensurate geome-
try, even in the three-layer case [235]. Importantly, our design translates to the length scales and
materials required for photonic [127] or surface-acoustic-wave [130] devices, which may provide a
more-natural platform to fabricate the large arrays required to study complex multilayer structures.
The enormous phase space of twisted vdW heterostructures promises many new phenomena, but

unearthing them is hindered by theoretical and experimental obstacles. Our twisted bilayer meta-
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material translates the field of twistronics to acoustics, opening a difterent path to continue this
search (see roadmap in supplement (available online at stacks.iop.org/2DM/8/031002/mmedia). By
introducing a twist angle to vdW metamaterials, we discovered flat bands that precisely mimic the
behavior of twisted bilayer graphene at 1.1° and that slow transmitted sound by a factor of 6oo (20
times slower than a leisurely walk). The close agreement between our acoustic system and its elec-
tronic counterpart gives confidence that twisted acoustic metamaterials can be a valuable platform
for more general quantum material design. For example, future 3D-printed acoustic metamaterials
could simulate multilayer twistronic heterostructures containing several independent twist angles, a
challenging regime for today’s theoretical tools. Meanwhile, recent experiments have demonstrated
control of surface acoustic waves in the quantum limit [128, 129], which could provide a new direc-

tion to incorporate phonon-phonon interactions into our acoustic system.

8.s METHODS

We simulate three-dimensional metamaterial models using the pressure acoustics, frequency domain
interface within the acoustics module of coMmsoL MULTIPHYSICS. A basic monolayer metamaterial
consists of a honeycomb arrangement of air cavities, with radius of 3.5 mm and a separation of 10
mm, in a 1-mm-thick steel sheet. To form a bilayer metamaterial, two such steel sheets are separated
and bounded by three identical polyethylene membranes, as shown in Fig. 8.1(a). The bounding
and interlayer membranes all have identical, tunable thicknesses. Each model is cut to form a super-
cell at a commensurate twist angle, allowing three pairs of Floquet periodic boundary conditions

on its six hexagonal sides. The top and bottom boundary sheets are impedance-matched to air on
their outer faces. Our metamaterial contains three materials: steel plates (density 7070 kg/m? and
speed of sound 5790 m/s), air cavities (1.2 kg/rnS, 343 m/s), and high-density polyethylene interlayer

and outer boundary membranes (950 kg/m?, 2460 m/s). The mesh conditions we use depend on
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the size of the unit cell. For the monolayer and untwisted bilayer metamaterials, as well as twisted
bilayer metamaterials with twist angles above 3.89°, we use the physics-controlled “fine” mesh. For
models with lower twist angles, we switch to a coarser user-defined mesh with the following param-
eters: minimum element size 0.09, maximum element size 1, maximum growth rate 1.4, curvature
factor 0.5, and resolution 0.6. After constructing the appropriate metamaterial supercell, we cre-
ate an eigenfrequency study using the following parametric sweep. For a hexagonal supercell with
moiré length L, we simulate the k-space sweep around the supercell Brillouin zone along the path

Iy = Ky — Mg — T using the following equation:

44
0<axl1

6 —2a
k=—+— 1<a<15s

WL\ A
3433 -2v3a 3+3

15<a< >
343 —2a

where 4 is an arbitrary sweep parameter. To speed up computation, we typically calculate only the
ten eigenfrequencies closest to the Dirac frequency.

The electronic band structures of TBG displayed in Fig. 8.2(a) were generated using a tight-
binding model based on density functional theory (DFT) results for bilayer graphene [236]. For
the selected angles, we use a twisted commensurate supercell alongside the DFT-derived couplings
to populate an electronic £-dependent Hamiltonian, which we then diagonalize. Although atomic
relaxations are known to modify the magic angle and the low-energy band gaps between the flat

bands and nearby bands in quantum materials [227], we do not attempt to incorporate analogous

8s



relaxations in our metamaterial.
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