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Abstract

In 1986, high-temperature superconductivity was first discovered [1] in layered

cuprate materials based on CuO2 planes. The subsequent decades uncovered a com-

plex phenomenology including a variety of additional unconventional electronic be-

haviors arising from strong electron-electron correlations. Superconductivity occurs

near the meeting point of a regime characterized by mysteriously open “Fermi arcs”

in place of a conventional closed Fermi surface and a metallic phase at high hole

doping. Describing the doping evolution of the ground state is crucial to uncover-

ing the mechanisms underlying the complex phase diagram. Here, we use the struc-

ture of broken translational symmetry, namely d-form factor charge modulations in

(Bi,Pb)2(Sr,La)2CuO6+δ, as a probe of the reorganization marked by the transition

from Fermi arcs to a large Fermi surface. From real-space imaging in a scanning tun-

neling microscope, we disentangle the spatial inhomogeneity of the electronic struc-

ture to obtain the doping dependence of both the Fermi surface and the charge mod-

ulation structure. We discover a commensurate to incommensurate transition accom-

panies the Fermi surface transition, reflecting the distinct nature of electronic correla-
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tions governing the two sides of this quantum phase transition.

Charge order in cuprates is one example of a physical relationship encoded in the

spatial structure of inhomogeneous properties. Today’s imaging technology enables

collection of large spatially resolved data sets, but disentangling the complex struc-

ture of correlations among properties is challenging in the presence of strong disorder.

Machine learning has revolutionized image analysis with its abilities to model large

multidimensional data sets and to detect features despite strong variability. We ex-

plore the use of convolutional neural networks to uncover the relationships among

multiple spatially resolved properties by training networks to classify the structure of

disordered d-form factor modulations according to an underlying doping-dependence

of the wave vector.
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1
Introduction

Condensed matter systems with strong electron-electron correlations exhibit a wide

range of phenomena, including exotic quantum states such as spin liquids and the

cuprate pseudogap phase, as well as technologically desirable properties such as colos-

sal magneto resistance, metal-insulator transitions, and high temperature supercon-

ductivity [2, 3, 4, 5]. Strong interactions give rise to many-body behavior which can-

1



not be described in the single-particle picture where electrons are filled into non-interacting

(Fermi gas) or weakly-interacting (Fermi liquid) states. Strongly correlated materials

have rich phase diagrams where a wide range of properties can be accessed by tun-

ing the electronic structure through doping, interface engineering in heterostructures,

pressure, etc...[5, 6, 7, 4, 3, 8]

Experimentally probing these complex phase diagrams can be challenging because

(1) strong correlations produce a tendency for inhomogeneity [7], complicating the

interpretation of bulk-averaged measurements, and (2) strong electron-electron repul-

sion favors localization of the electronic states in real-space (e.g. a Mott insulator [9]),

whereas typical metals have itinerant states with sharp low energy quasiparticle exci-

tations in crystal momentum k-space. To understand conducting strongly correlated

materials can therefore require a combination of real and momentum space probes.

Scanning tunneling microscopy (STM) [10], capable of imaging electronic structure

with angstrom-scale spatial resolution and whose data can be analyzed in both real

and momentum space, enables disentangling the complex spatial structure and charac-

terizing both localized and itinerant electronic properties.

1.1 Cuprate superconductors

In cuprates, high temperature superconductivity emerges from doping (with electrons

or holes) between an antiferromagnetic (AFM) insulating phase, where strong elec-
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tron repulsion localizes the Cu dx2−y2 electrons and a metal where the kinetic energy

favors delocalization [2, 7]. We restrict the remainder of this discussion, and this the-

sis, to the hole-doped cuprates. In addition to unconventional superconductivity, the

strong electronic interactions give rise to a variety of exotic electronic behaviors. It

has long been proposed that a quantum critical point (QCP), separating the so-called

pseudogap (PG) phase from the metallic phase resembling a Fermi liquid, may lie

at the center of the phase diagram [11] (Figure 1.1). While evidence supporting the

quantum critical scenario has continued to emerge [12, 13, 14, 15], the existence and

nature of the putative QCP remain open questions.

While a number of broken symmetries have now been observed, none to date pro-

vide a satisfactory description of the PG. Recently, inversion [17] and rotational [14,

13] symmetries were reported to be broken along a line of phase transitions [15, 17,

14, 13] bounding the PG state, but alone cannot explain the spectral gap. Alterna-

tively, the onsets of finite Q broken symmetries, spin and charge order, do not match

the PG onset [6, 18, and references therein]. There are proposals that pair density

wave order [19, 20, 21], a modulation of the Cooper pair density associated with finite

Q pairing, may underlie the PG, and recent experiments [22, 23] support the exis-

tence of Cooper pair modulations. However, there are also proposals that fluctuating

rather than static order may give rise to the PG [24, and references therein] and alter-

natively, that the transition may be beyond the Ginzburg-Landau paradigm [25, and

references therein].
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Figure 1.1: Schematic phase diagram and Fermi surface (FS) structure for cuprate high
temperature superconductors (largely based on the phase diagrams presented in References [6,
16]).

4



1.2 Materials and crystal structure

In 1986, Bednorz and Müller discovered superconductivity up to 30 K in cuprate

BaxLa5−xCu5O5(3−y) [1]. Subsequently, Y-, Bi-, Tl- and Hg-based compounds were

discovered, raising Tc above the temperature of liquid nitrogen. The record for the

highest Tc under ambient pressure is 135 K in HgBa2Ca2Cu3O1+x [26, 27]. Adjusting

the concentration of holes p (typically via chemical substitution and oxygen content)

tunes Tc such that the superconducting phase has a dome shape in the temperature-

doping phase diagram (Figure 1.1). Compounds are referred to as overdoped (OD)

or underdoped (UD) in comparison to the doping with optimal Tc and are typically

named by the OD, UD or OPT designation with the value of Tc, e.g. UD25K. The

high Tc and the symmetry of the superconducting order parameter (d- rather than

s-wave) [28] were early indications of the unconventional pairing mechanism.

All cuprate superconductor families share a layered structural motif with the low

energy electronic structure arising from the Cu dx2−y2 and O p orbitals in CuO2 lay-

ers that have a two-dimensional square lattice structure. The number of CuO2 planes

per unit cell and the composition of the spacer layers vary between families.

The Bi-based cuprates have been studied the most heavily by surface sensitive scan-

ning tunneling microscopy (STM) and angle resolved photoemission spectroscopy

(ARPES) because they have a non-polar cleavage plane between BiO layers. This the-

sis focuses on the family (Bi,Pb)2(Sr,La)2CuO6+δ (Bi2201, Figure 1.2), a Bi-based
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Bi2201 OPT35K
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Figure 1.2: (a) Bi2201 crystal structure. (b) Atomically resolved STM topography of a
Bi2201 sample near optimal doping with 35 K Tc. The inset shows an enlargement of the re-
gion enclosed by the dashed box.

cuprate with a single CuO2 plane in the unit cell. While Bi2201 has a lower optimal

Tc (≈ 35 K [29]) than the closely related double layer compound Bi2Sr2CaCu2O8+x

(Bi2212) (92 K [30, 31]), analysis of its electronic structure is simpler due to the ab-

sence of bilayer splitting. Furthermore, Pb-doping suppresses the structural distortion

called supermodulation that affects many cuprate families [32].

1.3 Pseudogap

The PG phase is a phenomenologically defined region of the phase diagram where the

electronic density of states has an unexplained spectral gap (the pseudogap) at the

Fermi level. This state is also the normal state from which superconductivity emerges

6



in the underdoped and optimally doped regimes. The PG was first discovered from

nuclear magnetic resonance (NMR) measurements [33, 34] which show a suppression

of both the Knight shift (proportional to the real part of the paramagnetic suscepti-

bility) and the spin lattice relaxation rate (probes the imaginary part of the suscep-

tibility). Additional spectroscopic probes, including ARPES, tunneling and Raman

spectroscopy have confirmed the gap with onset at a temperature T ∗ well above the

superconducting Tc†. Both T ∗ and the energy scale of the PG are maximum at low

doping and decrease with p until near optimal doping they become difficult to dis-

tinguish from Tc and the energy scale of coherent superconducting pairing, respec-

tively [36, 16, 37]. ARPES has shown that similarly to the SC gap, the PG is largest

along the (kx, 0) and (0, ky) directions, giving rise to an unexplained Fermi surface

structure seemingly consisting of open arcs [38, 39, 40, 41, 42].

1.4 Fermi surface structure

Understanding the Fermi arcs remains one of the largest puzzles in the cuprate phase

diagram. In the OD Fermi liquid region, ARPES and quantum oscillations measure

a hole-like Fermi surface centered at the corner of the Brillouin zone with a conven-

tional area of 1 + p [43, 44] consistent with Luttinger’s theorem [45, 46]. However,

moving to lower doping, the antinodal (along the direction of the superconducting

†A number of reviews cover the pseudogap phenomenology, for example, Refer-
ences [35, 2, 36, 6, 16].
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gap maximum) segments of the Fermi surface become gapped, leaving only the Fermi

arcs [38, 39, 40, 41, 42]. Cooling below Tc, Bogoliubov quasiparticles in the supercon-

ducting state do not disperse all the way to the edge of the Brillouin zone, but termi-

nate at the ends of the normal state arcs [47, 48, 49].

In Bi2201, a spectral gap persists out to the overdoped edge of the superconduct-

ing dome [50, 51], but at low temperature, sharp antinodal quasiparticles in the su-

perconducting state vanish near optimal doping [47]. Because both features are typi-

cally associated with the pseudogap, for clarity, we refrain from using the language of

the pseudogap in the remainder of this work, and instead refer directly to the feature

(Fermi arc or spectral gap) of interest.

1.5 Density wave

Charge density modulations have been observed ubiquitously across underdoped cuprates [18].

Charge order was first observed by neutron scattering as part of stripe order where

doped holes segregate at domain boundaries of antiferromagnetic order (forming stripes)

in Nd-substituted LSCO (La2−x−yNdySrxCu2O4+δ) [52]. In 2002, Hoffman et al. [53]

imaged four-unit-cell periodic modulations of the local density of states surrounding

vortex cores in Bi2212 using STM, and in 2003, Howald et al. [54] imaged modula-

tions under zero field. Subsequently, similar modulations have been characterized not

only by STM, but also resonant x-ray scattering, x-ray diffraction and neutron scat-
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tering* in La-, Y-, Bi-, Hg- and Na-based families [18]. Recent advances in STM en-

abling sublattice-resolved analysis of the charge modulation structure have indicated

that the intra-unit cell structure in Bi2212 and NaCCOC is primarily d-form factor

(dFF), meaning that the modulations are localized on oxygen sites, with the “waves”

on the two oxygen sublattices out of phase [55, 56], as will be discussed in Section 2.3.

Resonant x-ray scattering measurements reach the same conclusion for YBCO [57, 58],

were inconclusive for Bi2201 [57], and indicate stripe order in LBCO primarily has an

s′-form factor [58].

There are many proposals for the origin(s) of the observed charge modulations. Mi-

croscopic models can be broadly grouped based on whether they treat the order as

arising from strong real space interactions [59, 7, and references therein], or a momentum-

space instability [60, 61, 62, 63]. The vast majority of the reported modulation wavevec-

tors are incommensurate [18], and have been interpreted as tied to the structure of

the Fermi surface [64, 65]. However, the short correlation length makes measure-

ment of the underlying wavevector challenging [66], and with the exception of Wise

et al. [64], the measurements have not accounted for spatial inhomogeneity. Recent

work on Bi2212 has found that the wavevector over a wide doping range is consistent

with a commensurate four-unit-cell modulation [66], but it is unclear how to unify the

picture across cuprate families.

*Neutron scattering does not directly measure the charge order, but measures the coupled
ionic displacements.
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Ubiquity of charge ordering in the underdoped cuprates has spawned speculation of

an underlying relationship to the pseudogap, and has been used to motivate intense

research efforts. STM has shown that the intensity of dFF modulations is maximized

near the spectral gap energy, ∆, and the ordering wavevector is similar to the wave

vector connecting the Fermi arc tips [64, 65, 67]. Furthermore, the onset of charge

order matches the transition from large Fermi surface to Fermi arcs in Bi2212 [48].

But the latter relationship is not universal across cuprate families [68, 69]. Concrete

evidence, ideally the observation of coordinated responses in Fermiology and charge

order under the effect of a controlled tuning parameter, is necessary to substantiate a

link between the two phenomena and to uncover the nature of such a link.

1.6 Electronic inhomogeneity

Doping via chemical substitution and oxygen content leads to severe inhomogeneity

in cuprates [70, 64, 71, 72, 73, 74, 75]. Scanning tunneling microscopy has studied

this inhomogeneity intensely, and has shown that the electronic structure varies on

nanometer length scales and can be correlated to the local concentration of individ-

ual dopants [73, 70, 72]. The spatial evolution of features which are associated with

the doping evolution across the phase diagram—the spectral gap ∆, the Van Hove sin-

gularity [74], the charge order wavevector [64], and the Fermi surface structure [64]—

suggests that the doping is determined locally.
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1.7 Goal of this work and outline

In this work, we set out to elucidate the nature of the ground state reorganization

that occurs near optimal doping. We use dFF charge modulations in Bi2201 imaged

via scanning tunneling spectroscopy as a doping-dependent fingerprint of the un-

derlying electronic correlations. Furthermore, the nanoscale inhomogeneity means

that a single STM image of the disordered modulation structure encodes the doping-

dependence over a region of the phase diagram.

We proceed as follows. In Chapter 2, we describe interpretation of STM data and

relevant analysis techniques. In Chapter 3, we disentangle the spatial inhomogeneity

to uncover a commensurate to incommensurate transition in the dFF charge order. Fi-

nally, in Chapter 4, we address the challenges associated with analyzing the complex

spatial structure by applying convolutional neural networks to distinguish between

different ordering scenarios.
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2
Experimental methods

2.1 What STM measures

Extensive literature about the operational principles of a scanning tunneling micro-

scope (STM), and the theory of STM can be found elsewhere.* Here, we summarize

the principles necessary to understand the work presented in this dissertation.

*See, for example, the text by Chen [76].
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Scanning tunneling microscopy enables atomic-scale imaging of the local density of

states (DOS) at the surface of a material. An atomically-sharp metallic tip, which can

be displaced in all three spatial dimensions with pico-scale precision, is brought close

(< 1 nm) to the sample surface, enabling electrons to tunnel across the junction. Ap-

plying a bias voltage Vbias across the junction (here applied to the sample) produces a

tunneling current I. At low temperature, when Vbias is positive, on average electrons

tunnel from the tip to the sample, and I is dominated by an integration over contri-

butions of sample states from the Fermi energy EF to EF + eVbias, where e is the

electron charge. Likewise, for negative Vbias, with contributions primarily coming from

the filled sample states. The differential conductance g(r, E) = dI/dV (r, E), where

r is the two-dimensional position of the tip on the sample surface, is proportional to

the local DOS. Under the simplifying conditions of low temperature providing a sharp

Fermi distribution cutoff, and a tip with DOS constant in energy, the tunneling cur-

rent and differential conductance are approximated by:

I(r, V ) ≈ 4πe

ℏ
e
−z

√
8mφ

ℏ2 Nt

∫ eV

0
N(r, ε) dε (2.1)

g(r, E) ∝ N(r, E), (2.2)

where we have set EF = 0, z is the tip-sample separation, m is the electron mass, φ

is the tunneling barrier height, Nt is the tip DOS and N is the sample DOS. Finite

temperature introduces a spread in energy, and while the STM tip is prepared to have
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constant DOS, the tip will generically induce an energy dependent background.

Scanning the tip across the surface enables spatially mapping the local DOS, but

g(r, E) contains a spatially varying prefactor. Typically, z is adjusted by a feedback

loop to reach a specified current setpoint Is. If we then keep z fixed but change V

from the bias Vs used to set up the junction, as we typically do for spectroscopy,

I(r, V ) ≈ Is∫ eVs

0 N(r, ε) dε

∫ eV

0
N(r, ε) dε (2.3)

g(r, E) ≈ eIs∫ eVs

0 N(r, ε) dε
N(r, E), (2.4)

The spatially varying prefactor depends on the setup conditions. The ratio map Z(r, E) =

g(r, E)/g(r,−E) corrects for this measurement artifact called the setup effect [77].

Furthermore, due to particle-hole mixing in the superconducting state, the Z ratio

map, which can be expressed in terms of the BCS factors Z(r, E) ≈ |u(r, E)|2/|v(r, E)|2

enhances the signal from Bogoliubov quasiparticle interference used to infer the nor-

mal state Fermi surface structure [78, 79].

When examining charge order in Chapter 3, we will use one final quantity, R(r, E):

R(r, E) =

∑
0<Ei<E g(r, Ei)∑
−E<Ei<0 g(r, Ei)

(2.5)

The sums enhance the signal originating from the non-dispersive density wave, which

spreads over a wide range in energy range. The ratio, as with Z, suppresses the setup
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effect. In other works, the notation R(r) is often used to denote a similar quantity

calculated from I rather than g as R(E) = I(E)/I(−E). Under typical assumptions,

the two versions of R are equivalent to the degree that the sums in Equation 2.5 ap-

proximate the integrals in I(E) =
∫ E
EF

g(ε) dε.

2.2 Data examined in this work

Differential conductance maps were collected in scanning tunneling microscopes at

6 K with the following tip-sample junction setup conditions: 100 mV and 100 pA for

OD15K, -100 mV and 400 pA for OPT35K, -200 mV and 400 pA for UD32K, and

−150 mV and 400 pA for UD25K. Measurements used a lock-in technique with 2 mV,

10 mV, 5 mV, and 5 mV bias modulations, respectively. Data were corrected for artifi-

cial distortions due to instrument drift to register the simultaneously recorded topog-

raphy to a perfect lattice [77].

In the following sections, we examine in detail data processing to access the struc-

ture of charge order present in the data. The glossary at the beginning of this disser-

tation summarizes all of the relevant quantities characterizing and derived from STM

measurements.

15



Cu Ox

Oy

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

x

y

s s' d

highlow +-
0

Figure 2.1: Charge modulation intra-unit cell structure. (a–c) Simulated s-, s′- and
d-form factor modulations, using momentum cutoff parameter w = 2.0 r.l.u. Schematic repre-
sentations of the modulations on the lattice are overlaid, with Cu sites represented by circles,
and O sites represented by bars. The inset in (a) is a schematic of the CuO2 unit cell. (d–f)
Simulated s-, s′- and d-form factor modulations, using momentum cutoff parameter w = 0.5,
which is closer to the bandwidth of our STM data. (g–i) Modulations shown in (d–f) with
atomic corrugations added in.
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2.3 Form factor components

The unit cell of the CuO2 plane contains one Cu atom at (0, 0) and two O atoms, Ox

at (a/2, 0) and Oy at (0, a/2) (a is the lattice constant), meaning that charge modula-

tions can display non-trivial intra-unit cell structure, depending on the nature of the

local electronic correlations. The intra-unit cell structure can be described in terms of

angular momentum form-factors: an s form factor (sFF) modulation is localized on

the Cu sites, whereas s′ and d form factors are localized on the O sites: Ox and Oy

modulations are in phase for s′ and out of phase for d (shown in Figure 2.1) [55, 80,

81, 61, 57]. Concretely, charge modulations can be expressed in terms of form factor
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components:

ρs(r) =



As cos(Q · r+ φs) for r = rn,Cu

0 for r = rn,Ox

0 for r = rn,Oy

ρs′(r) =



0 for r = rn,Cu

As′ cos(Q · r+ φs′) for r = rn,Ox

As′ cos(Q · r+ φs′) for r = rn,Oy

(2.6)

ρd(r) =



0 for r = rn,Cu

Ad cos(Q · r+ φd) for r = rn,Ox

−Ad cos(Q · r+ φd) for r = rn,Oy

where As,s′,d and φs,s′,d are the amplitude and phase of the corresponding modula-

tions, and rn,Cu, rn,Ox and rn,Oy are the positions of the corresponding lattice sites in

the crystal unit cell indexed by n. When Q = 0, the point group symmetry of each of

these modulations is well-defined [55].

The three form factor components have distinct momentum space structures (Fig-

ure 2.2) which can be understood as follows. The expressions in equation 2.6 can each

be rewritten as a product ρl(r) = al(r)Al cos(Q · r+ φl), where l indexes the form fac-
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tor, of a modulation Al cos(Q · r + φl) with a function al(r) describing the intra-unit

cell structure, a sum over delta functions located at atomic positions. The Fourier

transforms are therefore convolutions of the Fourier transformed modulation (peaks at

±Q) with the Fourier transform of the sublattice components. The Fourier transform

of the Cu sublattice produces a sum over delta functions located at each reciprocal

lattice vector Gij = iGx + jGy, such that the Fourier transform ρ̃s has a set of satel-

lite peaks displaced by ±Q from each Gij . The sums over Ox and Oy sublattices in

the s′FF and dFF components (the Oy sublattice has a factor of −1 for d) each con-

tain contributions from only half of the reciprocal lattice vectors and with alternat-

ing signs, leading to the patterns shown in Figure 2.2 b and c. The dFF component,

which will be the focus of this work, has alternating signs between the peaks located

around the x and y Bragg peaks at Gx and Gy.

The spatial resolution of the STM and the spatial density of measurement points in

the data imposes a bandwidth on the wavevectors whose oscillations can be resolved

in the real-space image (i.e. a q cutoff or bandwidth). The cutoff from the pixel den-

sity of the UD32K data (the data set with the lowest spatial resolution, corresponding

to the smallest q cutoff) is shown in Figure 2.2. A smooth momentum cutoff has been

applied in the real-space simulations in Figure 2.1 as a Gaussian envelope with stan-

dard deviation w on the Fourier components of the sublattice structure. The top row

(a–c) has a large bandwidth w = 2 r.l.u. (1 r.l.u. = 2π/a) to make the sublattice struc-

ture clear, but the middle row (d–f) with w = 0.5 r.l.u. is a more realistic expectation
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Figure 2.2: Form factor components in Fourier space. Schematics of the Fourier
transforms of s-, s′- and d-form factor modulations. Q labels the modulation wavevector, Gx

and Gy label reciprocal lattice vectors (the locations of Bragg peaks), and the dashed line
indicates the smallest q bandwidth of the data sets examined in this work (UD32K).

of the structures that we search for in the STM data.

We follow Fujita et al. [55] in using intra-unit cell masking to extract specific form

factor components of R(r) (Figure 2.3). The general idea is to selectively isolate a

specific form factor by masking individual sublattices. First, we generate masks for
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each sublattice:

MCu(rij) =


1.0 for rij = rpxCu

0.0 otherwise

MOx(rij) =


1.0 for rij = rpxOx

0.0 otherwise

(2.7)

MOy(rij) =


1.0 for rij = rpxOy

0.0 otherwise

where rij is the position of pixel indexed by i and j, and the px superscript on the

atom positions indicates the nearest pixel position. For simplicity of notation, the

unit cell index n has been dropped. The form factor components of R(r) are then

isolated as:

S(rij) = MCu(rij)R(rij)

S′(rij) =
[
MOx(rij) +MOy(rij)

]
R(rij) (2.8)

D(rij) =
[
MOx(rij)−MOy(rij)

]
R(rij)

It is crucial that the data is first corrected for drift via the Lawler-Fujita algorithm [77],

such that the sublattice positions can be determined accurately.
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Figure 2.3: Form factor decomposition in UD32K. (a) Topography from UD32K. (b)
R(r) from UD32K. (c–e) Form factor components of (b). All panels show the same field of
view, and schematics of the lattice are overlaid to illustrate the form factor masks. Red and
blue indicate +1 and −1 mask values.
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2.4 Examining the density wave structure

In the last section, we focused on the form factor al(r) of a modulation al(r)Al cos(Q ·

r + φl). Now we focus on the cosine modulation, and consider how the structure

changes when generalizing to include disorder. This section is largely based on work

by Mesaros et al. [66].

In general, a disordered wave can be expressed as

ψ(r) = A(r) cos[ϕ(r)], (2.9)

where a perfect wave with wave vector Q has linear phase ϕ(r) = Q · r + φ and con-

stant amplitude A(r) = A. However, the charge modulations in the cuprates are

severely disordered, with correlation lengths of approximately 11a (just over three

wavelengths) in YBa2Cu3O6.6 [82], 6a (less than two wavelengths) in Bi2Sr2CaCu2O8+x [83],

and 4a (roughly one wavelength) in Bi2201 [65]. The disorder represented by the spa-

tial variations in A(r) and ϕ(r) are therefore simultaneously important – encoding the

sources of the disorder – and difficult to extract. In this section, we address how to

determine the spatially varying amplitude and phase from an image of the modula-

tion.

Let us start by motivating how information is encoded in the modulation. First,

note that the local wavevector of the modulation is the gradient of the phase ∇ϕ(r).
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Then consider two causes of charge density wave (CDW) inhomogeneity:

1. In typical charge density wave systems where an incommensurate instability
competes with an energy term favoring commensuration with the lattice, it is
well known that it becomes favorable to introduce discommensurations, soliton
defects in the phase, in order to increase registry to the lattice [84]. The wave
has multiple degenerate configurations corresponding to shifting by an integer
number of crystal unit cells. The phase increases linearly over regular intervals
interrupted by abrupt phase slips between degenerate configurations, and the
phase slips add up such that the average wave vector deviates from the wavevec-
tor within each domain.

2. A similar structure can arise in commensurate CDWs. Pinning by defects can
cause domains of the density wave to be separated by discommensurations with
random phase slips at the boundaries such that the average wavevector matches
the local wavevector within the domains.

In each of these cases, we can write the modulation as ψ(r) = A cos[Q · r + φD(r)],

where φD contains the domain structure of the wave, i.e. it has a constant value within

each domain reflecting the phase of the wave with respect to the reference wave cos(Q·

r), but changes across domain walls.

We access the local phase and amplitude variations in the demodulated wave, calcu-

lated in Fourier space:

Ψ̃Q(q) = exp

[
− q2

2Λ2

]
ψ̃ (q+Q) , (2.10)

where the tilde indicates the Fourier transform, and Ψ̃Q(q) = 0 outside of a do-

main that isolates the modulation’s peak in q-space. In Chapters 3 and 4, we will use

ψ̃(q) = D̃(q), the dFF component of the R map, and chose the domain of Ψ̃Q(q) to
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isolate the dFF DW peak. Note that we use uppercase Ψ and Φ to differentiate the

demodulated wave from the original wave ψ with spatial phase ϕ. In addition, Λ pro-

vides a smooth cutoff.† The inverse Fourier transform is a complex-valued function:

ΨQ(r) = AQ(r) exp[iΦQ(r)] (2.11)

The phase ΦQ(r) is referenced to Q · r because of the shift by Q in Equation 2.10 and

approximates ϕ(r)−Q·r. Hence, for a perfect cosine wave, ΦQ(r) is constance, and for

the two examples of domains separated by discommensurations, ΦQ(r) approximates

φD, giving the domain structure. Alternatively, if the modulation has a different un-

derlying wavevector, i.e. ψ(r) = A cos[Q1 · r+ φD(r)], then the phase of ΨQ(r), where

Q ̸= Q1, will change throughout the domain. With correct choice of Q, the amplitude

AQ(r) approximates the spatially varying modulation amplitude A(r).

Finally, we address the challenge of determining the correct wavevector Q describ-

ing the modulation. Mesaros et al. [66] pointed out that the standard technique of

fitting the peak in Fourier space is sensitive to strong disorder, and instead proposed

demodulation residue minimization as a well-defined alternative. The demodulation

†These hard and soft cutoffs isolate the dFF modulation of interest from the other signals
contained in the STM data.
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residue is defined by:

RQ[ψ] =

√(
Rx

Q[ψ]
)2

+
(
Ry

Q[ψ]
)2

Rα
Q ≡

∫
d2r

L2
Re
[
Ψ∗

Q(r) (−i∂α)ΨQ(r)
]

(2.12)

where α = x, y and L is the size of the data’s field of view (square).

The derivative in Equation 2.12 acts on the phase, giving |AQ|2 ∂αΦQ(r) inside the

integral. If the amplitude is constant, then the residue corresponds to an integral over

∂αΦQ(r), approximating the wavevector mismatch ∇ϕ −Q, such that R is minimized

with respect to Q when Q is the average wavevector.‡ For real waves, the amplitude

factor inside the integral does two things. First, in physical systems, the amplitude

goes to zero at singularities where ∇ϕ is undefined, keeping the residue well-defined.

Second, in regions of low DW amplitude, the phase of the modulation is not well-

defined by the data, and the amplitude factor avoids having these regions dominate

the wavevector measurement.

‡This statement depends on being able to appropriately isolate the modulation of interest
and an appropriate choice of Λ.
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3
Density wave probes cuprate quantum

phase transition

In cuprates, high-temperature superconductivity lies between an undoped antiferro-

magnetic (AFM) insulator and a metal at high hole doping (p). In proximity to the

AFM insulator, the strong electronic correlations give rise to a complex phenomenol-
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ogy, including a large spectral gap ∆ that opens above Tc, and a k-space structure

lacking a conventional Fermi surface (FS) but described by open arcs [2, 6, 38, 39,

40, 41, 42]. Both gap and arcs are widely considered hallmarks of this underdoped re-

gion of the phase diagram, and have drawn significant attention aimed at uncovering

their origin(s) *. However, at a doping near optimal superconductivity, the Fermi arcs

undergo an abrupt transition to a ‘large’ pocket consistent with a conventional area

proportional to 1 + p [43, 85, 68, 86]. A crucial challenge remains to identify the ap-

propriate ground state(s) that underlie the theoretical framework on both sides of this

transition.

On the overdoped side, long thought to be a Fermi liquid, several recent reports

of anomalous behavior call into question the conventional interpretation [87, 43, 88,

89, 90, 91]. The observations of resistivity linear in temperature [88, 87] in Bi-based

and La-based families challenge the expectations of standard Fermi liquid theory, and

in MBE-grown La2−xSrxCuO4 compounds, there are reports of mysterious symmetry

breaking [90] and anomalous scaling of the superfluid density with critical tempera-

ture [89, 91], although the latter remains controversial [92, 93]. Furthermore, resonant

inelastic x-ray experiments on Tl-, Y- [94], and La-based [95] compounds revealing

spin fluctuations have been interpreted in terms of significant electron correlations,

and there are now theoretical proposals [96, 97] for how overdoped compounds may

*The word pseudogap has been variously used to describe both spectral gap and Fermi arc
phenomena; here we note the distinction between these phenomena.
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retain certain characteristic features of Fermi-liquid-like behavior, while exhibiting

fractionalization in the presence of strong stripe fluctuations. Additional experiments

are necessary to understand the overdoped compounds, and in particular to clarify

the extent to which the effects of strong correlations may persist through the FS tran-

sition.

In nearly all cuprate families, charge modulations have been reported in under-

doped compounds, with detection terminating at [48] or before [69, 68] the doping

where the FS transition occurs. In (Bi,Pb)2(Sr,La)2CuO6+δ, Bi2201, however, charge

modulations extend into the overdoped regime [47, 98]. These modulations, reflecting

an ordering instability of the electronic system, therefore serve as a doping-dependent

fingerprint of underlying electronic interactions, not just in the underdoped regime,

but across the FS transition (Figure 3.1a). In the Bi2201 phase diagram, the FS tran-

sition occurs just below optimal doping †, while the spectral gap persists in the pres-

ence of the large FS [47, 50, 51]. Peng et al. [98] recently investigated the charge

modulation structure across the closing of the gap in the far-overdoped region, but

it remains crucial to clearly define how the wavevector, QDW, evolves across the FS

transition (Figure 3.1a). Existing measurements in this doping range [65, 99, 100], ex-

hibit large scatter and doping coverage insufficient to clearly establish the QDW trend

†To the authors’ knowledge, the FS transition in Bi2201, near p = 0.14, has been reported
only by scanning tunneling microscopy (STM) [47], but Kondo et al.’s ARPES measurements
(compare Figure. 3e and f of Ref. [49]) also show that the spectral weight in the sharp quasi-
particle peak at the antinode vanishes between the optimally doped and underdoped UD23K
compounds.
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Figure 3.1: Using local electronic inhomogeneity and charge modulations to
probe the Bi2201 phase diagram. (a) Phase diagram for Bi2201, in the region of the
superconducting dome (green shading). With increasing p at low temperature, the appear-
ance of sharp antinodal quasiparticles (insets), indicative of a large normal state Fermi surface,
occurs just below optimal doping (dashed line [47]), while the spectral gap persists into over-
doped compounds (blue shading, with boundary marking the closing of the gap, as measured
by ARPES [50] and NMR [51]). The data points mark existing sample-average measurements
of the charge modulation wavevector, Q̄DW, in Bi2201 from x-ray scattering (green [98], blue
[65] and black [99] open symbols) and STM (blue [65], orange [100] and purple [101] filled
symbols). Red triangles and circles are the sample-average measurements of the d−form factor
charge modulations in the x and y directions, respectively, from this work, with p determined
from Ando’s conversion [29], as described in the supplementary material. The green squares
and diamond are the annealed and as-grown samples, respectively, from Peng et al. [98].
(b) The local spectral gap ∆ (shown for UD32K), measured as the local minimum in the sec-
ond derivative of the empty state differential conductance spectrum measured at each point.
The white arrow marks the same location as in Figure 3.2h to highlight a region of large ∆
contributing to the Fermi arc QPI in Figure 3.2f. (c) Differential conductance spectra from
UD32K, averaged over spatial regions binned by ∆, and offset vertically for clarity. (d) Distri-
butions of ∆ within the UD25K, UD32K, OPT35K and OD15K samples. The histograms are
normalized to have equal areas.
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on the underdoped side. Furthermore, with the exception of Ref. [64], measurements

have not taken into account the electronic inhomogeneity within these samples, even

though the influence of annealing suggests that the bulk-averaged Q̄DW is sensitive to

disorder [98]. Specifically, examining Q̄DW in Figure 3.1a, it is unclear (1) if a single

doping-dependent incommensurate trend should be drawn through all of the measure-

ments from p = 0.11 to 0.23, and (2) how the charge modulation structure in this

range relates to the commensurate modulation observed in a lightly doped compound,

near the insulating state [101].

Here, we use the spatial dependence of the Bi2201 density wave (DW) as a probe

of the parent states in both Fermi arc and large FS regions. We find that the FS

transition marks the boundary between two distinct ground states that give rise to

commensurate and incommensurate charge modulations, respectively. Furthermore,

concurrent mapping of the DW and FS demonstrates that conventional Fermiology is

insufficient to explain the overdoped evolution of QDW.

3.1 Inhomogeneous Fermi surface transition

Within a single Bi-based cuprate crystal, an average doping of p holes per unit cell

produces a highly inhomogeneous spatial distribution, resulting in large variations

in the local electronic properties [70, 64, 71, 72, 73, 74, 75]. In a scanning tunneling

microscope, the local electronic density of states is typically measured by the spatially-
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Figure 3.2: A continuous doping axis from local electronic inhomogeneity. (a)
Fermi surface evolution with local doping, over the range of ∆ and p studied here. The
double-headed arrow indicates an example q4 scattering vector. The blue box marks the quad-
rant that is shown for the QPI panels. (b–e) The QPI evolution with the local gap is shown
by data points marking the peak positions extracted from gap-masked Z(q) for all four sam-
ples. Refer to Section 3.5. On each panel, data is compiled from masked regions with average
∆ within a 4 meV range, centered at the indicated value. The black lines are circles deter-
mined by the average radius of the near-nodal data within a fixed angular range indicated by
gray shading. For ∆ > ∆∗, points are extracted only for regions inside the dashed line, as
the intensity of antinodal (AN) QPI is negligible. (f) UD32K QPI from masking Z(r) by the
yellow regions in (h), with ∆ primarily greater than ∆∗. QPI from near-nodal quasiparticles is
strong but antinodal QPI (red dashed box) is not visible. (g) UD32K QPI from masking Z(r)
by the purple regions in (h), with ∆ primarily less than ∆∗. QPI extends out to qx,y = 1 r.l.u.
(red dashed box), indicating the presence of antinodal quasiparticles arising out of the antin-
odal normal state Fermi surface. The gap-masked Z(q) in (f) and (g) has been integrated
from 10 meV to 25 meV, 4-fold symmetrized, and smoothed with a Gaussian filter of width
0.015 r.l.u. to reduce the appearance of noise. (h) Spatial division of UD32K into regions with
∆ primarily greater than (yellow) or less than (purple) ∆∗ (Section 3.7). The arrow in (h)
marks the same location as in Figure 3.1b to highlight a region of large ∆ contributing to the
Fermi arc QPI. All k and q axes are in reciprocal lattice units (1 r.l.u. = 2π/a).

resolved differential conductance, g(r, E = eV ) ≡ dI/dV (r, V ), where V is the sam-

ple bias, and I is the tunneling current. Binning and averaging the local spectra by

gap size, ∆(r), as shown in Figure 3.1b and c, demonstrates the variation of the spec-

trum over a large field of view. Previous work has shown that smaller ∆ corresponds

to higher hole concentration, both locally within each sample [70, 72, 73] and glob-
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ally from sample to sample [102, 103, 104, 105, 36]. Thus, the same spectrum can be

found locally in samples with different global p, and the overlapping ∆ distributions

from the four samples studied in this work, UD25K, UD32K, OPT35K and OD15K

(Figure 3.1d), allow us to move continuously from underdoped (UD) to overdoped

(OD) in the phase diagram, using spatial masking [64] to hone in on a single local dop-

ing within a larger field of view (Section 3.4).

To validate the use of local doping to construct the Bi2201 phase diagram, we

demonstrate that the evolution of the FS with ∆ mimics that of bulk samples with

p. We calculate the ratio map Z(r, E) ≡ g(r, E)/g(r,−E) [78], which enhances Bo-

goliubov quasiparticle interference (QPI), and eliminates artifacts associated with

the tip-sample junction setup. The normal state FS can be inferred from QPI in the

superconducting state as follows [106, 107, 108]. The QPI signal is dominated by

wavevectors connecting regions of high density of states, i.e. extrema in the Bogoli-

ubov dispersion E(k) = ±
√
ϵ2k + |∆k|2, where ϵk is the normal state band dispersion,

and ∆k is the momentum dependent superconducting gap. For a given angle, extrema

in E(k) are given by ϵk = EF (normal state Fermi energy), thus the Bogoliubov QPI

dispersion traces out the normal state FS. In particular, it is well-established that

the q4(E) channel (Figure 3.2a) traces out 2kF [108, 47, 48], in excellent agreement

with the normal state FS measured by ARPES [108, 79]. The q4 wavevectors – ex-

tracted as a function of ∆ by selecting a range of ∆ values in ∆(r) to mask the Z(r)

data (Section 3.4) – together describe a single evolution of the momentum-space elec-
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tronic structure extending across all samples (Figure 3.2a-e). Regions with a small

gap (∆ = 19 meV, Figure 3.2e) exhibit QPI tracing out a large normal state FS:

the Bogoliubov quasiparticles near the antinodes at the edge of the Brillouin zone,

kx,y = ±π/a (Figure 3.2a), generate scattering with q4 wavevectors that extend out

to qx,y = ±2π/a. Moving to larger ∆ (Figure 3.2d), the q4 trajectory shrinks, consis-

tent with decreasing hole concentration, and the full evolution of the FS size, inferred

from the QPI, (Figure 3.9) confirms that ∆ is well-correlated to doping, in agreement

with previous observations [74, 70, 64].

For larger ∆, the absence of observable QPI near qx,y = ±2π/a (Figure 3.3) is

consistent with a normal state Fermi arc that lacks sharp antinodal (AN) quasipar-

ticles [47, 48]. Quantitatively, the intensity of the AN QPI in the UD32K sample

(Figure 3.6a) decreases with increasing ∆, before settling at a constant value, indis-

tinguishable from the background, indicating the transition occurs at ∆ ≈ 50 meV,

which we label ∆∗. Spatially dividing the data into regions of ∆ > ∆∗ and < ∆∗

(Figure 3.2f, g) shows that QPI associated with a large FS and Fermi arcs both exist

within the sample, such that one can move on the phase diagram from one side of the

transition to the other spatially. This spatial division emphasizes that the electronic

structure is determined on length scales similar to the ∆ correlation length. The FS

p-evolution of the cuprate phase diagram is therefore reproduced locally as a function

of ∆, with the transition from Fermi arcs to large FS occurring at ∆∗ ≈ 50 meV.
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Figure 3.3: UD32K gap-masked QPI. (a–h) Zfw
b (q) (a–d) and Zbw

b (q) (e–h) are the
forward and backward gap-masked Z(q), as described in Section 3.4. The data have been in-
tegrated from 10 meV to 25 meV, four-fold symmetrized, and Gaussian smoothed with filter
width 0.015 r.l.u. to reduce the appearance of noise. The evolution in intensity of AN QPI
from undetectable (consistent with normal state Fermi arcs) to strong (consistent with normal
state large Fermi surface, FS) is apparent in both versions of the masking, and is further ana-
lyzed in Figures 3.8 and 3.11. The points mark the locations of the q4 peaks, determined from
cuts through the data (no smoothing), as indicated by the lines in a, where the angle of the
cut, θ, and the coordinate along the cut, qr, are defined. Axes are in reciprocal lattice units
(1 r.l.u. = 2π/a). No point is shown if a peak position could not be determined reliably.

3.2 Commensurate to incommensurate transition

We now determine the doping dependence of the charge modulation wavevector, QDW,

as a function of ∆ to look for signatures of the change in ground state at ∆∗. We ex-

amine D(r), the d−form factor (dFF) component [55] of
∑

E>0 g(r, E)/
∑

E<0 g(r, E),

where the integration over an energy range larger than the typical ∆ for each sample
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Figure 3.4: dFF DW from underdoped to overdoped. D(q), the Fourier transform
of the dFF component of R(r) =

∑
E>0 g(r,E)/

∑
E<0 g(r,E), for all samples studied in

this work (no smoothing and no symmetrization). Broad but clear peaks along the qx and qy
directions indicate the presence of dFF charge modulations in all four samples. Axes are in
r.l.u.

enhances the DW signal [67]. In all four samples, the amplitude of the Fourier trans-

form, D(q), has broad peaks at (±QDW, 0) and (0,±QDW), near the charge modula-

tion wavevectors that have been observed by previous experiments, indicating clearly

that a dFF DW exists in all (Figure 3.4). We employ the demodulation phase residue

minimization technique of Mesaros et al. [66], to make QDW measurements robust

against the strong disorder apparent from the broad shape of the DW peaks.

Comparing Figure 3.5 a–c to d–f reveals that the dFF DW exhibits distinct evo-

lutions for small and large spectral gap regions. From 16 meV to 48 meV, QDW in-

creases from 0.15 r.l.u. to 0.23 r.l.u., matching the change in wavevector that has

been measured by resonant x-ray techniques from p ≈ 0.20 to near-optimal doping

[98, 65, 99], and consistent with an evolving incommensurate wavevector. However

from ∆ ≈ 50 meV to ∆ ≈ 85 meV, no significant increase is observed (Figure 3.5a–

c). The constant value of QDW near 0.25 r.l.u. suggests a dominant commensurate
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Figure 3.5: d form factor charge modulations. Examples of gap-masked D(q) where
the indicated ∆ is the average value within each masked area. The data have been sym-
metrized along the qx and qy directions, and Gaussian smoothed with a 0.01 r.l.u. width. (a–
c) Data with ∆ > ∆∗ (Fermi arc regime). (d–f) Data with ∆ < ∆∗ (large FS regime). The
thin gray lines have a spacing of 0.25 r.l.u. to facilitate comparison to the Fermiology in Fig-
ure 3.2. The red symbols mark QDW determined for x and y modulation directions, where the
bar length indicates ± the estimated standard deviation of spatial fluctuations within each
masked area. No measurement of QDW was made for qy modulations in OD15K (f), as the
wavevector was not sufficiently well defined. The panels correspond to data from UD25K (a–
c), UD32K (d), OPT35K (e) and OD15K (f).
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instability. In fact, the entire QDW(∆) evolution (Figure 3.6b) is consistent with a

commensurate to incommensurate transition at a location indistinguishable from ∆∗.

The dashed line, showing the expected broadening of the underlying commensurate

(yellow) to incommensurate (purple) trend, describes the data accurately (supplemen-

tary material Section 3.12). Furthermore, the coincident changes in Fermiology and

DW commensurability strongly suggest the presence of a quantum phase transition at

∆∗.

3.2.1 Commensurate density wave

The observed wavevector in the Fermi arc state (∆ > ∆∗) is consistent with a com-

mensurate 4 unit cell charge modulation. The average Q̄DW from UD25K, which

lies almost entirely on the underdoped side of the transition, is 0.25(3) r.l.u. and

0.24(3) r.l.u. for x and y directions, respectively, where the errors represent the es-

timated standard deviation of spatial variations across the entire field of view. Res-

onant x-ray experiments [65] have reported a doping dependent Q̄DW in this same

doping range, down to p = 0.115. However, this apparent discrepancy, can be under-

stood by considering: (1) the FS transition occurs near p = 0.14 [47] and beyond this

point, we also observe an incommensurate wavevector, (2) the local inhomogeneity

could plausibly induce a doping dependence of Q̄DW even in samples with average p

below the transition, and (3) the strongly disordered structure of charge modulations

limits the precision with which the value of QDW (and Q̄DW) can be determined un-
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Figure 3.6: Simultaneous DW and FS transitions. (a) Intensity of AN QPI in
UD32K, determined at five locations (red lines in the insets (iii, iv)), and normalized to the
intensity of near-nodal QPI (Section 3.8). ∆∗ indicates the approximate location where the
AN QPI becomes indistinguishable from the background noise. The thick shaded lines are
guides to the eye. Insets (i,ii) show the approximate Fermi surface structure inferred from two
examples of the gap-masked Z(q) (iii, iv) without and with AN QPI. (b) Wavevector (QDW)
of the dFF charge modulations in the x (triangles) and y (circles) directions, extracted from
gap-masked D(r). Refer to Figure 3.15 for the standard deviation of QDW for each value of
∆. The thick shaded lines indicate the commensurate to incommensurate trend underlying the
dashed line, which includes the expected effect of Gaussian smoothing (σ = 12 meV) in ∆,
due to the resolution of the masking technique (Figure 3.7). The gray and black lines indicate
the Fermiology-driven candidate wavevectors, as indicated schematically in the insets, and
based on the circular Fermi surface models shown in Figure 3.2a–e.

ambiguously [66]. For the samples studied here, ignoring local doping variations, and

taking the average Q̄DW value for each sample, hides the kink at the FS transition,

and produces a trend of decreasing Q̄DW with doping, similar to previous reports (Fig-

ure 3.1a). Furthermore, while our data do not rule out a small doping dependence,
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recent experiments on Bi2212 [66, 109, 110] and very underdoped Bi2201 [101] are

also consistent with a Q = 0.25 r.l.u. commensurate DW within the Fermi arc regime,

arising from proximity to the Mott insulating state.

3.2.2 Incommensurate density wave

What is the mechanism for the incommensurate QDW observed for ∆ < ∆∗? Previous

work interpreted the monotonically decreasing QDW as evidence of a FS instability

that follows the growing FS hole pocket [64]. In this picture, there are two natural

candidates for QDW: (1) QAN that connects nested antinodal segments of the FS, and

(2) QAFZB that connects the points where the FS crosses the antiferromagnetic zone

boundary, the hotspots for (π, π) spin fluctuations. Both QAN(∆) and QAFZB(∆) are

shown in Figure 3.6b. For the largest p (smallest ∆), QDW becomes similar to these

Fermiology-derived wavevectors. However, upon decreasing p towards the transition,

QDW grows more rapidly than the FS evolves. This unexpected discrepancy between

QDW and Fermiology constitutes our second major finding.

3.3 Discussion

Whereas most recent theories for charge modulations in the cuprates have aimed to

explain an incommensurate DW in the presence of Fermi arcs, here we are discussing

(1) a commensurate DW in the presence of Fermi arcs and (2) an incommensurate
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DW occurring in the presence of the large FS. This leads to two important distinc-

tions. First, in the Fermi arc regime, strong interactions are expected, and the associ-

ated renormalization can affect a hotspot wavevector, QHS. For an instability of the

large FS, however, it is not a priori clear that there should be any influence of corre-

lations on such a QHS. This first distinction reconciles our conclusion with Ref. [65]’s

interpretation that Q̄DW is Fermiology driven ‡. We note that additional factors, such

as coupling to the lattice, may affect the observed QDW. Second, theoretical studies

have found that the dominant CDW instability of the large FS in the presence of ex-

change interactions has a wavevector along the (±q,±q) direction rather than (0,±q)

or (±q, 0), and the presence or absence of antinodal states is important in stabilizing

the former or latter orientation, respectively [111]. It is therefore significant that the

orientation of the charge modulations does not change at ∆∗.

To search for information about the nature of the transition at ∆∗, we consider

that generically in CDW systems, a discontinuity or sharp jump in QDW occurs at a

commensurate to incommensurate transition [112]. From this work, we cannot distin-

guish between a continuous QDW or one with a small jump, as shown by the yellow

and purple trends in Figure 3.6b (see also Figure 3.7). To extract this information,

∆∗ and the incommensurate QDW(∆) would need to be determined with reduced un-

‡Ref. [65] concludes that Q̄DW is explained by a FS instability, apparently in contradiction
to the findings reported herein. However, Ref. [65] models an incommensurate Q̄DW in the
presence of Fermi arcs, where the renormalization associated with the arc phenomenology
generates a QHS significantly larger than QAFZB
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certainties. However, if present, a continuous QDW, which generically requires fine

tuning, would imply a mechanism-derived constraint on the position of ∆∗, not ex-

plained by existing theoretical models of the Fermi surface transition.

Ubiquity across underdoped compounds has widely been cited to motivate studying

charge modulations as a route to understanding Fermi arc physics and the mechanism

behind high Tc superconductivity in cuprates. However, the relationship among these

three phenomena has remained an open question. The coincidence of the DW and FS

transitions, observed here, establishes an intimate link between the DW and the pres-

ence of Fermi arcs, and furthermore suggests that the same interactions which gener-

ate the commensurate instability may also be responsible for the arc phenomenology.

In summary, we have reported three concrete observations: (1) there is a commen-

surate to incommensurate transition of QDW at a doping consistent with that of the

FS transition; (2) on the underdoped side, QDW is consistent with a commensurate 4

unit cell modulation; and (3) on the overdoped side, the doping-dependence of QDW is

stronger than that of the FS size.

The remainder of this chapter is dedicated to providing a more detailed description

of the data processing, and demonstrates that the trends reported above can be seen

directly in the data.
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3.4 Gap-masking technique

The gap map ∆(r) is calculated by finding the position of the local minimum in the

second derivative of the empty state differential conductance for the spectrum g(r, E)

at each pixel r, where Gaussian smoothing in energy reduces errors from noise in the

data. The gap-masks are then generated by dividing the values of ∆ into bins with

equal counts. The mask for bin b, Mb(r), has a value of 1 if ∆(r) is in b, or zero oth-

erwise. In order to reduce periodic structure in the masks arising from the atomic

corrugation or the charge modulations [64], a bilateral filter is applied to ∆(r) before

generating the masks.

To obtain clear images in momentum transfer, q, space, we use an additive mask-

ing technique, where for each bin b, we look for the change in Fourier transform ampli-

tude, when adding b into the field of view. The additive masks therefore include bins

summed up to a bin b: M1,b(r) =
∑b

j=1Mj(r). To avoid introducing artifacts from

spatial structure of the masks, we apply Gaussian smoothing to the mask, with a spa-

tial resolution of 1/w. The filtered masks M1,b(r) = Gw(r) ∗M1,b(r), can now have

any value in the range [0,1], where Gw is the Gaussian filter, and ∗ indicates convolu-

tion. This filtering imposes a spatial resolution of the masks, and implies a spread in

the ∆ distribution within each mask (Figure 3.7).

To explain the additive masking technique, we describe how the images in Fig-

ure 3.5 are generated. The additive masks are applied to the D(r) map in real space:
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where the overdoped and underdoped QDW(∆) trends meet is explained by the distribution of
∆ within each mask. (a) The black curve is the histogram of ∆ values in UD32K. The colored
curves indicate the distributions within each mask Mb(r). (b–d) Examples of masks, Mb(r),
for UD32K, generated from ∆(r). Even though no smoothing has been applied to the masks,
a small spread in ∆ results from the filtering applied to ∆(r). However, a spatial resolution
of 1/Λ is imposed in measuring QDW. The corresponding Gaussian smoothing produces a
much larger spread in ∆ within each bin. (e–h) Same as (a–d), but with Gaussian smooth-
ing applied to the masks, Mb(r), with smoothing parameter w = Λ = 0.10 r.l.u. (i) The
standard deviation of ∆ within the bins (Mb(r)) used for the QDW analysis. (j) Assuming
the underlying trend, QDW(∆), shown by the gray dashed line with yellow and purple shading
(reproduced from Figure 4b), the blue curve shows the effect of a Gaussian distribution in ∆
with standard deviation of 12 meV, similar to the distribution widths in the UD32K bins near
the transition at ∆∗. Because of this smearing effect, (1) we expect to see a rounded continu-
ous curve at a commensurate to incommensurate transition rather than a sharp kink, and (2)
our QDW measurements cannot distinguish an underlying continuous meeting point of the two
QDW trends from one with a small jump. The arrow indicates the location of the DW tran-
sition, and the gray shading indicates the region of ± 12 meV, where we expect the largest
deviation of the data from the underlying trend.
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Da,b(r) = Ma,b(r)D(r). To visualize the charge order peaks from bin b, we take the

difference of the absolute values of the Fourier transforms, including and not including

bin b. The additive masking can either add up ∆ values from small to large (forward,

fw) or in the reverse direction (backward, bw). For these two cases, the gap-masked

D(q) is

Dfw
b (q) = D1,b(q)−D1,b−1(q) (3.1)

Dbw
b (q) = Db,N (q)−Db+1,N (q), (3.2)

where N is the total number of bins and Da,b(q) is a real number, the amplitude of

the Fourier transform. Unless otherwise specified, functions of q refer to amplitudes

of Fourier transforms. The panels of Figure 3.5 have Gaussian smoothing applied with

width 0.01 r.l.u., to reduce the appearance of noise.

The QPI shown in the insets of Figure 3.6, are Zfw
b (q), generated from Z(r) using

this same technique. Gap-masked QPI from UD32K in Figure 3.3 shows the evolution

of the Fermi surface structure across the full range of ∆ within the sample. These

QPI images have Gaussian smoothing applied with width 0.015 r.l.u., and have been

four-fold symmetrized.
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For analysis of the Fermi surface structure, we used overlapping bins, i.e.

Zfw
b (q) = Z1,b(q)− Z1,b−n(q) (3.3)

Zbw
b (q) = Zb,N (q)− Zb+n,N (q), (3.4)

in order to measure the QPI wavevectors at finer spaced intervals of ∆, with more

variations in the masks. The integer n determines the overlap between subsequent

bins.

The average value of the gap for bin b is then:

∆fw
b =

∑
r∆(r) [M1,b(r)−M1,b−n(r)]∑

r [M1,b(r)−M1,b−n(r)]
, (3.5)

∆bw
b =

∑
r∆(r) [Mb,N (r)−Mb+n,N (r)]∑

r [Mb,N (r)−Mb+n,N (r)]
, (3.6)

where n = 1 for distinct, as opposed to overlapping, bins.

Here, we used N = 19 for UD25K, 31 for UD32K, 31 for OPT35K and 21 for

OD15K, with n = 4, and w = 0.20 r.l.u.

For D(q) in Figure 3.5, we used N = 9 with n = 1 for UD25K, UD32K and

OPT35K, and N = 21 with n = 4 for OD15K. For OD15K, only the data for bins

b = 5, 9, 13, 17, and 21 are plotted in Figure 3.6b, to present data from distinct bins,

as were used on the other 3 samples. The mask smoothing parameter, w, was chosen

to include the resolution, Λ, of determining QDW (Section 3.9): w = Λ = 0.10 r.l.u.
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for UD25K, w = Λ = 0.10 r.l.u. for UD32K, w = Λ = 0.04 r.l.u. for OPT35K and

w =
(
Λ−2 + 0.20 r.l.u.−2

)−1/2 with Λ = 0.04 r.l.u. for OD15K.

3.5 Fermi surface structure from gap-masked QPI

Z(q) was integrated over the low energy layers to capture the full dispersion of the

Bogoliubov quasiparticles, from 1.5 meV to 9 meV for OD15K, 5 meV to 5 meV for

OPT35K, 10 meV to 25 meV for UD32K, and 5 meV to 15 meV for UD25K.
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Figure 3.8: UD32K gap-masked QPI. The linecuts for (a) and (h) of Figure 3.3 are
shown in (a) and (b), respectively, by the waterfall plots and the colorscale. The cuts have
been averaged over a transverse width of 8 pixels (0.074 r.l.u.). Cuts are offset vertically (by
increments of 60) for clarity. The points mark the positions of the q4 QPI peaks. The q4

data points, thus determined, for all samples, are compiled as a function of ∆ to describe the
Fermi surface evolution in Figure 3.2 (b–e). Data points used to determine the Fermi surface
radius in Figure 3.9 are indicated by filled (as opposed to open) symbols. No point is shown if
a peak position could not be determined reliably.
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For each ∆ bin, the QPI wavevectors, as shown in Figure 3.2, were extracted from

the positions of peaks in one-dimensional cuts through Zfw
b (q) and Zbw

b (q), and are

shown in Figures 3.3 and 3.8 for UD32K. To quantitatively determine the size of the

Fermi surface, the wavevectors from all samples were binned together, as shown in

Figure 3.2. A circular hole pocket was determined from the average radius of the data

in the range θ = 0.105π to 0.145π, where θ is defined in Figure 3.3, and the range

was selected because this near-nodal QPI is consistently measured across the Fermi

surface transition (unlike the antinodal QPI), and is least influenced by nearby scat-

tering channels or the DW signal. The evolution of the Fermi surface radius is shown

in Figure 3.9, and explicitly demonstrates that ∆ tracks the local doping.

3.6 Consistency across samples

Using ∆ as a local doping axis for the cuprate phase diagram relies on two require-

ments:

1. ∆ is monotonically related to doping.

2. On the lengthscale of the analysis (i.e. the size of patches within the masks),
the same electronic structure is found in regions with the same average ∆, inde-
pendent of the sample.

The first requirement is supported sample to sample by measurements across mul-

tiple cuprate families [36, 113]. STM work has also demonstrated a correlation of ∆

to the local concentration of dopants [70, 72], and the relationship of FS size to ∆ in
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Figure 3.9: Quantifying the Fermi surface size. (a–d) q4 QPI data, as shown in Fig-
ure 3.2. The data within the fixed angular range indicated by the gray shading is used to esti-
mate the radius of the normal state Fermi surface (R). (e) Normal state Fermi surface radius
inferred as half the measured q4 QPI dispersion radius. The error bars indicate standard er-
ror, as a lower bound error estimate. As an upper bound error estimate, we also show the
standard deviation (with respect to R) for a larger range of data, corresponding to the Fermi
surface structure up to the AFZB (±1σ lines and yellow shading). The increase in Fermi sur-
face size with decreasing ∆ validates that ∆ is a proxy for local doping. This circular model of
the Fermi surface is used to determine QAN and QAFZB shown in Figure 3.6.

Figure 3.9 concretely confirms the local doping effect on the band structure. The con-

sistency across samples is demonstrated by the extracted q4 wavevectors in Figure 3.2

and by the QDW data points in Figure 3.6.

Figure 3.10 demonstrates a remarkable consistency between samples directly in

the gap-masked Fourier transformed data. The QPI from the ∆ = 27.3 meV bin of

UD32K matches the QPI from the OPT35K bin with the same size ∆. Both are de-
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scribed well by the dashed red circle with radius twice the FS radius from Figure 3.9.

Moving to the ∆ = 62.1 meV bin of UD32K, the QPI is dramatically changed, but

agrees well with the equivalent bin from UD25K.

low high
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Figure 3.10: Gap-masked QPI, comparison across samples: Gap-masked QPI,
Z

fw/bw
b (q) for ∆ ≈ 27 meV (a,b) and 63 meV (d,e). The red curves are circular arcs with

a radius twice the inferred FS radius, as determined in Figure 3.9. The same arc is shown in
all panels for each of the two ∆ values. (c,f) q4 QPI data points compiled from all four sam-
ples from all masked regions with average ∆ in the ranges 25 meV< ∆

fw/bw
b <29 meV (c) or

61 meV< ∆
fw/bw
b <65 meV (f). Consistent QPI is observed across samples for regions with

the same size ∆. Axes are in r.l.u.
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3.7 Fermi arc and large Fermi surface QPI

To generate Figure 3.2f and g, we locate the bin b∗, which has the largest average

gap value below 49 meV, the average of ∆∗ estimates based on forward and backward

masked data shown in Figure 3.6a and Figure 3.9b. Bins b ≤ b∗ primarily have ∆ <

∆∗, and b > b∗ primarily ∆ > ∆∗. This division is only approximate due to the Gaus-

sian smoothing of the masks (Figure 3.7). To probe QPI from the two regimes divided

by ∆∗, panels f and g show Zb∗+1,N (q), and Z1,b∗(q), respectively. Note that in this

case, there is no subtraction after applying the Fourier transform. Figure 3.2h shows

M1,b∗(r), where the colorscale interpolates between 0.0 (yellow) and 1.0 (purple). Be-

cause the masks used to obtain f and g are related by Mb∗+1,N (q) = 1 − M1,b∗(q),

the yellow and purple indicate the regions primarily contributing to the Fermi arc and

large Fermi surface QPI, respectively.

3.8 Locating the Fermi surface transition in UD32K

In order to quantify the disappearance of the antinodal (AN) QPI, which is apparent

directly in the data (Figure 3.3), we measure the intensity at cuts spaced at regular

angular intervals, as shown in Figure 3.11. The cuts are averaged over a transverse

width of 0.07 r.l.u., and a length determined by the QPI radius (twice the FS radius)

± 0.06 r.l.u. To compare QPI intensities from different bins, the intensities of the cuts

are normalized by the average intensity of five cuts closer to the nodal QPI (dashed
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red lines in Figure 3.11a). Figure 3.6a tracks this normalized intensity for five cuts

near the antinode (red lines in Figure 3.6a-iii and -iv).

To confirm the trend of vanishing AN QPI from small to large ∆, Figure 3.11b

tracks the intensity of AN QPI for the backward-masked data (equivalent to Fig-

ure 3.6a). The data display the same trend, independent of the masking scheme: from

small ∆ to large ∆, the intensity of the AN QPI decreases, and then flattens out

where it is indistinguishable from the background noise.

To further confirm that the observed behavior is associated with the FS transition,

where AN QPI should disappear but nodal QPI should remain intense, we track the

angular dependence of the QPI intensity in (c) and (d). There are two different be-

haviors: (1) for large ∆, the QPI intensity drops off significantly from π/8 to π/16,

meaning that the AN QPI is weak, as expected to arise from Fermi arcs in the normal

state, and (2) for small ∆, the QPI intensity decreases only slightly from π/8 to 0, in-

dicating strong AN QPI, as expected to arise from a large Fermi surface in the normal

state. The Fermi surface transition is therefore quantified by the intensity of the AN

QPI.
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Figure 3.11: Locating the Fermi surface transition in UD32K. (a) Zfw
b (q), which

has been integrated from 10 meV to 25 meV, four-fold symmetrized, and Gaussian smoothed
with filter width 0.015 r.l.u. The black lines indicate the length over which the cuts are inte-
grated, i.e. the QPI radius (Figure 3.9) ± 0.06 r.l.u. Figure 3.6a and panel b show the inten-
sity from the five cuts indicated as solid red lines, for the forward-masked data and for the
backward masked data, respectively. θ is the angle of the cut. (b) Intensity of antinodal QPI
in the backward-masked UD32K data. The intensity has been normalized by the average of 5
cuts near θ = π/8, indicated by the red dashed lines in (a,c,d). (c,d) The angular dependence
of the normalized QPI intensity, as a function of θ for Zfw

b (q) and Zbw
b (q), respectively. Each

trace represents a single bin, b, with the colorscale indicating the bin’s average ∆.

53



3.9 Extracting QDW from dFF charge modulation

We follow the procedure described by Mesaros [66], where QDW is determined as the

wavevector which minimizes the demodulation residue, RQ =
√

|Rx
Q|2 + |Ry

Q|2, over

the field of view. In the case of a strongly disordered density wave, this measurement

has a more clearly defined interpretation than fitting peaks of the Fourier transformed

data. Both techniques are compared in Section 3.11. A detailed explanation of de-

modulation residue can be found in Reference [66]. In this section, we extend the tech-

nique for application to masked regions of the data’s field of view.

D(r) is demodulated by the reference wavevector Q in

Ψ̃Q(q) = exp

(
−q2

2Λ2

)
ψ̃(q+Q), (3.7)

where ψ̃(q) = D̃(q) over a domain that isolates the charge order peak, D̃ is the

complex-valued Fourier transform of D(r), and Ψ̃Q, ψ̃ are complex-valued functions.

The Gaussian cutoff imposes a spatial resolution of 1/Λ.

The QDW measurement proceeds in each gap bin, b, by integrating the residue only

over the masked region:

Rα
b,Q[Ψ] =

∫
d2rMb(r) Re

[
Ψ∗

Q(−i∂α)ΨQ

]
,

σ2 =

∫
d2rMb(r)

∑
α

[
Ψ∗

Q(−i∂α)ΨQ

]2
∫
d2rMb(r) |ΨQ|2

, (3.8)
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where α is either x or y, ΨQ(r) is the inverse Fourier transform of Ψ̃Q(q), and with

Q = QDW, σ estimates the standard deviation of spatial fluctuations in the modula-

tion wavevector.

For this analysis, we used w = 0.0 as the mask smoothing parameter for UD25K,

UD32K and OPT35K, with Λ = 0.10 r.l.u., 0.10 r.l.u. and 0.04 r.l.u., respectively.

For OD15K, we used w = 0.20 r.l.u. and Λ = 0.04 r.l.u. The samples with smaller

wavevector require a smaller Λ for QDW to be robust against the choice of Λ.

3.10 Visualizing the relationship between QDW and the Fermi surface

In this section, we demonstrate that the discrepancy between QDW and Fermi surface

derived wavevectors (Figure 3.6) is apparent directly from the gap-masked Fourier

transformed data.

Figure 3.12 shows the QPI and the dFF DW peaks with the data on the same scale

such that the wavevectors can be compared directly. Because q4 = 2kF , where kF

are the normal state Fermi wavevectors, the vector from the Bragg peak to the AN

QPI (blue arrow) is QAN. However, The wavevectors of the AN QPI cannot be in-

ferred directly from the signal intensity (blue circle) at qx,y = 1.0 r.l.u. The dFF DW,

although low in intensity at the energies of the QPI dispersion, appears as satellite

peaks around the Bragg peaks. Thus the peak in intensity near qx,y = 1.0 r.l.u. is

shifted away from QAN, causing the data points in this region to be shifted to larger
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q from the location of the QPI. This interpretation is supported by the signal’s bias

voltage dependence: this signal moves outward from the energy of the Bogoliubov

QPI to the energy of maximum dFF DW intensity. Thus QAN is estimated by extrap-

olating the QPI from the region farther from the antinode which is not affected by

the DW signal. QAFZB can be seen directly from the location where the QPI crosses

the dashed line. The DW peaks are located at larger Q than the AN QPI, demon-

strating the discrepancy with a simple FS-derived instability.
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Figure 3.12: Comparison of QPI to dFF DW peaks in UD32K. (a,c) Gap-masked
QPI (Zfw

b (q) and Zbw
b (q)). The points mark specific QPI wavevectors, as described in Sec-

tion 3.5. QAN is indicated by the blue arrow. The top (bottom) half of each panel is the
forward (backward) version of the gap-masking. (b,d) Gap-masked D(q), the Fourier trans-
form of the dFF component of R(r) =

∑
E>0 g(r,E)/

∑
E<0 g(r,E), with peaks located at

(±QDW, 0) and (0,±QDW). The red arrow indicates QDW. While forward and backward gap-
masked D(q) are shown, QDW, determined by phase residue minimization, (red markers) is
independent of masking direction, and identical markers are therefore duplicated on both top
and bottom halves of each panel.
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3.11 Comparison of QDW measurement techniques

The demodulation residue minimization technique of determining the density wavevec-

tor is simpler to understand in the absence of amplitude modulations and in one di-

mension (Figure 3.13). In this case, the wavevector of a modulation ψ(r) = cos[ϕ(r)]

minimizes the accumulated phase offset between ψ and the reference modulation

cos(Qr) [66], as shown schematically by the spatial dependence of the modulation

phase ϕ (black curve in a) and the demodulation residue RQ for Q = Q1, Q2, and Q3.
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(b)

0

Figure 3.13: Demodulation residue minimization in 1D (schematic). (a) Spatial
(r) dependence of the phase ϕ for a phase-disordered modulation ψ(r) = cos[ϕ(r)] (black),
and for reference modulations cos(Qr) with Q = Q1, Q2, and Q3. (b) Demodulation residue
RQ for Q = Q1, Q2, and Q3. In this example, we have assumed a uniform amplitude for the
modulation in ψ.

The modulation wavevector can also be determined by fitting the d-form factor

(dFF) density wave (DW) peaks in the Fourier transformed data. Isolating the dFF

components in the gap-masked D (Figure 3.14a), the dFF DW appears as four peaks

around (0,0). A Gaussian peak is fitted to a linecut through one of the peaks to de-

termine the peak location. Figure 3.15 compares QDW from both techniques. The two

measurements are in reasonable agreement.
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Figure 3.15: Comparison of QDW measurement techniques. (a) QDW determined
from Gaussian fitting to cuts through Db(q). Each point shown is the average of the values
measured from forward and backward masked data. The peak fitting analysis was done us-
ing the exact same ∆ binning as for the demodulation phase residue minimization, shown in
Figure 3.6, and reproduced here as the faded symbols, with errorbars corresponding to the
estimated standard deviation of spatial fluctuations within each masked region. The peak-
fitting measurements are in agreement with the phase residue minimization Q values, but in
the case of strong disorder in the modulation structure, such as is observed in Bi-2201, QDW

from demodulation phase residue minimization has a clearer interpretation [66]. (b) Standard
deviation of the Gaussian fits to the DW peaks from each gap-masked region (open circles),
and from the un-masked data (solid lines). The peak width for the masked data is influenced
by disorder in the DW structure as well as the masking procedure. For comparison, we also
show the estimated standard deviation of spatial fluctuations in QDW estimated in the phase
residue technique (same as the error bars in a), both for the gap-masked regions and for each
entire sample. We expect that systematic errors in these σ values, associated with the data
processing and fitting could be as high as ∼0.02 r.l.u. The sensitivity of the electronic inhomo-
geneity to the details of the sample annealing [98, 74] may contribute to the variation in peak
width across samples.
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3.12 Commensurate-incommensurate transition model

In this section, we address in detail the consistency of our data with a commensurate

to incommensurate density wave (DW) transition at ∆∗, defined as the location of the

FS transition.

First, we characterize the change in slope of QDW(∆) from the overdoped to the

underdoped regime. The data shows a bend which occurs near ∆∗, and as described

in Figure 3.7, we expect within ∼ 12 meV of this point, the data will be an aver-

age of information from the states on both sides of the transition. To quantify the

change in slope observed, we perform linear regressions on either side, excluding a

12 meV region centered at ∆∗ (49 meV is the average of the ∆∗ estimates derived

from the decreasing antinodal QPI intensities in forward, Figure 3.6a, and backward,

Figure 3.11b, masked data):

QDW = marc∆+ barc, ∆ > ∆∗ + 6 meV (3.9)

QDW = mlrg∆+ blrg, ∆ < ∆∗ − 6 meV (3.10)

The resulting estimates are mlrg = 0.0022(2) r.l.u./meV and marc = 0.0011(2) r.l.u./meV,

shown in Figure 3.16(a). The errors reported are the statistical errors associated with

the regression. Naively, marc would seem to imply inconsistency with a commensurate

wavevector in the Fermi arc state; however, we expect systematic errors larger than
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the statistical errors may result from proximity to the transition, as our data does not

extend to large enough ∆ to produce a reliable fit if we exclude a large region of data

around ∆∗, i.e. the fit includes a range of data that we expect may be affected by our

finite ∆ resolution. It is also possible that the nature of defects in the DW structure

may be related to the small observed slope for ∆ > ∆∗, but investigation of this struc-

ture is beyond the scope of this work.
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Figure 3.16: Density wave transition (a) d-form factor DW wavevector measurements
(QDW reproduced from Figure 3.6b) with linear regressions in the Fermi arc (yellow) and large
FS (purple) regimes, excluding the data (black points) in a 12 meV range centered at the FS
transition, ∆∗ ≈ 49 meV. (b) QDW measurements [same as in (a)], fitted to f(∆), described
in the accompanying text. The shaded yellow and purple lines show the commensurate to
incommensurate QDW trend, f0(∆). (c) Residuals from fitting QDW to f(∆).

In Figure 3.16b, c, we demonstrate that despite the nonzero slope of QDW(∆) for

∆ > ∆∗, the data are consistent with a commensurate QDW. We build a model based

on a commensurate QDW = 0.25 r.l.u. for ∆ > ∆c, and an incommensurate QDW,

for ∆ < ∆c, from the linear regression in Equation 3.10. We then add a Gaussian
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convolution in ∆ to account for the finite ∆-resolution of our measurements:

f0(∆) =


0.25 r.l.u. ∆ > ∆c

mlrg ∆+ blrg ∆ < ∆c

, (3.11)

G(∆) =
1√
2πσ2

exp

(
−∆2

2σ2

)
, (3.12)

f(∆) = G ∗ f0. (3.13)

The model is then fitted to the data by optimizing ∆c, the location of the transi-

tion, only, as mlrg and blrg are fixed from the initial linear regression, and σ is fixed

at 12 meV, based on the minimum ∆ distribution width in UD32K, which we expect

to be relevant near the transition. The resulting model f(∆) describes the data well,

and is shown in Figure 3.16b, with residuals in c. The fitted value of ∆c, 47 meV, is

in good agreement with ∆∗.

From this analysis, we therefore can conclude that: (1) within the experiment’s

resolution, the change in slope is located at ∆∗; (2) the finite ∆ resolution of our mea-

surements explains both the broadened, rather than abrupt, change and the finite

slope observed for ∆ > ∆∗, although further study would be required to definitively

rule out a small slope in this regime; (3) the QDW measurements are consistent with a

commensurate QDW for ∆ > ∆∗.
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4
Local correlations in disordered materials

with neural networks

Inhomogeneity is widespread in materials of interest. Strongly correlated materials

have a tendency toward phase segregation [7]. Symmetry broken phases can form

complex domain structures. Chemical substitution and doping (leading to local vari-

63



ations in chemical environments) are common strategies for designing new materials

and tuning their properties.* In disordered materials, the wealth of information in

spatially resolved measurements encodes physical relationships underlying the mate-

rial properties. The spatial location is a tuning parameter, and the correlations be-

tween observables can be accessed by disentangling variations. As has been pointed

out by others, the technology for measuring structural and electronic properties has

advanced to a point where large multidimensional data sets can be acquired in short

periods of time, making large spatially resolved data sets accessible but also making

the process of extracting information from the data a crucial challenge motivating the

application of machine learning (ML) [109, 116, 117].

ML, now widespread in technology and rapidly permeating into scientific research,

excels at analyzing large data sets, modeling multidimensional data in large multidi-

mensional parameter spaces, and functioning robustly in the presence of variations

such as noise. These strengths are points of failure for standard techniques of analyz-

ing the electronic structure of inhomogeneous materials, where we typically introduce

multiple stages of analysis to reduce data down to a manageable set from which we

can fit a low dimensional model†. This process does not always take full advantage of

*To name a few, Fe- and Cu-based high temperature superconductors are obtained through
doping, the quantum anomalous hall effect was first first realized by doping magnetic atoms
into (Bi,Sb)2Te3 to generate the required ferromagnetism [114], and substituting Te for Se in
FeSe induces a band crossing reported to bring on a topological superconducting state [115].

†In Chapter 3, we reduced large spatial maps containing many thousands of data points
acquired via STM down to 18 points per sample.
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the information in the data set and can impose assumptions at each stage of data

reduction. Furthermore, a common strategy to understand spatial variations is to

consider relatively homogeneous patches individually, e.g. by masking, but analyzing

small regions can reduce signal to noise. The ability of ML to empirically model com-

plex structures and thus test hypotheses on the full data set may relieve many limita-

tions of standard data analysis techniques. While many types of ML may be useful in

solving these problems, here, we consider the application of supervised learning with

convolutional neural networks (CNN) to uncover the physical model underlying spa-

tial inhomogeneity in a cuprate superconductor.

Obtaining good training data is crucial to successful NN models. A neural network

(NN) is a versatile function (as will be described in Section 4.1), where information

is “learned” empirically from a large data set during the training process.‡ The de-

sired NN outputs have to be known for the training data, and typically large data sets

are required, as diversity within the set prevents the NN from overfitting and enables

the NN to ignore noise and disorder when making predictions on new data. For these

reasons, it is often not feasible in condensed matter physics to use real experimental

data for training. Several recent works using neural networks to analyze experimental

data have trained on synthetic data [109, 117, 118]. Generating synthetic data sets

‡This can be thought of in contrast to choosing a simple functional model (based on
physical knowledge) to represent data, and then performing regression, where information
is encoded both in the choice of the model function and during regression. While physical
knowledge can be integrated into NN architectures (and the choice of training data) [109], the
restrictions are typically much less severe than in typical regression analyses.

65



0.10

0.15

0.20

0.25

0.30

UD25K
UD32K
OP35K
OD15K
Linear
Piecewise

Δ (meV)
020406080100

Q
D

W
 (

2π
/a

)

Figure 4.1: QDW(∆) hypotheses. The linear and piecewise hypotheses (lines) representing
a single incommensurate instability and a commensurate to incommensurate transition, re-
spectively, were determined by fitting the QDW data measured in Chapter 3 (circles and trian-
gles) to QDW = ml∆+ bl and to a piecewise function with a transition from QDW = 0.25 r.l.u.
to QDW = mp∆ + bp at ∆c. The parameterizations are ml = 2.0 r.l.u./eV, bl = 0.113 r.l.u.,
mp = 2.2 r.l.u./eV, bp = 0.102 r.l.u., and ∆c = 47 meV. Fitting for the piecewise hypothesis is
described in Section 3.12.

that mimic the real data is one of the central challenges in applying NNs to analyze

experimental data.

In this chapter, we describe the application of CNNs to address the question: Are

the disordered dFF charge modulations observed in Bi2201 governed by a single in-

commensurate doping-dependent wavevector QDW(∆), or is there a commensurate

to incommensurate transition? In either case, the QDW(∆) relationship should pro-

duce the QDW measurements from Chapter 3, so we make our question precise by

fitting two models, linear (incommensurate) and piecewise (commensurate to incom-

mensurate), to the data (Figure 4.1). The goal is to build a CNN that classifies a

pair of spatially resolved data—R(r) and ∆(r)—according to the underlying QDW(∆)
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relationship (Figure 4.2). While NNs have been used to analyze material structure

from atomic resolution TEM data [117], to classify quantum gas microscope data

according to the theoretical model underlying disordered antiferromagnetic correla-

tions [118], and to measure the sample average dFF DW wavevector in Bi2212 [109],

to our knowledge, NNs have yet to be applied to analyze the correlation between mul-

tiple experimentally measured observables in the electronic structure of quantum ma-

terials. In this work, we demonstrate that CNNs can be trained to classify pairs of

∆ and synthetic dFF DW images according to the underlying QDW(∆) relationship,

laying the groundwork for applying these types of measurements to real experimental

data.

This chapter is organized as follows. We begin with a brief introduction to NNs in

Section 4.1 and then motivate the crucial role of the training data in shaping the NN

model in Section 4.2. Section 4.3 analyzes the structure of the dFF DW by enumerat-

ing and quantifying the forms of disorder in R(r) such that the data can be mimicked

with stochastic variations in synthetic training data. In Section 4.4, we describe data

simulation, evaluate the synthetic data in comparison to the real data, and demon-

strate that the synthetic data encodes the QDW(∆) hypothesis. In Section 4.5, we

demonstrate training CNNs to classify synthetic data. In Section 4.6, we discuss im-

plications for extending measurements to experimental data and for using ML to an-

alyze local correlations in general. Finally, in Section 4.7, we propose a strategy for

building statistical variations into the hypotheses, in order to emphasize qualitative
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Figure 4.2: Schematic of QDW(∆) classification using a CNN. A pair of ∆(r) and
R(r) images are the inputs to a convolutional neural network, whose output (CL, CP ) classi-
fies the input data as corresponding to either the linear (CL > 0.5, CP < 0.5) or piecewise
(CL < 0.5, CP > 0.5) QDW(∆) hypothesis. The CNN model parametrized by its neurons’
weights {w} and biases {b}, is determined by the set of training data [labelled by the desired
CNN outputs, where the training labels (CL, CP )i are binary, (0, 1) or (1, 0)] during the train-
ing process. The weights and biases are also influenced by other choices for the training pro-
cess.
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Figure 4.3: (a) Schematic of a fully connected neural network. In black, the action of one
neuron is highlighted. (b) Sigmoid activation function.

rather than quantitative distinctions.

4.1 Brief introduction to neural networks

Here, we give a brief overview of neural networks (NNs). For more details, there are

excellent textbooks§.

The neuron is the functional unit of a NN (Figure 4.3). It calculates a linear com-

bination of inputs x1, . . . , xN and then, crucially, applies a non-linear activation func-

tion σ to produce the output y:

y = σ

(
N∑
i=1

wixi + b

)
(4.1)

The neuron’s parameters – the weights wi and the bias b – are optimized during train-

§For an introduction, refer to Nielsen [119], and for a more in depth text, refer to Goodfel-
low et al. [120]
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ing. The activation function (sigmoid, softmax, hyperbolic tangent and rectified linear

unit are some of the most common) allows the neuron’s output to effectively turn on

or off depending on whether or not the weighted sum of inputs crosses the threshold

set by the bias, and the weights determine which inputs are most important in this

“decision.”

Assembling neurons into a series of layers generates a highly versatile function¶,

again parametrized by the set of all the constituent weights and biases. In a fully con-

nected layer (also called “dense”), each neuron takes input from all neurons in the

previous layer. Convolutional layers, standard in NNs used for image recognition, con-

volve (formally the operation is a cross-correlation rather than a convolution [120])

the previous layer with a filter and then optionally apply an activation function. Typ-

ically, a layer applies multiple filters (not sequentially, but independently) in order to

produce a series of feature maps. Each filter detects a pattern (or feature) such that

the resulting convolution indicates where the feature is located in the input data. Ap-

plying multiple convolutional layers builds the complexity of the features that can be

detected and increases nonlinearity (if activation is applied).

¶Fully connected NNs, even with just a single layer, are able to approximate any continu-
ous function [121, 122]. This property is referred to as universality.

70



4.2 Role of training data

Application of neural networks (NNs) can be understood as regression, interpolation

and extrapolation. The training process is the regression step where we optimize the

NN parameters to describe the mapping from the training data instances to their

labels. Predicting on unlabeled data (in our case, experimentally measured STM

data) is using the optimized model to interpolate or extrapolate. The training data

– both the information contained within each instance and how these instances are

distributed in the input space – shape the resulting model.

In this work, we primarily look for two qualities in our training data:

1. Training data should be similar to the real data

2. Training data should contain representative variation

In this section, we motivate these goals for our synthetic training data.

To understand the role of labeled training data in determining the model “learned”

by the NN, recall the process of linear regression. The goal is to find the function

f(x) = mx + b, which is most likely to describe data set (xi, yi), with i ranging from

1 to N . Given a choice of parameters m and b, one can define the probability of mea-

suring a data point (xi, yi), and conversely the set of data points defines a likelihood

associate with a given choice of m and b:

L =
∏
i

1√
2πσi

exp

[
−(yi − f(xi))

2

2σ2i

]
, (4.2)
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where we assume that each yi is sampled from a normal distribution with standard

deviation σi. We typically minimize
∑

i(yi − f(xi))
2/2σ2i over m and b in order to

maximize the likelihood. In this process, our initial measured data (xi, yi) has defined

a function that we use to make predictions (interpolation and extrapolation).

The neural network functions similarly. Our training data are analogous to xi data,

but are multidimensional. Each xi corresponds to a pair of 256 by 256 pixel maps

of ∆(r) and synthetic R(r). The labels are analogous to yi and are also multidimen-

sional, consisting of a confidence score for each of our QDW(∆) hypotheses. Finally,

our function fNN is determined by the architecture and the weights and biases of our

NN. (While f in linear regression is parametrized by m and b, NNs typically contain a

far greater number of parameters.) A number of different “loss functions” can be used

for optimization in place of the sum over squared deviations, and the typical metrics

used to gage success of the training process are classification accuracy on the training

data set and on an independent labeled “validation” data set.

We now return to goal 1 for our training data. In the linear regression example, we

expect smaller errors in interpolated and extrapolated y values in the domain near

our measured data. We expect larger errors in extrapolating to values of x far from

the data range. The same applies to training NNs. We want our training data to span

a similar range of input space to our real data, i.e. in qualitative terms, our synthetic

training data should look like our STM data.

Finally, our data contains many forms of disorder and noise. By including repre-

72



sentative disorder in the synthetic data, we train the NN to ignore these unimportant

variations in the input space, hence goal 2.

4.3 DW structure in real space

To meet the defined goals for our synthetic data, in this section, we examine the struc-

ture of the dFF charge modulations in R(r) with the goal of uncovering features that

we aim to reproduce in the synthetic data.

For use with neural networks, we standardize the pixel spacing of our four data sets

to 5 px/a (pixels per unit cell), and we crop the data [∆(r) and R(r)] into uniformly

sized instances of data each 256 by 256 px (51.2a). Figure 4.4 shows an instance of

data for each of the four samples, as well as the Fourier transform R(q).

For this chapter, we expand on the notation introduced in Chapter 2 to describe

the DW structure. A summary of notation is provided in the glossary at the begin-

ning of this dissertation. To simplify notation and to make directionality explicit,

we define Qx and Qy to be the average dFF DW wavevectors (Q̄DW) for x- and y-

direction modulations, respectively. Unless otherwise specified, ΨQ is the demodu-

lated dFF component of R, i.e. we use ψ̃(q) = D̃(q) in Equation 2.10.
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Figure 4.4: Real space DW structure in four samples. (a–d) Spatially varying spec-
tral gap ∆(r) for one instance of data for each sample. (e–h) R(r) over the same fields of
view as in a–d. Disordered ladder structures associated with d form factor modulations are
visible, along with many forms of disorder. (i–l) Fourier transforms of e–h. The dFF modu-
lations appear as four broad peaks around the Bragg wavevectors, although these peaks may
also contain weight from an s component. Coordinates are labeled in r.l.u.
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4.3.1 QDW(∆) inhomogeneity

As demonstrated in Chapter 3, the local doping inhomogeneity [imaged as ∆(r)] cre-

ates a spatially varying wavevector QDW(r) (Figure 3.6b). For this work, we therefore

assume that the locally favored wavevector, i.e. the ideal (i) inhomogeneous wavevec-

tor, can be expressed as a function of the locally measured spectral gap:

Q
(i)
DW(r) = h[∆(r)]. (4.3)

We expect data to include deviations from Q
(i)
DW(r) as a result of strain and other

types of disorder, as will be discussed in the following sections. Classifying the func-

tion h according to the linear and piecewise hypotheses of Figure 4.1 is the ultimate

goal of this work.

4.3.2 Directionality

From the four peaks in D(q) shown in Figure 3.4, it is clear that all samples display

both x- and y-direction modulations. Due to the presence of multiple signals beyond

the dFF charge order and the short correlation length, how the two directions of mod-

ulation are related locally is not clear from visual inspection of R(r). The dFF mod-

ulations in Bi2212 form nanoscale unidirectional domains [67, 66, 123], and resonant

x-ray scattering experiments suggest that charge order in YBCO is similarly locally
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Figure 4.5: DW directionality in UD32K. (a) R(r). (b) dFF DW domain structure
in F (r) overlaid on R(r). The orange (purple) regions have stronger x(y)-direction modula-
tions. Regions dominated by x- and y-direction modulations are intertwined on short length-
scales. (c) Re[Dx(r)] showing the x-direction dFF modulations. (d) Re[Dy(r)] showing the
y-direction dFF modulations. The dashed circle in (b) has radius Λ−1 to indicate the spatial
resolution used to extract the x- and y-direction modulations.
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unidirectional [124]. In Figure 4.5, we extract the x- and y-direction modulations in

Dx(r) and Dy(r) defined in Fourier space:

D̃α(q) = exp

[
−|q−Qα|2

2Λ2

]
D̃(q), (4.4)

where α = x, y, and Qα is the average dFF DW wavevector (Q̄DW) for α-direction

modulations. Note that like Ψ̃Qα(q) from Equation 2.10, D̃α(q) isolates a single charge

order peak, but because the peak remains at Qα, Dα(r) displays the modulation in-

stead of being demodulated. In addition, because we keep only the peak at Qα and

not the peak at −Qα, Dα(r) is complex and the modulation appears in Re[Dα(r)]. In

both Dx(r) and Dy(r), nanoscale patches of higher and lower amplitude are visible.

To look for domain structure, we calculate the asymmetry [67]:

F (r) =
|ΨQx(r)| − |ΨQy(r)|
|ΨQx(r)|+ |ΨQy(r)|

. (4.5)

While F (r) displays patches with a dominant directionality, there are also regions

where the amplitudes are comparable and F (r) varies rapidly. The intertwining of

x- and y-direction modulations on smaller length scales than in Bi2212 agrees with

the difference in correlation lengths between the two materials.
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4.3.3 Correlated amplitude and phase variations

As described in Section 2.4, the amplitude and phase of ΨQα(r) = AQα(r) exp[iΦQα(r)]

approximate the DW amplitude and phase, where ΦQα(r) indicates a phase offset

from reference modulation cos(Qα · r).

The dFF DW (Figure 4.6 examines the y-direction modulations from one region

of UD32K) exhibits highly correlated amplitude and phase variations. The phase has

one dimensional regions of high gradient |∇ΦQα | corresponding to regions of strongly

suppressed amplitude (e.g. the red dashed curve). Previous work has shown that in

Bi2212, the local phase of s/s′FF charge modulations is correlated to defect posi-

tion [70]. The structure we observe here might be expected to arise if material defects

locally pin the DW phase, leading to high phase gradients at the boundaries between

pinned regions. Discommensurations arising from a competition between lattice com-

mensurate and incommensurate instabilities [84] could also produce boundaries of

rapidly changing phase. In the presence of this type of domain-like disorder, it is log-

ical that the amplitude should be suppressed in regions where the modulation phase

gradient differs strongly from the favored Q
(i)
DW. It is also possible that the local direc-

tionality could be related to the observed structure.‖ Empirically, tracking the DW

amplitude as a function of the locally varying phase gradient (Figure 4.7) explicitly

‖Mesaros et al. have correlated the positions of topological defects (which appear pref-
erentially in low amplitude regions) to boundaries between regions of dominant x- and y-
directionality [123].
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Figure 4.6: dFF DW defects in UD32K. (a) AQy , the amplitude of the demodulated y-
direction dFF DW ΨQy

(r), for the same instance of UD32K data shown in Figure 4.4. (b)
ΦQy

(r), the complex phase of the demodulated y-direction dFF DW ΨQy
(r). Topological

point defects around which the phase winds by ±2π are seen as points where all four colors
meet, and are marked in all panels by circles. The ordering of the colors on a path enclos-
ing the defect indicates the sign of the winding number, and opposite winding numbers are
marked by shaded and open circles. (c) |∇ΦQy |, the magnitude of the phase gradient. The
red dashed curve marks a one-dimensional region of high phase gradient, to emphasize the cor-
relation between panels. The amplitude is highly suppressed in regions with rapidly changing
phase. Topological defects with opposite winding numbers densely populate the low amplitude
regions.

shows that the DW amplitude is suppressed in regions with rapidly changing phase.

4.3.4 Topological defects

In Figure 4.6b, topological defects where the phase winds by 2π around a point, are

also apparent. Most of these point defects come in nearby pairs of opposite winding

number within the low amplitude regions. The density of these closely spaced pairs

varies with the size of Λ (i.e. the q bandwidth, Equation 2.10) used to extract the

DW structure in ΨQα(r). These closely spaced pairs likely do not represent significant

features of the DW structure. However, in addition, there is a moderate concentration

79



UD25K

0 π/2 π 3π/2
0

3

Qy

Qx

∇ϕQα (1/a)
A
Q
α

(a) UD32K

A
Q
α

0

1.5

0 π/2 π 3π/2
∇ϕQα (1/a)

(b)

Figure 4.7: dFF DW correlation between amplitude and phase gradient. AQα
,

the amplitude of the demodulated dFF DW ΨQα , averaged over regions with different phase
gradients, |∇ΦQα |, shown for both x (blue) and y (green) direction modulations in UD25K
(a) and UD32K (b). Regions with rapidly changing dFF DW phase have strongly suppressed
amplitude.

of separated topological defects. In UD25K, we find eight (ten) topological defects

that are not paired with a defect of opposite winding number within the same low-

amplitude region for the x (y) direction dFF DW within the 85a × 85a field of view,

corresponding to approximately 3 defects in a 256 px crop. These observations are

similar to reports in Bi2212 [123, 66].

4.4 Synthetic data generation

To generate a training data set resembling the experimental data, we use real data for

the ∆(r) images and simulate corresponding synthetic Rs(r)
** images of x-direction

dFF DW according to each hypothesis. To achieve a large and diverse data set, in-

stances of ∆(r) overlap (producing more possible crops) and stochastic variations are

built into the simulation. Conceptually the steps are (Figure 4.8):

**Here, the subscript s denotes synthetic data, not an s-form factor.
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Figure 4.8: Overview of training data simulation. (a) An instance of ∆(r) for UD32K.
(b) Ideal inhomogeneous Q(i)

DW(r) generated using the piecewise hypothesis. (c–e) Simulation
of the wave structure by initializing the amplitude and phase with the phase ϕs pinned at the
sites marked by black dots (c), relaxing the structure toward ∂xϕs ≈ Q

(i)
DW (d), and adding

in additional forms of disorder by hand (e). (f) Final synthetic data, including the dFF DW,
atomic corrugations and white noise.
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1. Use the hypothesis Q(i)
DW = h(∆) to calculate the ideal inhomogeneous wavevec-

tor map Q
(i)
DW(r) from ∆(r) (Figure 4.8b).

2. Calculate the DW phase ϕs and amplitude As such that Q(i)
DW ≈ ∂xϕs in regions

with significant As, where we are using the subscript s to indicate properties of
the synthetic data (Figure 4.8c–d), not an s-form factor.

3. Add in the d-form factor, atomic corrugations, topological defects, random am-
plitude fluctuations and white noise (Figure 4.8e–f).

While the first step is straightforward, steps two and three involve key choices that

govern how closely the synthetic Rs(r) data resembles the experimentally measured

data. In the remainder of this section, we describe steps two and three in detail, and

then evaluate the resulting synthetic data.

4.4.1 Calculating the phase and amplitude

The DW phase is defined by Q(i)
DW ≈ ∇ϕs, but this differential equation does not

uniquely define ϕs and the exact solutions may not be physically realistic. Further-

more, we know from the real data that the spatial phase and amplitude are highly

correlated. We therefore have developed a simulation that initializes the phase with

disorder due to pinning (Figure 4.8c), then evolves the amplitude and phase in co-

ordinated steps to improve fidelity of the wavevector, while maintaining correlated

inhomogeneity.

To maintain correlation between ∇ϕs and As, As is calculated from ϕs as:

As = A(error)
s ·A(orient)

s (4.6)
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The first term is a Lorentzian suppression of the amplitude based on the wavevector

error ∂xϕs −Q
(i)
DW:

A(error)
s =

(c1/2)
2

(∂xϕs −Q
(i)
DW)2 + (c1/2)2

(4.7)

where c1 = 0.50 2π/a. The second term A
(orient)
s suppresses the amplitude if the orien-

tation of the ϕs = 2πn wavefronts deviates from vertical:

A(orient)
s =

1

2
[cos (π ∂y xcrest) + 1.0] , (4.8)

where xcrest is the location of a wavefront marked by ϕs = 2πn. Smoothing of the

total As prevents rapid fluctuations.

We initialize ϕs using a constant wavevector and pinning the phase by the location

of the nearest randomly chosen pinning site (Figure 4.9a–c). The number of pinning

sites (black dots) is arbitrarily chosen between one and fifteen. This initialization by

design generates one-dimensional regions of low As where ϕs jumps rapidly between

domains. We iteratively improve ϕs by using three forces to evolve the positions of

the wavefronts. The first force depends on the spacing between wavefronts to favor

the ideal local wavevector. The second force acts like a stiffness, straightening out the

wavefronts. The third force is a pinning force from the sites randomly chosen for the

phase initialization. Crucially, the amplitude is included in the first two forces: (1)
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Figure 4.9: Stages of data simulation. Phase ϕs and amplitude As of the wave
As cos[ϕs] shown in Figure 4.8 at the three stages of simulation described in the text. The
dots mark the locations of the pinning sites. The arrows mark the locations of two topological
defects added in by hand.
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The amplitude is used to weight the forces from the left and right neighboring wave-

fronts, allowing the wavevector approximation to improve in patches of higher ampli-

tude, while sacrificing low amplitude regions in between. (2) The straightening force

is scaled by As, allowing regions to form with rapidly changing phase and strongly

suppressed amplitude, as observed in the experimental data. Figure 4.9d–f shows the

resulting relaxed DW structure. The wavefronts have become curved to accommodate

both spatial variations in Q
(i)
DW and the pinning sites. The structure maintains one-

dimensional regions of low As and high ∇ϕs.

4.4.2 Additional forms of disorder

In the final stage, we add in the dFF, atomic corrugations and additional forms of

disorder present in R(r):

Rs(r) = ad(r)As(r) cos[ϕs(r)] +Alatflat(r) +Anoiseη(r) (4.9)

The first term is the dFF DW, the second the atomic corrugations and the third nor-

mally distributed white noise, where η(r) has a standard deviation of one.

For the dFF DW, we introduce up to four topological defects with arbitrarily cho-

sen polarity (i.e. winding number of ±1) into ϕs(r), and we add in the dFF ad(r),

using only the first Fourier components (mimicking the momentum bandwidth of the

STM data, as described in Section 2.4).

85



Table 4.1: Quantifying disorder in real and synthetic data. Ratio of the mean square
of the dFF DW modulations (PDW) to the mean square of the atomic corrugations (Patoms),
ratio of the mean square white noise Pwhite to PDW, and the asymmetry between the Bragg
peaks α for each of the four data sets. The right column gives the range of values which can
occur in the synthetic data.

Quantity UD25K UD32K OPT35K OD15K Synthetic data

PDW

Patoms

6.0 7.0 0.12 8.0 [0.50 13]

Pwhite

PDW

0.054 0.022 0.41 4.8 ·10−3 [5.3 ·10−4 0.36]

α 0.84 4.9 2.1 1.1 [0.50 2.0]

In the atomic corrugations, we include an asymmetry α between the x and y direc-

tions:

flat(r) =
α

N
cos [G(x− x0)] +

1

N
cos [G(y − y0)] , (4.10)

where G = 2π/a, N =
√
1 + α2 normalizes the amplitude, and (x0, y0) the position of

the lattice is chosen randomly.

The amplitudes of these three components (Alat, Anoise, and the average As(r)) are

chosen randomly within limits set to mimic the real data, and the overall amplitude

of the data is normalized to have a standard deviation of one. Table 4.1 compares the

mean square amplitudes P = A2/2 observed in the real data to the ranges covered by

the synthetic data.

In summary, the amplitudes of the DW, Bragg peaks, and white noise, as well as

the concentration of topological defects are chosen to produce a range of variation in
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Figure 4.10: Instances of synthetic data Rs(r) (a–d) generated from the same ∆(r)
maps shown in Figure 4.4 with the piecewise hypothesis. (e–h) Amplitude of the Fourier
transform Rs(q) for (a–d).

the synthetic data with good representation of the regimes of the real data. We leave

out three forms of disorder observed in the real data††. We do not include low q noise

arising from localized defects, s- and s′FF modulations, and y-direction dFF modula-

tions. Work by Zhang et al. [109] suggests that the CNNs may generalize to analyzing

the x-direction modulations in the presence of superimposed y-direction modulations.

The generalization to data with these excluded variations can and should be checked

explicitly before classifying real data.
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4.4.3 Evaluating synthetic data

Figure 4.10 shows synthetic data for the same fields of view as the experimental data

in Figure 4.4. The Fourier transforms Rs(q) have broad peaks resembling those in

R(q). In real space, however, a direct visual comparison of Rs(r) to R(r) is mislead-

ing because we do not include y-direction modulations, s- and s′-form factor modula-

tions, and low q noise. We therefore Fourier filter the peaks located near (1 ± Q̄DW, 0)

and (±Q̄DW, 1) r.l.u. in Figure 4.11 to isolate x-direction modulations of primarily

dFF. The charge modulation patterns in the real and synthetic data show similar

wavefront curvature and amplitude variations.

In addition to resembling the experimental data, the synthetic Rs should main-

tain good fidelity of ∂xϕs to Q(i)
DW in order for the relationship Q

(i)
DW = h(∆) to be

represented in the data. We test this fidelity by examining five instances of synthetic

data simulated for the same field of view in Figure 4.12. The ∂xϕs maps show varia-

tions but all clearly maintain the spatial structure of Q(i)
DW. More precisely, we can

examine the distribution of ∂xϕs for each value of Q(i)
DW in a two-dimensional his-

togram, as shown in Figure 4.13. For a wave with the ideal inhomogeneous wave vec-

tor ∂xϕs = Q
(i)
DW, all counts would fall along the diagonal dashed line. The synthetic

data shows a spread of values, but maintains good correlation to Q(i)
DW. We therefore

††We use the term disorder even though these components are in fact orders because they
are signals which are not our signal of interest, and they have random variations.
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Figure 4.11: Comparison of modulations in real and synthetic data. Real (R(r) in
a–d) and synthetic (Rs(r) in e–h) data from Figures 4.4 and 4.10 for identical fields of view
Fourier filtered to isolate the x-direction charge modulations. Fourier filtering was done by
masking each charge order peak located at (1 ± Q̄DW, 0) and (±Q̄DW, 1) r.l.u., where Q̄DW is
the sample average wave vector from Chapter 3, with a disk of radius 0.64 Q̄DW in the Fourier
transformed data, then applying an inverse Fourier transform.
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conclude that the Q(i)
DW = h(∆) information remains embedded in the synthetic data.

4.4.4 Summary

In summary, we include the following disorder in the synthetic training data:

• Inhomogeneous QDW(∆)

• Phase disorder

• Amplitude variations (both correlated and uncorrelated to phase disorder)

• Topological defects

• White noise

• Phase of the lattice and asymmetry in the atomic corrugations

These forms of disorder include stochastic variations, enabling us to build a large

and diverse training data set from the four ∆(r) maps measured via STM.

4.5 CNNs to distinguish between QDW(∆) hypotheses

Five CNNs implemented in Keras [125] with a TensorFlow backend were trainined

with the following architecture:

1. Two dimensional convolutional layer with four filters and kernel size 4 by 4 px

2. Two dimensional convolutional layer with eight filters and kernel size 8 by 8 px

3. Two dimensional convolutional layer with 16 filters and kernel size 32 by 32 px

4. Fully connected layer with 16 neurons and sigmoid activation

5. Fully connected layer (output) with two neurons and softmax activation
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Figure 4.12: Multiple instances of synthetic data for the same field of view. Rs(r),
ϕs(r) and ∂xϕs(r) from multiple simulations (rows 1-5) using the same ∆(r) instance from
UD32K with the linear hypothesis. (d) Ideal inhomogeneous wave vector Q(i)

DW(r) for compar-
ison to ∂xϕs. Both Q

(i)
DW(r) and ∂xϕs have been Gaussian smoothed with a filter width of a

because we do not expect variations on smaller length scales to be relevant. White regions in
the maps of ∂xϕs are regions with amplitude lower than 10% of the maximum amplitude.
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Figure 4.13: Q fidelity. (a–e) Two dimensional histograms of Q(i)
DW(r) and ∂xϕs(r) for

each of the instances of synthetic data shown in Figure 4.12. Some outliers occur outside of
the range shown. (f) Histogram of Q(i)

DW(r) values.

All convolutional layers use a hyperbolic tangent activation function and are fol-

lowed by mean pooling with a pooling size of two by two pixels. The outputs of the

final layer give the classification score for the two categories, respectively. The sum

of the two outputs is constrained to 1.0 by the softmax activation such that on the

linear output, 1.0 corresponds to confident classification as linear, whereas 0.0 corre-

sponds to confident classification as piecewise and vice versa for the piecewise output.

We simulated 28000 instances of synthetic data (3500 per sample per hypothe-

sis) for training and 4000 instances for validation. Training was done using categor-

ical cross entropy for the loss function with L2 regularization included for all layers.

Dropout at a rate of 0.25 was included just before the first fully connected layer to

prevent overfitting. The classification accuracies during training, for the CNN that

reached the highest accuracy (80.5% and 78.3% on the training and validation sets, re-

spectively) are shown in Figure 4.14. With similar numbers of training epochs (1118,

1131, 1112 and 925), all five CNNs reached similar accuracies in the range of 77.0% to
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80.5% on the training set and 73.3% to 78.3% on the validation set.

At face value, this performance seems poor, but we expect classification accuracy to

be low on the samples with small ∆. In the regime ∆ < ∆c, the difference between

the linear and piecewise hypotheses is small, 0.007 r.l.u. at ∆ = 15 meV (Figure 4.1).

For comparison, the 256 px (51.2a) field of view of each instance gives a q-space reso-

lution of approximately 0.02 r.l.u. We therefore expect that classification of OD15K-

and OP35K-derived data should not be feasible, and classification of UD25K-derived

data should be the most successful. Figure 4.14 breaks down the accuracies by sample

and shows how the distribution of outputs varies from sample to sample. The CNNs

perform well on UD25K-derived data with 98.8(8)% training accuracy and 98(1)% val-

idation accuracy (the error represents the standard deviation of the five CNNs) and

output values sharply peaked near maximum confidence for the correct hypothesis.

The CNNs perform poorly on data from the three remaining samples with low accu-

racies and broadly distributed output values. Surprisingly, however, the performance

is not significantly better on UD32K than on OD15K and OPT35K, and the accura-

cies on OD15K and OPT35K are significantly above random (0.5). The explanations

behind these two observations remain to be determined.

Finally, we note that while the similarity between training and validation accura-

cies suggest little overfitting, because the validation and training data instances have

overlapping fields of view, overfitting to specific features resulting from the spatial

structure of the ∆(r) maps is not ruled out.
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Figure 4.14: CNN performance. (a) Evolution of training and validation accuracies dur-
ing the training process, shown for the CNN which reached the highest accuracy. (b) Training
and validation accuracies for data from each sample. The points and error bars represent the
average and standard deviation of the accuracies from all five CNNs. (c–f) Histograms of out-
puts from the CNN with the highest accuracy. 1.0 represents maximum confidence that the
input represents the linear hypothesis, and 0.0 represents maximum confidence that the input
represents the piecewise hypothesis. The colored curves are for input data derived from ∆(r)
data on the four different samples. The four panels individually represent data simulated ac-
cording to each hypothesis (columns) and as part of the training and validation sets (rows). In
all panels the UD25K histogram is truncated in the bin with maximum counts.
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4.6 Discussion

While the CNNs’ performances demonstrate that they are capable of discerning the

two QDW(∆) hypotheses, we cannot yet conclude that the CNNs are classifying a lo-

cal correlation between the dFF DW structure and the local gap. The hypothesis used

to generate an instance of synthetic data governs global properties, such as the distri-

bution of wavevectors and the average wavevector, in addition to the local variations.

Therefore, it is possible that the CNNs are classifying the data based on global prop-

erties of Rs(r).

While the architecture we use is suitable for classifying synthetic data whose under-

lying structure is known to follow one of our two hypotheses, the architecture should

not be used to classify real data. Because it is feasible that neither of our hypotheses

describe the experimental data, a third category is needed for anything that does not

fall into the two hypothesis categories, as implemented by Zhang et al. [109].

In addition, to transition from classifying synthetic data to real data, it must be

demonstrated that the CNNs can generalize. This can be tested both by generating

synthetic data with new types of disorder not seen in training, and by filtering real

data to systematically remove and/or tune the disorder.

Finally, let us return to the ultimate scientific objective of this work. We would like

to differentiate between two physically different scenarios: Is there a commensurate

to incommensurate transition, or does a single incommensurate instability underly the
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full doping range? We have chosen two specific h(∆) functions to represent the two

scenarios, but of course those are not the only possible choices. The parameters cho-

sen may be incorrect, or the true QDW(∆) may be curved rather than piecewise linear.

Further testing would be necessary to characterize the sensitivity of classification to

these choices, but we expect some degree of sensitivity because the training data for

each category was simulated according to a single h(∆) function. Section 4.7 makes

a proposal for diversifying training data to reduce sensitivity to unimportant varia-

tions in the functional form of the hypothesis. We also note that schemes other than

classification can be used to avoid this problem.

4.7 Hypothesis diversification

The goal of this work is to test two hypotheses for the Q(i)
DW(∆) relationship underly-

ing the spatially inhomogeneous charge modulations in Bi2201. In functional form:

Q
(i)
DW = hl(∆) = ml∆+ bl linear hypothesis

Q
(i)
DW = hp(∆) =


0.25 r.l.u. for ∆ ≥ δc

mp∆+ bp for ∆ < δc

piecewise hypothesis

represent the hypotheses of a single linearly evolving incommensurate wavevector and

a commensurate to incommensurate transition, respectively. If we choose a set of pa-

rameters for each ((ml, bl) and (mp, bp, δc)) to use for generating the training data,
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then we train the NN to distinguish between the two specific functional forms. How-

ever, our scientific interest is based on the qualitative difference between the hypothe-

ses, not the details of their parametrization. In this section, we develop a framework

for diversifying the hypotheses used to generate the training data with the goal of em-

phasizing the qualitative difference between the hypotheses and reducing the influence

of small changes in parameters.

The strategy involves two main steps:

1. Generate probability distribution functions (PDFs) for the hypothesis parame-
terizations.

2. For each instance of training data, randomly sample the relevant parameters
from the appropriate PDF.

In this section, we describe the implementation for our question of distinguishing a

linear Q(i)
DW(∆) from a piecewise Q(i)

DW(∆).*

4.7.1 Probability distribution functions

In building our hypothesis PDFs, our QDW measurements from Chapter 3 provide

a set of priors. Functions h(∆) which do not describe the QDW data accurately are

unlikely to be present in the experimental data and therefore do not need to be well-

represented in our training data set. We therefore build our PDF based on fitting

the QDW data and assuming normally distributed parameters. The PDFs for both

*In some sense, this strategy is no different from adding noise and other stochastic varia-
tions into training data, as is common. The key here is to extend the diversity to the scientific
hypothesis being categorized.
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hypotheses are displayed in Figure 4.15. The remainder of this subsection describes

the technical details of building the PDFs.

Obtaining the linear hypothesis PDF gl(ml, bl) is straight forward. Linear regres-

sion on the QDW data produces mean values m̄l and b̄l, as well as a covariance matrix

Σ, which together define a normal distribution:

gl(ml, bl) = det (2πΣ)−1/2 exp

−1

2

∑
i,j

Σij(pi − p̄i)(pj − p̄j)

 (4.11)

where p = (ml, bl) is a vector of the parameters, and p̄ = (m̄l, b̄l). Figure 4.15 shows gl

and a set of parameters randomly sampled from the distribution.

Building a piecewise hypothesis PDF gp(mp, bp, δc) is more complex because of the

two-stage regression procedure described in Section 3.12. Based on these steps, we

express gp as a product of a conditional probability distribution and a prior:

gp(mp, bp, δc) = g∆(δc|mp, bp)gM,B(mp, bp) (4.12)

We obtain gM,B(mp, bp) by fitting the linear region of the data, as in Equation 4.11.

For the conditional probability, we assume a normal distribution of δc for each choice

of (mp, bp). We perform regressions to determine the mean and standard deviation for

a grid of (mp, bp) values, and then interpolate to obtain a continuous g∆(δc|mp, bp).

Figure 4.15 shows the result. It is worth noting the strong cross-correlations among
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the parameters.

4.7.2 Distinguishability of the hypotheses

In Section 4.5, we considered the distinguishability of our two hypotheses. Figure 4.15b

shows a set of diversified hypotheses sampled from the linear and piecewise PDFs. In

this scheme, some of the linear hypotheses represented in the training data will over

certain ranges of ∆ be more likely to represent the piecewise rather than linear hy-

pothesis. We therefore expect that the CNN should not be able to reach 100% train-

ing accuracy.

4.7.3 Contrast set

In Section 4.6, we discussed the need for a contrast category to represent a none-of-

the-above classification. The hypothesis PDFs provide a natural framework for gener-

ating a contrast set. Once our hypothesis parameters are far enough from the optimal

values, the functions they generate do not represent our physical hypotheses. There-

fore, the contrast set can be populated by sampling from inverse PDFs over some do-

main. Alternatively, to reduce overlap between the contrast set and the hypothesis

sets, one can use the PDF value to define a domain far from the optimal parametriza-

tion from which to sample parameters for the contrast set. In addition, one may be

able to specifically exclude alternative hypotheses by generating PDFs for their pa-

rameterizations and including them in the contrast set. Overall, we expect this type
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Figure 4.15: Stochastically sampling hypotheses. (a) The colorscale indicates the
PDF for the linear hypothesis parameters. The points are randomly sampled parameter sets.
(b) Randomly sampled linear (blue) and piecewise (green) hypotheses, corresponding to the
data points shown in (a) and (c–e). (c–e) Projections of the PDF for the piecewise hypothesis
parameters. The points are randomly sampled parameter sets.
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of contrast set to help make the hypothesis classifications more precise.

4.8 Conclusions

In summary, we have quantified the inhomogeneous dFF DW structure in Bi2201, we

have reported an algorithm to simulate realistic synthetic data, and we have demon-

strated that convolutional neural networks are capable of distinguishing between dif-

ferent models underlying the local variations in the modulation wave vector. Multiple

improvements are necessary before these types of CNNs can be used to analyze exper-

imental data, and it remains to be determined if the classifications here are based on

detecting local correlations. While we have emphasized the importance of this strat-

egy for empowering discoveries related to the electronic structure of quantum ma-

terials, the potential applications are much broader as many fields rely on imaging

experiments.
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A
Python package for DW simulation

The bsco_dw package (located on the Hoffman lab’s Google drive) contains tools

for simulating the Bi2201 dFF DW. Most importantly, the simulate_dw module has

the functions used for the simulations, and the hyp module has the tools used to ran-

domly sample parameters for hypothesis diversification.

Parameter sampling for hypothesis diversification is done using the appropriate
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methods within the PDF_bivariate (for linear), PDF_multivariate (for multivariate

hypotheses, with a covariance matrix describing the cross correlation between all pa-

rameters), or PDF_piecewise classes.
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