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Abstract

The large change in resistivity in VO2 has attracted considerable attention
since VO2 was first discovered in 1959. Recently, the ability to trigger the
insulator-to-metal transition (IMT) with a strong electric field has been ob-
served, but there has been debate about whether the transition is due to
field-effects. We apply a voltage bias across a VO2 thin film via a conductive
atomic force microscope (CAFM) tip and measure the resultant current. We
observe the IMT as a jump in the measured current in the IV curves. We
fit the IV curves to the Poole-Frenkel (PF) conduction mechanism in the
insulating state, immediately preceding the IMT. The PF conduction mech-
anism describes the thermal excitation of electrons into the conduction band
in insulators, facilitated by strong electric fields. The PF mechanism is tem-
perature dependent, and we use the temperature dependence to calculate the
local temperature of the film before the transition. We directly compare the
local electric field and local temperature of the film immediately preceding
the IMT. We determine that the transition is not solely due to the applied
electric field, but rather that the tip has locally warmed the film close to its
IMT temperature through Joule heating.
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Chapter 1

Introduction

Transition metal oxides host a wide range of properties. Due to their par-
tially filled d bands and many valence states, transition metals can form
many different compounds when combined with oxygen. Transition metal
oxides can be paramagnetic (Ti2O3, VO2), antiferromagnetic (FeO, NiO),
ferrimagnetic (Mn3O4), ferromagnetic (CrO2), or diamagnetic (TiO2, CrO3).
They also display various electronic properties such as charge density waves
(K0.3MoO3), defect ordering (Ca2Mn2O5, Ca2Fe2O5), insulator-to-metal tran-
sition (IMT) (VO2, V2O3, La1-xSrxVO3), and superconductivity (YBa2Cu3O7)
[1]. Of particular interest, and focus of this thesis, is the IMT observed in
vanadium dioxide, VO2.

In 1959, Morin first reported the 4 order of magnitude change in the
conductivity of VO2 at 340 K (Fig. 1.1) [2]. Morin also reports the IMT
in the lower oxide states; V2O3 has an IMT at 160 K and VO at 120 K.
The IMT temperature of VO2 is the closest to room temperature of the
V-O phases, and of the 2 vanadium oxides that show an IMT above room
temperature it has the largest change in conductivity [3]. The large and
sudden change in conductivity close to and above room temperature makes
VO2 particularly applicable for a range of sensors and switches, such as
broad-band all-optical switching [4], nano-mechanical resonators [5], window
coatings [6–8], and electro-optic modulators [9]. The phase transition in VO2

is very close to room temperature, thermodynamically stable, and can be
triggered by an applied voltage [3, 10], making it well suited for use in next
generation Mott transition field effect transistors [11], or a phase change
memristor, the missing circuit element [12–14].

In 1961, shortly after the discovery of the IMT, Westman observed that
VO2 undergoes a structural phase transition (SPT) at the same temperature,
340 K [15]. VO2 transitions from monoclinic (M1) at room temperature (as
assumed by Morin), to a rutile (R) structure when heated above 340 K
(nominally, in the metallic state). A schematic of the two lattice structures
is shown in Fig. 1.2, with the rutile phase on the left and monoclinic on the
right.

These two transitions initiated a long debate of whether VO2 is a Mott

1



Chapter 1. Introduction

Figure 1.1: Morin’s first measurements of the metal-to-insulator transition
of Ti- and V- oxides. Conductivity as a function of reciprocal temperature
for the lower oxides of titanium and vanadium. Measurements were made
along the [100] direction in VO, and along the c axis in V2O3 and VO2 [2].

or a Peierls insulator. A Mott insulator is a material that, by conventional
band theory, would conduct electricity but instead, due to strong on-site
electron-electron repulsion, it is energetically unfavorable for two electrons
to occupy the same site. In these materials, half-filling locks each electron
to its site, and resists the flow of electricity, resulting in an insulator. In the
insulating state of a Mott insulator the electrons tend to anti-align, forming
an antiferromagnetic phase [17], however VO2 does not have a magnetically
ordered ground state. The Peierls distortion is based on a one-dimensional
chain of atoms minimizing energy by forming dimers. In a Peierls insulator,
when the dimers from the lattice constant doubles and halves the Brillouin
zone, which opens a gap at the Fermi level. In this case, once again, half-
filling results in a full band, and thus an insulator. Due to how the V-V atoms

2



Chapter 1. Introduction

Figure 1.2: Rutile structure (R) of VO2 above (left) and monoclinic structure
(M1) of VO2 below the SPT (right). Open circles are O2− ions, dark circles
are V4+ ions. Notice that approximately 2 rutile unit cells (left) make up
one monoclinic unit cell (right). Reproduced from Goodenough [16].

pair and the electronic structure of the orbital polarization, the electronic
structure of VO2 is effectively a one-dimensional system [18].

In Sect. 1.2 we give a more detailed overview of the developments in
the literature with regard to VO2. Many theories and experiments find
arguments for the material to be Mott [19], Peierls [20], or some combination
of both [21].

Regardless of the driving force behind the IMT, multiple groups have
reported a voltage triggered transition to the metallic state, observed as a
sudden jump in the measured current, shown in Fig. 1.3 [10, 21–26]. However,
this voltage induced transition has raised several important questions that we
address in this work: By which mechanism is the applied voltage triggering
the transition? When high electric fields are applied across a VO2 film, what
is the local temperature of the film?

To answer these question we image the temperature of a VO2 thin film
on the nanoscale under an applied voltage bias. Film growth and characteri-
zation details are given in Sect. 2.2. We analyze current-voltage (IV ) curves
measured with a conductive atomic force microscope (CAFM) (Sect. 2.1).
First, the raw IV curves must be corrected to ensure that we are analyzing
the current and voltage through the film, not any external resistances or
components (Sect. 2.3). Using the IV through the film, we conclude that
the Poole-Frenkel (PF) conduction mechanism is the dominant mechanism
in our film (Sect. 2.4).

3



Chapter 1. Introduction

Figure 1.3: Abrupt IMT induced by a DC voltage in a VO2 thin film. The
inset displays the circuit used for experiments. The left y-axis, IDS is the
drain-source current and the right y-axis, JDS is the corresponding current
density. Reproduced from Chae et al. [22].

Next, we find the applied bias voltage at the transition and, along with
the local film thickness, calculate the electric field at the transition (Sect.
3.1). We fit the IV curves to the PF conduction mechanism (Sect. 3.2),
which then enables us to extract the temperature of the film immediately
preceding the transition (Sect. 3.3).

In Chapter 4 we briefly consider nanoscale thermometry. We first reflect
on our novel technique (Sect 4.1), then discuss our thermometry technique
in relation to existing methods (Sect. 4.2), and consider the possibility of
extending our technique to other materials (Sect. 4.3).

In Chapter 5, we compare the electric field and temperature at the tran-
sition. The electric field at the transition is found to be consistent with pre-
vious reports of an electric-field assisted transition [21, 24, 27]. We calculate
that the average local temperature immediately preceding the transition is
335 K, and conclude that Joule heating plays an important role in triggering
the IMT.

4



1.1. Literature Review

1.1 Literature Review

With the discovery of the SPT in VO2, many theories arose with the assump-
tion that the structural transition caused the electronic transition [28, 29].
In 1971, Goodenough described the electronic transition in terms of the V
3d band splitting into t2g and eg levels, with the t2g bands arising from the d
orbitals parallel with the rutile c axis, d||. Through the structural transition,
the pairing of the V-V bonds splits the d|| orbitals, and the antiferroelectric
zig-zag-type displacement raises the π∗ band, opening a gap at the Fermi en-
ergy, as shown in Fig. 1.4. Nevertheless, Goodenough claims the electronic
transition is predominantly due to the antiferroelectric distortion in the VO6

octahedra as opposed to the V-V pairing [16]. Numerical calculations also
suggested that the insulating state arises from the band splitting caused
by the monoclinic distortion [30]. Eventually DFT and LDA calculations
validated Goodenough’s predictions [31].

Figure 1.4: Band representation above (left) and below (right) the electronic
transition temperature [16].

In these early studies, defects such as V-vacancies and oxygen non-
stoichiometry strongly influenced properties such as conductivity, thermal
properties, optical properties, and activation energy, which led to large vari-
ations between samples [28]. Nevertheless, it was concluded that the carriers
in VO2 are electrons and have relatively low mobility and density. Mobilities
of 0.1 - 1 cm2/(V·s) in the insulating state and 1 - 10 cm2/(V·s) in the metal-
lic state were found. This relatively small change in mobility cannot account
for the large change in conductivity, suggesting that metallic state is due to
an increase in carrier density [28, 29]. Zylbersztejn and Mott studied the
nature of the carriers in VO2 through Cr and Nb doping. They concluded

5



1.1. Literature Review

that Goodenough’s band picture is correct for the metallic state, but that
the insulating state arises from electron correlations, and a local Hubbard
model [32].

Figure 1.5: Carrier density of a VO2 film measured using 1.4 T fixed field
apparatus. The resistivity of the film is displayed in the inset. Reproduced
from Ruzmetov et al. [33].

Doping and strain have been used to synthesize and investigate new
phases of VO2. Marezio stabilized an intermediate lattice distortion, la-
belled M2, with Cr-doping. In this intermediate phase, half the V chains
pair and move closer, while the other half rotate out of the rutile c axis [34].
The two distorted phases, which occur on alternating V chains, are shown in
Fig. 1.6, with respect to a rutile lattice plane. The same intermediate phase
was also found to be stabilized with Al doping [35], and through uniaxial
stress along the [110]R direction [36]. Pouget and Launois also stabilized a
transitional phase (T) between M1 and M2, once again through Cr-doping
and uniaxial stress. In the T phase the alternating chains of V-V pairs twist
slightly off-axis, and the off-axis V atoms form pairs, although neither chain
completely enters the M1 phase [37]. The M2 phase showed that the zig-zag
distortion is coupled to the V-V pairing distortion on alternating chains. The
M2 phase is a metastable modification of the M1 phase, whose free energy is
only slightly higher than the M1 phase at room temperature and pressure.
Interestingly, the M2 phase transition to the metallic state is consistent with
a Mott-Hubbard transition [37, 38]. The discovery of the M2 phase separated
V into two sub-lattices, which was difficult to account for by band theories
at the time. Up to this point, theories had described the insulating state as
a consequence of the monoclinic crystal distortion, but now electron correla-

6



1.1. Literature Review

tions were deemed essential to the transition [31]. Although the importance
of electron correlations cannot be denied, the question remains whether the
Coulomb interaction opens the Peierls gap [18, 39, 40], or if the pairing V
atoms induce a Mott instability [41].

Figure 1.6: Plane representation of the V atoms distortion from the rutile
structure [34]. In the M1 phase (open circles) all the V atoms both pair and
twist from the rutile positions. In the M2 phase (filled circles) half of the V
atoms pair but do not twist and the other half form un-paired zig-zag chains.
(The distortions from the rutile structure are exaggerated by a factor of 2
for clarity.)

Using a metal-oxide-metal sandwich structure, Stefanovich triggered the
transition with voltage pulses, and found that the delay time of the transi-
tion was dependent on the magnitude of the voltage pulse [42]. He found
that a simple thermal model did not accurately describe the delay time,
and concluded that in strong electric fields the transition cannot be de-
scribed by an electrothermal model alone. Shortly after, Boriskov surmised
that the conductivity must be electric field dependent, and determined that
VO2 followed the PF conduction mechanism for increasing charge carrier
density [43, 44]. There are many mechanisms by which electrons can con-
duct through an insulator, influenced either by high fields or temperature,

7



1.1. Literature Review

including Schottky emission, Fowler-Nordheim Tunneling, thermionic-field
emission, direct tunneling, PF conduction, hopping conduction, Ohmic con-
duction, space charge-limited conduction and ionic conduction [45]. In Sect.
2.4 we will consider all mechanisms and independently conclude that the
dominant mechanism is in fact PF conduction.

While the microscopic origin of the IMT remains unclear, in recent years
the focus has turned to fabricating high quality films, and directly controlling
the transition for potential applications. It has been found that IMT can
be induced by ultra fast laser pulses [5, 46–49] or the application of strong
electric fields or voltage pulses [10, 21–26]. The electronic transition can be
affected by changes in strain, either by varying the substrate [19, 50–54], or
doping the film [35, 55, 56]. Films have been grown on Si(001), c-, r-, and
m- plane Al2O3 [57, 58], TiO2(001) and TiO2(110) [59], and Ge(100) [60].
It was found that by stretching the c axis the IMT temperature is increased,
and by compressing the c axis it is reduced [59].

In the last couple of years, studies on VO2 have shifted toward for more
specialized potential applications. The reversibility of the phase transitions
are being investigated for applications in H storage [61], memristors [62],
and hybrid metamaterial switching [63]. Films grown by oxide molecular
beam epitaxy can finely control V-O stoichiometry, and is it found that
the IMT temperature can be lowered through the formation of O-vacancies,
but in doing so the resistivity change is also reduced [64]. O-vacancies can
also induced through strong applied electric fields, reducing and eventually
suppressing the IMT [53]. O-vacancy formation, diffusion, and recovery are
studied for the potential application of ionic-liquid gating on VO2 [65].

A delay between the IMT and SPT has been realized, where a metallic
monoclinic phase has been observed [66–69]. Strain has also been used to
completely suppress the SPT, while preserving the IMT. [19]

Many groups have observed the coexistence of the insulating and metallic
phases, dating back to 1966 [70], but the phenomenon has been brought to
the forefront more recently [10, 71, 72]. Phase coexistence suggests that the
IMT originates in one region, and slowly spreads to the rest of the crystal or
film. The percolation behavior was first observed indirectly through small
avalanches the IMT in bulk IV measurements [73], followed by the obser-
vation of persistent metallic domains below the IMT [74], and finally was
probed on the nanoscale in local IV maps [10, 72]. The SPT is also found
to percolate through the film [75]. The percolation of the transitions has
sparked interest in nanoscale measurements to shed some light on the origin
of the IMT and SPT.
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Chapter 2

Data Collection and Correction

2.1 Conductive Atomic Force Microscopy

A conductive atomic force microscope (CAFM) uses a probe consisting of a
cantilever with a tip that comes to a point with a radius on the order of a 35
nm. A diagram of the basic geometry is shown in Fig. 2.1. An input laser
signal is split, and 90% of the signal is fed into a variable optical attenuator
as a reference signal to subtract off any noise from laser fluctuations. The
remaining 10% intensity enters a custom single mode fiber, exits the flat end
of the fiber and reflects off the end of the cantilever where it interferes with
the incoming signal. The interference is measured by a balanced photodiode
detector. The interference measures tip deflection, which is used to image
the three-dimensional shape of the surface and provide z deflection feedback
to keep the force between the tip and the surface constant. The tip can
also be used to manipulate the surface through strong applied voltages. In
contact mode, the current through the film is simultaneously measured by
the conductive cantilever. CAFM can measure currents in the range of 2 pA
to 1 µA.

We use a home-built AFM with a conductive cantilever in contact mode
(cantilever with typical spring constant kc = 45 N/m 1). An interferometer of
wavelength 1550 nm is used. In contact mode, we fix the cantilever deflection
at a typical height of 7 nm, maintaining a constant force of ∼ 320 nN between
the probe and sample. Applying pressure along the c-axis of VO2 shifts the
transition temperature at a rate of -1.2 K/kbar [76]. Assuming a tip contact
radius of ∼ 35 nm we calculate the pressure applied by the tip to be 8.2
×107 Pa, or 820 bar. This pressure corresponds to a maximum shift of the
IMT temperature of about 1 K, so we are far from initiating the transition
through the applied pressure due to the tip.

1part number: HQ:NSC16/Cr-Au, purchased from µmasch: http://www.spmtips.
com/nsc/16/cr-au
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VO2 thin film

Conductive

 Cantilever

V

reference signal

photodiode detector

current

applied voltage

laser

variable optical attenuator

interference

optical fiber

Figure 2.1: Diagram of a CAFM. The tip rasters the surface of the film
and the z deflection is recorded by laser interferometry. When collecting
electronic measurements the voltage bias between the film and tip is ramped
and the resultant current is measured.

2.2 VO2 Film Growth and Characterization

2.2.1 Physical Film Properties

The VO2 film we study was grown by rf sputtering from a VO2 target (99.5%
AJA International Inc.) [77]. A VO2 target is used in place of typical
reactive V sputtering because using a VO2 target preserves the stoichiometry,
expanding the range of stable growth parameters [57]. The chamber base
pressure was maintained at 3 ×10−8 Torr. The rf gun power is set to 270 W.

A heavily As-doped Si(001) substrate (ρ = 0.002 - 0.005 Ω cm) was
heated at 550 ◦C during growth [77]. X-ray diffraction (XRD) data, using
a ScintagXDS2000, with Cu Kα radiation (λ ∼ 1.5418 Å) indicates a poly-
crystalline monoclinic VO2 film, with primary surface the (011) orientation
(Fig. 2.2 (a)) [10].

Cross sectional transmission electron microscopy (TEM) measured the
average thickness of the film to be 187 nm (Fig. 2.3 (a)). Also observed in
the TEM image is a thin SiOx interfacial layer, measured to be ∼ 2 nm thick.
Topography from z deflection of CAFM gives the spatial height variation of
a 500 × 500 nm2 region of the film surface. The topography is shown in Fig.
2.3 (c), where individual grains can be seen. The local thickness of the film
is calculated by adding the z deflection measured and the average thickness,
giving local film thicknesses in the range of 167 nm to 207 nm. A typical
line cut trace (shown in Fig. 2.3 (b)) demonstrates the surface roughness
and approximate grain size. The root mean square (rms) roughness RRMS

10



2.2. VO2 Film Growth and Characterization

300 320 340 360 380

10
2

10
3

10
4

10
5

 

 Heating

 Cooling

25 30 35 40 45 50
0

10

20

30

 

T (Kelvin)2θ (Degrees)

C
P
S

R
 (
Ω
)

(011)

(200)

(020)
(012)

Monoclinic VO2

(room temperature)

(a) (b)

VO2

n-type Si

Pd

Figure 2.2: (a) XRD profile of the VO2 film studied. Multiple peaks are
observed, corresponding to a polycrystalline film, but the (011) orientation
is most prominent. (b) The resistance-temperature measurement of the VO2

film studied. Reproduced from Kim et al. [10].

is calculated by

RRMS =

√√√√ 1

n

n∑
1

(∆y)2. (2.1)

RRMS of the image is 6.3 nm.

We estimate the average grain diameter in two ways. First, using the
cross sectional TEM image, we measure the total length of the image to
be 545 nm, and divide by the number of grains (7). This one dimensional
measurement gives a rough estimate of the grain diameter to be 78 nm. The
second method uses the full topography, shown in Fig. 2.3 (c), where the
total grains are counted (48), and the length and width are measured. The
average of the grain length and width is taken to be the diameter of the
grain. This two dimensional measurement gives an average diameter of 67
nm, with a deviation of 13 nm. We estimate the average grain diameter to
be ∼ 72 nm.

Resistance measurements of the film as a function of temperature gives
the IMT temperature of our film to be about 339 K upon heating, and around
334 K while cooling (Fig. 2.2 (b)). A voltage bias was applied between two
neighboring 500 × 500 µm2 Pd contact pads, 1 mm apart. The resistance
through the VO2 film was calculated from the measured current between the
pads. Varying the distance between the pads did not change the resistance,
verifying that the current flowed vertically through the film (as shown in the
inset in Fig. 2.2 (b)), and that there was negligible resistance from the Si
substrate.
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Figure 2.3: (a) Cross sectional TEM image of the VO2 film studied. An
average thickness of 187 nm is measured. (b) A line cut from the topography
measured by AFM showing the typical height variation across the map. (c)
An AFM image of the surface of the VO2 film, where individual grains can
be seen.

2.2.2 Dielectric constant of VO2

There have been many measurements of the dielectric constant of VO2, la-
belled εV, with some of these measurements presented in Table 2.1 and Fig.
2.4.

Table 2.1: Summary of previous measurements of εV. Also plotted Fig. 2.4.
Author Film Substrate Temp. (K) εV

Zylbersztejn [32] single crystal - 298 39
Barker [70] single crystal - 299 40.6
Yang [25] 100 nm HfO2/n-Si 293 - 373 35 - 66000
Hood [78] 160 nm Al2O3(0001) 348 - 371 1000 - 16700
Ruzmetov [24] 100 nm Si(001) 293 240
Yang [60] 100 nm Ge(100) 293, 333 13.5, 7.9
Ko, unpublished 370 nm Al(100) 293 - 328 4.5 - 920
Ko, unpublished 370 nm Si(100) 293 - 333 4.5 - 16.2

In general, εV is frequency dependent, and since our IV curves were
acquired by a DC measurement we do not consider the high frequency mea-
surements reported by Yang [25] and Hood [78]. Ruzmetov’s [24], Yang’s
[60], and Ko’s measurements of εV were calculated using the Poole-Frenkel
(PF) slope. By using the known temperature and measuring the PF slope,
the dielectric constant was calculated. Measurements of εV grown on Si are
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Figure 2.4: All measured dielectric constant data for VO2 of varying thick-
ness on various substrates. Notice the log scale of the y-axis. Citations in
Table 2.1.

the most similar to our experiment and minimize the difference in the strain
of the film.

Ruzmetov’s measurement on Si was performed by an AFM tip on a 200
nm Au contact [24]. The PF slope is inversely proportional to T and εV, so
if the temperature of the film was higher than assumed it would increase the
calculated value of εV. Therefore, it may be possible that the film warmed
during Ruzmetov’s measurement, which artificially increased the measure-
ment of εV. For Ko’s measurement the temperature of the film is fixed by
depositing large Pd pads in thermal equilibrium with the sample. Since
smaller devices are more susceptible to heat dissipation due to surface-to-
volume ratio thermal effects could play a role because of the smaller size of
the contact in comparison with Ko’s measurement. We use Ko’s measure-
ment of εV grown on Si, since it is the most similar to our film, and less
susceptible to thermal effects than Ruzmetov’s measurement.

We fit a functional form to the temperature dependent εV data to in-
terpolate and extrapolate over the 293 K - 340 K range. An exponential
dependence of the form

εV(T [◦C]) = a+ b · eT/c (2.2)

was found to fit the desired data range the closest, with fit parameters and
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Figure 2.5: Different functional forms considered when fitting Ko’s εV data.
Red is the exponential form used (Eq. 2.2), blue and green fits are of the
form in Eq. 2.4. The blue curve uses the measured transition temperature
of our film TC = 339.5 K, and the green curve fit the transition temperature
to TC = 345 K.

standard error of

a = 4.44± 0.12

b = 0.0176± 0.0047

c = 9.22± 0.37 ◦C. (2.3)

Although the shift from celsius to Kelvin is a well-defined linear shift, fitting
to an exponential function in Kelvin produced a much larger relative error
in the parameter b. The fit is performed in celsius to keep the relative error
reasonable, then shifted to Kelvin when calculating the temperature of the
film. When calculating the film temperature the input temperature must be
in Kelvin for consistency with the fundamental constants in the PF slope.

We also considered a fit of the form

εV(T ) = a1 +
b1

(TC − T )c1
(2.4)

where TC is the IMT temperature (TC = 339.5 K for our film) and a1, b1,
and c1 are parameters to be fit. A second fit of the same form is considered
where the IMT temperature, TC is a fourth fit parameter.

Figure 2.5 shows the three fits considered, with the exponential fit shown
in red (Eq. 2.2), and the two fits of the form in Eq. 2.4 is shown in blue
and green. The blue curve is the three-parameter fit where the transition
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temperature is assumed to be 339.5 K, the green curve is the four-parameter
fit, with TC fit to 345 K.

We find that the exponential form has the lowest rms error for Ko’s data
on Si. The exponential form was also found to fit all temperature dependent
sets of εV data (Fig. 2.4) before the transition temperature. We use the
exponential form (Eq. 2.2) since we are primarily using the fit to interpolate
and extrapolate data over the range 293 K to 340 K, assuming the insulating
state is not stable above 340 K.

2.3 IV Collection and Correction

With the AFM in contact mode, the voltage bias is ramped from 0 to 15
V and back, measuring the current at 0.05 V intervals at each point on a
256 × 256 grid over the 500 × 500 nm2 image area. A typical IV curve
is shown in Fig. 2.6, with the voltage ramp up shown in blue, and ramp
down shown in red. At low voltages the film is in the insulating state, and
at high voltages the film is in the metallic state. The IMT can be seen as
the sudden increase in the measured current (decrease for voltage ramping
down). At each point four consecutive sweeps are performed, and are found
to be consistent with each other, ruling out sudden changes in film quality
or contact resistance. Data from the second sweep is analyzed throughout
this work. We use the data from ramping the voltage up to calculate the
electric field and temperature.

In each raw IV curve there are two artifacts that must be addressed. The
first is the presence of a current spike and subsequent exponential decay, both
when ramping up and down, immediately following the IMT (Fig. 2.6). The
large spike and decay is due to a stray capacitance (C) in the system, which
we show does not affect the current through the film in the insulating state.
The second is the presence of a large resistance in the metallic state, which
occurs at voltages greater than the transition. In the metallic state we expect
a negligible film resistance, but observe a non-negligible relationship between
I and V . This non-negligible resistance does not arise from the VO2 film,
but it does have to be accounted for to precisely determine the voltage across
the film.

First, we calculate the resistance of the film in the metallic state, then
measure the effective resistance and decay time in the insulating and metallic
state. We estimate the metallic state resistance of VO2 to confirm it is
much less than the measured resistance at high voltages. The metallic state
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Figure 2.6: The raw data with the current spike in both the ramping up
(blue) and down (red) data. The linear region at higher voltages is signals
the film is in the metallic state. The slope in the metallic state is fit to
calculate Rext.

resistance of VO2 is calculated using

Rfilm, met =
d

σmetal ·A
, (2.5)

where d is the thickness of the film, σmetal is the metallic state conductivity,
and A is the average area of a grain. We use the average area of a grain,
assuming the conductivity and thermal conductivity are sufficiently large at
the grain boundary such that the induced current or temperature does not
diffuse into neighboring grains, thus only the grain in contact with the tip
is in the metallic state. We make this assumption based on the observation
of percolation of the IMT through separate grains [10]. We use the metallic
state conductivity previously measured to be σmetal = 105 Ω−1 m−1 [29, 33].
Assuming a film thickness of 187 nm and grain diameter of 72 nm, these
values give an upper bound estimate of the metallic state resistance as

Rfilm, met ≈
1.87× 10−7 m

105 Ω−1 m−1 · 4× 10−15 m2
≈ 470 Ω. (2.6)

This calculated resistance is an upper bound, since we do not consider current
leak into neighboring grains.

The linear relationship between I and V is identified as an effective re-
sistance in both the insulating and metallic state. When ramping up (red
line in Fig. 2.7 (a)) the average effective total resistance in the metallic state,
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2.3. IV Collection and Correction

Reff, met is found to be 66 kΩ for the image. When the voltage is ramped
down the average effective resistance in the insulating state, Reff, ins, is mea-
sured to be 166 kΩ for the image (red line in Fig. 2.8 (a)). The effective
resistance in the insulating state is used as a loose guide for what we expect
for the VO2 metallic state, since we expect the film to follow the PF conduc-
tion mechanism in the insulating state, not Ohmic conduction (See Section
2.4).

When ramping the voltage up (down) we observe a large current spike
at the transition, which decays exponentially into the metallic (insulating)
state. These spikes indicate a stray capacitance in our system, which dis-
charges when the film undergoes the IMT. In both the metallic and insulating
state we fit to the exponential decay and calculated a decay time, τ . Figs.
2.7 and 2.8 focus on the exponential decay in the IV curves in the ramping
up and down data sets respectively. To fit the decay time the linear offset
is subtracted off in both cases, and is indicated by the red line in panel (a)
of both figures. Panel (b) shows the shifted exponential decay and corre-
sponding fit, where the ramp rate of 500 V/s has been used to convert the
x-axis from volts to seconds. Finding two different decay constant values is
not surprising since the film resistance is changing between the two states,
and τ = RC.

Voltage (V)
9 10 11 12 13 14 15

C
u
rr

e
n
t 
(A

)

×10
-4

0.5

1

1.5

2

C
u
rr

e
n
t 
(A

)
C

u
rr

e
n
t 
(A

)

(a) 

(c) 

Steps of correcting: a) cor I, b) c

PF linearized axes

(a)

time (s) ×10
-3

0 2 4 6 8

I 
(A

)

10
-8

10
-7

10
-6

10
-5

10
-4(b)

Reff, met  66 000  met  6.3 × 10-4 s 

linear subtraction fitted curve

Figure 2.7: Exponential decay in the IV data when ramping up the applied
voltage. (a) The capacitance spike in the data when the applied voltage is
ramped up. The red line indicates the line that was subtracted from the
data to leave the exponential decay. (b) The exponential decay data (blue)
and fit (red) used to determine the decay constant τ .

We have so far measured the effective resistance and the decay time
in both the insulating and metallic state, and calculated the metallic state
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Figure 2.8: Exponential decay in the IV data when ramping down the ap-
plied voltage. (a) The capacitance spike in the data when the voltage is
ramped down. The red line indicates the line that was subtracted from the
data to leave the exponential decay. (b) The exponential decay data (blue)
and fit (rted) used to determine the decay constant τ . Recall that the voltage
is ramped down, so when converting to time the spike happens first, then
the decay, as expected of the usual exponential decay.

resistance of the film. Table 2.2 summaries these measured values. The table
also lists the unknown values that must be solved for.

Next, we must relate the measured time constant and effective resistances
to the film resistance, external resistance, and stray capacitance. Because
the tip-sample geometry is effectively a 2-probe IV measurement, we must
correct for the external series resistance in the contacts and leads. We model
the film as a simple resistor (Rfilm), and the additional resistance as a second
external resistance (Rext) in series with the film. We model the data collec-
tion by the CAFM as an effective circuit diagram, with the three models we
consider shown in Fig. 2.9. The voltage correction will be different depending

Insulating Metallic
Reff 166 000† Ω 66 000 Ω

τ 6.3 ×10−4 s 3.0 ×10−4 s
Rfilm unknown 470 Ω

Rext unknown
C unknown

Table 2.2: Measured or calculated values of the effective resistance and decay
time in our data.
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Figure 2.9: Possible effective circuit diagrams. (a) The stray capacitance in
parallel with both the film and external resistance. (b) The stray capacitance
in parallel with only the film resistance. (c) The stray capacitance in parallel
with only the external resistance.

on the geometry of the effective circuit, so we first determine which of the
three cases depicted in Fig. 2.9 produces the capacitance spike we observe in
our data. In each case we simulate the circuit using approximate values to
determine which configuration produces the capacitance spike we observe.

The Thevenin equivalent circuit will be used to determine the voltage
and resistance that should be used when calculating the decay constant τ =
RTHC. Thevenin’s Theorem state that any combination of batteries and
resistances with two terminals can be replaced by a single voltage source,
VTH and a single series resistor RTH. To calculate the Thevenin equivalent
voltage one first identifies the load, in this case the capacitor, and calculates
the open circuit voltage at the load terminals. The Thevenin resistance is
VTH divided by the current with the terminals short circuited.

Stray Capacitance parallel to both resistors

We first focus on the case where the capacitance is in parallel with both re-
sistances (Fig. 2.9 (a)) is the simplest. The Thevenin voltage is the measured
voltage, and the Thevenin resistance is the sum of the resistances in series,

RTH = Rfilm +Rext, (2.7)

in both the insulating and metallic state. Once the load capacitor is rein-
stated into the circuit, the time constant becomes τ = RTHC which we use
to relate the measured decay time in the insulating and metallic state to the
model resistances and capacitor.
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Insulating Metallic
Reff 166 000 Ω 66 000 Ω

τ 6.3 ×10−4 s 3.0 ×10−4 s
Rfilm 73 070 Ω 470 Ω

Rext 65 530 Ω

C 4.5 nF

Table 2.3: Measured or calculated values of the effective resistance and decay
time from our data (black), and the solved parameters from the case where
the capacitor is in parallel with both the film and external resistance (blue).
†equation and value not used to solve for parameters.

Taking into account the decay times in the insulating and metallic state
gives 2 more equations. Putting these 3 equations together, we can solve for
approximate average values of Rfilm, ins, Rext, and C, which are filled in blue
in Table 2.3.

Reff, met = 66000 Ω = (470Ω +Rext)

τins = 6.3× 10−4 s = C · (Rfilm, ins +Rext)

τmet = 3.0× 10−4 s = C · (470 Ω +Rext) (2.8)

We use LT Spice2 to simulate this circuit, using the solved values and
ramping the voltage at the same rate as the collected data (500 V/s in 0.05 V
intervals), and instantaneously change the film resistance from its insulating
state resistance to its metallic state resistance when the input voltage is 10
V. The simulated signal is shown in Fig. 2.10. From this figure we can see
that this configuration does not produce a capacitance spike.

Stray capacitance in parallel with the film

The cases with the capacitance in parallel with one of the resistors (Fig. 2.9
(b) and (c)) have very similar Thevenin equivalent circuit calculations. The
Thevenin voltage when the capacitor is in parallel with the film (external
resistance) can be seen as the voltage through the film (external resistance).
The Thevenin resistance in both cases is the film and external resistance
added in parallel,

RTH =
Rfilm ·Rext

Rfilm +Rext
. (2.9)

2www.linear.com/ltspice
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Figure 2.10: (a) Possible effective circuit diagram. (b) The simulated result
of the circuit from (a), with values from Table 2.3. The measured current is
the sum of the displayed measurements.

The time constant for both of these cases is τ = RTHC, which we use to
relate the measured decay time in the insulating and metallic state to the
model resistances and capacitor.

Reff, met = 66000 Ω = Rext + 470 Ω

τins = 6.3× 10−4 s = C ·
Rfilm, ins ·Rext

Rfilm, ins +Rext

τmet = 3.0× 10−4 s = C · 470 Ω ·Rext

470 Ω +Rext
(2.10)

Solving these three equations for the 3 unknowns, finds an insulating state
resistance of the film of approximately 1000 Ω, which is hardly insulating.
In this case, we include the effective resistance in the insulating state, and
allow the metallic state resistance of the film to vary. This is equivalent to
adding a secondary external resistance in series with the film and parallel
with the stray capacitor. Our new system of equations to solve is

Reff, ins = 166000 Ω = Rfilm, ins +Rext

Reff, met = 66000 Ω = Rfilm, met +Rext

τins = 6.3× 10−4 s = C ·
Rfilm, ins ·Rext

Rfilm, ins +Rext

τmet = 3.0× 10−4 s = C ·
Rfilm, met ·Rext

Rfilm, met +Rext
(2.11)
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Insulating State Metallic State
Reff 166 000† Ω 66 000 Ω

τ 6.3 ×10−4 s 3.0 ×10−4 s
Rfilm 123 000 Ω 23 000 Ω

Rext 43 000 Ω

C 19.9 nF

Table 2.4: Measured or calculated values of the effective resistance and de-
cay time from our data (black), and the solved-for parameters from the case
where the capacitor is in parallel with the film (blue). †Assumes the insulat-
ing state is a simple Ohm resistor, which we argue in the following section
it is not.

We let the metallic state resistance of the film be a parameter to solve
the system, the results of which are summarized in Table 2.4.
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Figure 2.11: (a) Possible effective circuit diagram. (b) The simulated result
of the circuit from (a), with values from Table 2.4. The measured current is
the current through the external resistance.

Once again, we see that this configuration does not produce the measured
signal, so we move to the final configuration.

Stray capacitance in parallel with the external resistance

For the decay time in this case, the Thevenin equivalent resistance is the
same as the capacitor in parallel with the film, Eq. 2.9. Since the two cases
are so similar, we expect an unphysical solution using three equations, so
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2.3. IV Collection and Correction

Insulating State Metallic State
Reff 166 000† Ω 66 000 Ω

τ 6.3 ×10−4 s 3.0 ×10−4 s
Rfilm 123 000 Ω 23 000 Ω

Rext 43 000 Ω

C 19.9 nF

Table 2.5: Measured or calculated values of the effective resistance and decay
time from our data (black), and the solved parameters from the case where
the capacitor is in parallel with the external resistance (blue). †Assumes the
insulating state is a simple Ohm resistor, which we argue in the following
section it is not.

we once again solve the system of four equations and include the effective
resistance in the insulting state.

Reff, ins = 166000 Ω = Rfilm, ins +Rext

Reff, met = 66000 Ω = Rfilm, met +Rext

τins = 6.3× 10−4 s = C ·
Rfilm, ins ·Rext

Rfilm, ins +Rext

τmet = 3.0× 10−4 s = C ·
Rfilm, met ·Rext

Rfilm, met +Rext
(2.12)

Of the three cases, however, only the configuration with the capacitance
in parallel with the external resistance results in a capacitance spike and
subsequent decay at the IMT. In this situation however, the magnitude of
the metallic state resistance is orders of magnitude larger than the calcu-
lated value. A fourth configuration is then considered, where the external
resistance is split between two external resistors in series, and the stray ca-
pacitance is in parallel with one (Fig. 2.13 (a)). Calling the part of the
resistance that is in parallel with the capacitor Rext1, and the remaining ex-
ternal resistance Rext2, the Thevenin equivalent resistance is found by first
adding the film resistance and Rext2 in series, then adding Rext1 in parallel,

RTH =
(Rfilm +Rext2) ·Rext1

Rfilm +Rext2 +Rext1
. (2.13)

Physically, the resistance Rext1 could describe the resistance across a thin
oxide layer between the film and substrate, which creates a capacitor. This
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2.3. IV Collection and Correction
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Figure 2.12: (a) Possible effective circuit diagram. (b) The simulated result
of the circuit from (a), with values from Table 2.5. The measured current is
the current through the film.

oxide would be very thin, which could account for the relatively high values of
the stray capacitance calculated above. The resistance Rext2 can physically
be anywhere in the circuit, provided it is in series with the film resistance.
Specifically it could represent the contact resistance between the tip and the
film surface.

Reff, ins = 166000 Ω = Rfilm, ins +Rext, 1 +Rext, 2

Reff, met = 66000 Ω = 470 Ω +Rext, 1 +Rext, 2

τins = 6.3× 10−4 s = C ·
(Rfilm, ins +Rext2) ·Rext1

Rfilm, ins +Rext2 +Rext1

τmet = 3× 10−4 s = C · (470 Ω +Rext2) ·Rext1

470 Ω +Rext2 +Rext1
(2.14)

Now we solve for the 4 unknowns, Rfilm, ins, Rext1, Rext2, and C, finding
similar numbers to the previous configuration, but we can constrain the film
resistance in the metallic state. The values are reported in Table 2.6, and
the LT Spice simulation is shown in Fig. 2.13 (b).

In Fig. 2.14, the current contributions from various elements have been
explicitly plotted. The current through Rfilm and Rext2 are equal due to
Kirchhoff’s current law and are equal to the current measured by the AFM.
Therefore, we do not need to correct the measured current, only the voltage.

One final check that is performed to justify this configuration is the
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2.3. IV Collection and Correction

Insulating State Metallic State
Reff 166 000† Ω 66 000 Ω

τ 6.3 ×10−4 s 3.0 ×10−4 s
Rfilm 100 500 Ω 470 Ω

Rext1 42 600 Ω

Rext2 22 900 Ω

C 19.9 nF

Table 2.6: Measured or calculated values of the effective resistance and de-
cay time from our data (black), and the solved parameters from the case
where the capacitor is in parallel with some of the external resistance (blue).
†Assumes the insulating state is a simple Ohm resistor, which we argue in
the following section it is not.
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(a) (b)

Figure 2.13: (a) Final effective circuit diagram where the capacitance is in
parallel with only part of the external resistance. (b) The simulated result
of the circuit from panel (a), using the values reported in Table 2.6.

simulation for when the voltage is ramped down. Using the same circuit as
shown in Fig. 2.13 (a), but starting Vmeas at 15 V and ramping to 0 V results
in a similar order of magnitude spike and decay as we observe in the down
case. The simulation is shown in Fig. 2.15.

Now that we have confirmed the effective circuit diagram and solved for
the values, the voltage through the film can be determined in terms of the
measured current and the current leak through the capacitor, IC .
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Figure 2.14: Final IV simulation output current, decomposed into signal
from each component.
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Figure 2.15: Final IV simulation output current, for voltage ramping down.

Kirchhoff’s voltage law states

Vmeas = Imeas ·Rfilm + Imeas ·Rext, 2 + (Imeas − IC) ·Rext, 1, (2.15)

which we rearrange for the voltage through the film, Vfilm = Imeas ·Rfilm.
However, we first address to the assumption and resulting equation cor-

responding to treating the insulating state resistance as a simple Ohmic
resistor. This simplification was adequate to produce a fourth equation to
solve and to roughly model the system using LT Spice, however, we will
not use it to explicitly solve for the circuit elements. Instead, we write the
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2.3. IV Collection and Correction

voltage data correction in terms of metallic state resistance of the system
which is the fit metallic state slope and the metallic state resistance of the
film which we calculated using metallic state conductivity.

Vfilm = Vmeas − Imeas(Rext, 1 +Rext, 2) + IC ·Rext, 1

= Vmeas − Imeas(Reff, met − 470 Ω) + IC ·Rext, 1. (2.16)

Next, we use the 3 equations and 4 unknowns with the constraint that
all resistances and capacitance values much be positive to find the upper and
lower bound of the charge on the capacitor in the insulating state. Then,
we quantify the magnitude of IC ·Rext, 1. Approximating realistic, yet high
values for IC and Rext, 1,

Vfilm ≈ Vmeas − 50 µA · 65500 Ω + 4 µA · 45000 Ω

≈ Vmeas − 3.4 V + 0.18 V
≈ Vmeas − 3.4 V · 95%

≈ Vmeas − Imeas(Reff, met − 470 Ω) · 0.95. (2.17)

Furthermore, analysis of the circuit, circuit elements, and bounding the
values of the circuit elements was performed by Jason Hoffman. The details
of this analysis can be found in Appendix C. This analysis bounds Rmetal

film
below ∼ 22 kΩ, Rext, 1 between 46 kΩ and 68 kΩ, which greatly reduces
the total plausible solution space. The resulting insulting state resistance,
Rext, 2, and capacitance are solved over this range in Fig. C.5. The stray
capacitance is found to be very large, on the order of 100 nF for larger
Rext, 1 values. Even though this region of the parameter space satisfies all
conditions, it produces non-realistic values. For each solution the product
IC · Rext, 1 and Imeas(Reff, met − 470 Ω) are calculated (Fig. C.6) and the
resulting percentage correction. A large fraction of the solution space has
a correction factor less than 10%, so we use a 5% (or equivalently, 95% of
Imeas(Reff, met − 470 Ω) correction factor as an average correction.

As a check, we perform our PF analysis and vary the percentage correc-
tion from 100% down to 50% (or a the ratio of IC ·Rext, 1 to Imeas(Reff, met−
470 Ω) from 0% to 50%) to calculate the resulting temperature. From the
analysis in Appendix C, we would only expect a correction of 80% for plau-
sible values of the circuit elements. Varying the correction down to a 90%
correction factor, only chagnes the final temperature calculation by 1 K. We
take this into account in the final reported temperature uncertainty.

To better describe the current in the insulating state and the IMT, a
non-linear approximation of the film resistance could be considered. The
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2.3. IV Collection and Correction

Figure 2.16: Final calculated temperature over a square in the middle of
the image 100 × 100 pixels large, as a function of increased current through
IC . Only for percentages greater than 80% (marked with a dashed line), the
correction percentage corresponds to a plausible solution to the 3 equations.
A value of 95% is used throughout the analysis.

second check we perform is to account for the possibility of a larger metallic
state resistance. Our PF analysis was rerun assuming the resistance of VO2

in the metallic state is increased up to 20 000 Ω. The final temperature
calculation is shown as the resistance of the metallic state of VO2 is increased
in Fig. 2.17. The temperature increases by 0.2 K when the metallic state
resistance is increased by a factor of 10. We account for this variation in the
final reported temperature uncertainty.

Finally, we look to map these resistances onto physical components in the
CAFM. We are not sure of the composition of the interfacial layer between
the Si substrate and the VO2 film, but we assume it is between Si and SiO2.
We estimate the lower bound through the SiOx interfacial layer by assuming
the resistivity is closest to that of Si, ∼ 3200 Ωm, using the interface layer
thickness of 2 nm, and grain contact area of 4 ×10−15 m2,

Rinterface = ρSi · d/A
= (3200 Ωm) · (2× 10−9 m)/(4× 10−15 m2)

≈ 1.6× 109 Ω. (2.18)

Similarly we estimate the capacitance using the dielectric constant of SiO,
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Figure 2.17: Final calculated temperature over a square in the middle of
the image 100 × 100 pixels large, as a function of increased metallic state
resistance of VO2. A value of 470 Ω is used throughout the analysis.

εSiO = 5.5 [79],

Cinterface = εSiOε0A/d

= (5.5) · (8.85× 10−12 F/m) · (4× 10−15 m2)/(2× 10−9 m)

≈ 10−16 F. (2.19)

Both of these values are off by orders of magnitude; 5 orders of magnitude
too large in the case of resistance, and 8 orders of magnitude too small in
the case of capacitance. One way to reconcile the large difference between
the calculated and measured R and C is to look at the ratio A/d. The area
to thickness ratio is present in both calculations, and seems to be too small
by 8 orders of magnitude. Instead, we work backwards and consider a larger
effective area. Starting with the calculated stray capacitance, we estimate
the effective area

A = C · d/(εSiOε0)
= 1.9× 10−8F · 2× 10−9m/(5.5 · 8.85× 10−9 F/m)

≈ 7.8× 10−7 m2. (2.20)

An effective area of 7.8 ×10−7 m2 corresponds either to a circle of radium
500 µm, or a square of side length 880 µm. Again working backwards, we
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2.4. Conduction Mechanisms in Insulators

use this area to calculate the resistivity of the SiOx layer,

ρSiOx = Rext1 ·A/d
= 44100 Ω · 7.8× 10−7m2/2× 10−9m

≈ 1.7× 107 Ωm. (2.21)

This resistivity is within the range of reasonable resistivity values of the
interface layer, since ρSi = 3200 Ωm, and good SiO2 has resistivity ρSiO2 ≈
1015 Ωm

We have determined the effective circuit diagram for our data, and iden-
tified it with a leaky SiOx layer in between the film and substrate. Yang
and Hu model a leaky gate dielectric in the same manner as we have, with
a resistor and capacitor in parallel, and a second resistor in series [80]. The
resistor in parallel represents the effective device resistance due to leakage
through the oxide, and the resistor in series represents any series resistance,
such as that through the substrate and gate itself.

2.4 Conduction Mechanisms in Insulators

To determine which conduction mechanism dominates our VO2 film, we re-
view all conduction mechanisms in insulators [45]. Table 2.4 summarizes
these mechanisms, with the current I and voltage V dependence, and typ-
ical electric field (E) and temperature ranges where each mechanism is ap-
plicable. The table also includes the film properties that must be known or
measured in order to accurately calculate the temperature.
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Table 2.7: Summary of conduction mechanisms in insulators [45]. Additional sources cited individually.

Mechanism Limited I and V linearized form
Required
properties Typical E Typical T

Schottky Emission [81] Electrode ln(I) =
e3/2

(4πε0εid)1/2kBT
V 1/2 + C εi, d E . 500 MV/m T & 400 K

Fowler-Nordheim
Tunneling [81, 82] Electrode ln

(
I

V 2

)
=

−8π(2em∗)1/2φ
3/2
B d

3h

1

V
+ C m∗, φB, d E & 100 MV/m,

d . 10 nm
T . 100 K

Thermionic-Field
Emission [81] Electrode ln

(
I

V

)
=

~2e2

24m∗d2(kBT )3
V 2 + C m∗, d E . 500 MV/m T . 2000 K

Direct Tunneling [82, 83] Electrode I = − ae2

2πhd2
V exp

(
−4π(2em∗φB)

1/2d

h

)
m∗, φB, d E . 100 MV/m,

d . 10 nm
T . 100 K

Poole-Frenkel
Conduction [25, 84] Bulk ln

(
I

V

)
=

e3/2

(πε0εid)1/2kBT
V 1/2 + C εi, d E & 15 MV/m 100 K - 400 K

Hopping
Conduction [85] Bulk ln(I) =

er

dkBT
V + C r, d E . 50 MV/m . 300 K

Ohmic Conduction Bulk I =
aeµn

d
V exp

(
−Eg

2kBT

)
Eg E . 10 MV/m 200 K - 500 K

Space Charge-
Limited Conduction Bulk I =

9aµεiθ

8d3
V 2

µ, d E & 10 MV/m 200 K - 500 K

Ionic Conduction [86] Bulk ln(I) =
eri

2dkBT
V + C ri, d T dependent† T & 500 K

†Strongly temperature and material dependent.
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2.4. Conduction Mechanisms in Insulators

Table 2.8: List of variables in conduction mechanisms.
Variable Definiton

e electron charge
ε0 free space dielectric constant
εi dielectric constant of the insulator
d film thickness
m∗ effective electron mass
φB barrier height
a tip contact area
r carrier hopping distance, distance between traps
µ electron mobility
n density of states (in the conduction band)
Eg (band) energy gap
θ ratio of free-carrier density to the total (free plus trapped) carrier density
ri ion hopping distance

We linearize one representative voltage-corrected IV curve before the
transition for each mechanism, and each are plotted in Fig. 2.19 to determine
the dominant mechanism.

We know we fit our IV data in the insulating regime, so the temperature
must be between room temperature and the IMT temperature, giving a range
of 293 K - 340 K. We calculate the electric field at the IMT by finding the
voltage at the transition and dividing by film thickness, giving a maximum
electric field magnitude around 35 MV/m (Sect. 3.1). For the mechanisms,
the order of magnitude of the electric field and temperature of our film are
within reason of the ranges given.

We immediately dismiss some mechanisms by looking at the linearized
plots. Ohmic behavior is the usual metallic conduction, which we observe
in the metallic state, so we don’t expect VO2 to follow the ohmic behavior
in the insulating state. Space charge-limited conduction occurs when the
injected carrier density is greater than the thermally excited carrier density
in an Ohmic material, which follows an I ∝ V 2 dependence. Since we do
not observe Ohmic conduction in the insulating state, we do not expect to
observe the space charge-limited conduction [87]. Furthermore, from both
of the linearized plots (Fig. 2.19 (g) and (h)) we see that neither exhibits
a linear dependence. Ionic conduction, in general, is only observed at high
temperature. Additionally the mechanism would destroy the crystal lattice
by moving the ions, which we do not observe between four sweeps.

Fig. 2.18 shows the remaining conduction mechanisms in terms of energy
band diagrams. The angle of the potential barrier of the insulator represents
applied field strength. Vertical arrows correspond to thermal excitation.
Notice for the electrode limited mechanisms the carrier originates in the
electrode and is conducted through the insulator to the semi-conducting or
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2.4. Conduction Mechanisms in Insulators

conducting substrate, where as in the bulk limited cases, PF and hopping,
the carrier is excited from a trap in the material.

electrode

insulator substrate

electrode

insulator substrate

Schottky

thermionic-field

Fowler-Norheim PF

hoppingtraps

(a) (b)

Figure 2.18: Energy band diagram of (a) Schottky emission, thermionic-field
emission, and Fowler-Nordheim emission, and (b) PF and hopping conduc-
tion.

For the electrode limited mechanisms shown, high fields are required,
and is demonstrated by a steep slope of the insulator band. Schottky emis-
sion is characterized by the thermal excitation of the carrier to overcome the
electrode-insulator barrier height, Fowler-Nordheim occurs at lower temper-
atures where the carrier tunnels through the insulator, and thermionic-field
is a combination of thermal excitation and tunneling through the insulator.
Direct tunneling, not shown, occurs in low fields where the entire width of the
insulator is seen as a barrier by the carrier. Given the average thickness of
our film (187 nm), we can immediately rule out the carrier tunneling through
our film. In particular, Fowler-Norheim tunneling and direct tunneling are
not dominating our film.

The difference between PF and hopping conduction is similar to that
of Schottky and Fowler-Nordheim. In the PF mechanism the carriers are
thermally excited out of traps, and trap height is reduced by an applied
field, and in hopping the carriers tunnel from trap to trap.

Electrode limited mechanisms depend on the electrode - semiconductor
interface, in this case the gold coated tip in contact with the VO2 film. The
Schottky-Mott rule for barrier height is the difference between the metal work
function and the semiconductor vacuum ionization energy. These values
have been measured to be 5.30 eV for gold deposited at 50 ◦C and 5.15
eV for insulating VO2 respectively, resulting in a barrier height of 0.15 eV
[88]. The Schottky-Mott rule is not found to be an accurate prediction of
the barrier in all metal-insulator interfaces due to a phenomenon known as
Fermi level pinning. Fermi level pinning describes how the conduction band
of the semiconductor bends at an interface independent of the metal with
which it is in contact. Importantly, it removes the work function dependence
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2.4. Conduction Mechanisms in Insulators

of that barrier height, instead stating that the barrier energy is constant and
simply equal to one half of the semiconductor band gap. In VO2 the band
gap is ≈ 0.7 eV, giving a barrier height of about 0.35 eV [16].

The thermal energy, kBT , at 340 K is ∼ 0.03 eV, an order of magnitude
lower then the barrier height. Even though Schottky emission describes the
thermal excitation of carriers, high fields can reduce the barrier height. The
current density for Schottky emission is described as

J = A∗T 2 exp

[ √
e3|E|√

4πε0εikBT
− eφB
kBT

]
, (2.22)

where the first term in the exponent describes how the barrier is lowered by
an applied field, and all variables are defined in Table 2.8. Using our applied
field of ∼ 35 MV/m, the barrier is lowered by

√
e3|E|/4πε0εi = 0.05 eV.

Even with the tip-sample potential barrier lowered by the applied field, the
thermal energy is not sufficient for Schottky emission in VO2.

Thermionic-field emission is generally seen at higher fields than Schottky
emission at comparable temperatures. Petrin calculated the current density
dependence for the three types of emission: Schottky, field, and thermionic-
field emission at 300 K [89]. For a barrier height comparable to VO2 close to
room temperature thermionic-field only dominates between 180 MV/m and
320 MV/m, which is an order of magnitude larger than our applied field. We
conclude that thermionic-field emission does not dominate our VO2 film.

PF conduction and hopping conduction are the only remaining mecha-
nisms that are applicable in our electric field and temperature range. Looking
at the linearized plots (Fig. 2.19), both PF (e) and hopping (f) appear to
have a linear region at the higher applied voltage just before the transition.

The current density due to the hopping conduction mechanism is de-
scribed by

J = ernCν exp

(
er|E| − Ea

kBT

)
(2.23)

where e is the electric charge, r is the hopping distance, nC is the concentra-
tion of carriers, ν is frequency of thermal vibrations, and Ea is the activation
energy. We fit the hopping mechanism by plotting ln I as a function of V .
In a hopping-dominated material the slope of the linear fit would be equal
to er/(dkBT ). VO2 has not been demonstrated to follow the hopping mech-
anism, and the hopping distance, r, has not been reported. Since both r and
T are unknown, it is challenging to accurately calculate the temperature of
the film. However, we can check for consistency by fitting the IV curve and
assuming reasonable values for the hopping distance or temperature. When
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Figure 2.19: A typical IV curve from the data analyzed in this thesis, lin-
earized for each of the conduction mechanisms in insulators. Where the scale
has been altered, the true voltage scale is shown on the top axis. Current
is displayed in A, and voltage in V unless otherwise indicated. (a) Schottky
Emission. (b) Fowler-Nordheim Tunneling. (c) Thermionic-Field Emission.
(d) Direct Tunneling. (e) Poole-Frenkel Emission. (f) Hopping Conduction.
(g) Ohmic Conduction. (h) Space Charge-Limited Conduction. (i) Ionic
Conduction.

the hopping distance is fixed at a reasonable length, in the 0.1 - 3 nm range
[84], the temperature is well below room temperature which we know is not
accurate. Fixing the temperature in the range 293 K - 340 K results in
a hopping distance on the order of tens of nanometers. We conclude that
our film is not dominated by the hopping mechanism because it predicts
unreasonable film properties.

Taking into consideration the electric field and temperature ranges, and
comparing the linearized plots, we conclude that PF emission is the dominant
conduction mechanism in our VO2 film, in agreement with literature [21, 25].

PF conduction is when high fields and temperatures excite carriers out of
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traps into the conduction band. Poole first described the effects of thermal
excitations on trapped carriers, σ = σ0eα|E| and in 1938 Frenkel incorporated
the effect of high electric fields, describing how high fields lower the effective
trap height, and therefore lower the thermal energy required for trapped
carriers to become excited into the conduction band [44].

The potential of a trap is lowered by ∆U = e|E|r0 + e2

4πε0εir0
, the energy

from the applied field and the coulomb interaction with the trap, where r0
is the distance to the maximum from the trap. The maximum potential
occurs when the two contributions are equal, e|E|r0 = e2

4πε0εir0
, giving r0 =(

e
4πε0εi|E|

)1/2
. Thus the potential energy of the trap is lowered by

∆U = 2e|E|r0 =
e3/2|E|1/2

(πε0εi)1/2
. (2.24)

Using the thermal ionization probability equation, exp[−(Ea − ∆U)/kBT ],
where Ea is the activation energy of the trap, the PF conductivity is written
as

σ = σ0 exp

[
e3/2E1/2

(πε0εi)1/2kBT
− Ea

kBT

]
, (2.25)

and the PF current density is

J = σ0E exp

[
e3/2E1/2

(πε0εi)1/2kBT
− Ea

kBT

]
. (2.26)

Thus we see that the IV linearized form of the PF mechanism for VO2 is

ln

(
I

V

)
=

e3/2

(πε0εVd)1/2kBT
V 1/2 + C (2.27)

Where εV is the temperature dependent dielectric constant of VO2 from Eq.
2.2. We plot ln(I/V ) as a function of V 1/2, and fit to the linear region imme-
diately preceding the transition. We define the linear relationship between
ln(I/V ) and V 1/2 as P ,

P ≡ e3/2

(πε0εVd)1/2kBT
. (2.28)
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2.5. A Second Data Set

2.5 A Second Data Set

Two separate maps of IV curves and topography were collected on the same
VO2 film. The data set we have been discussing up until this point we will
refer to as dataset B. This is the data used for electric field and temperature
analysis. Another smaller dataset, hereafter referred to as dataset A, was
acquired before dataset B. Here we discuss dataset A only briefly, and argue
that it has several crucial flaws, before returning to conduct the remainder
of our analysis on the more complete dataset B.

The IV curves for data set B were collected on a 256 × 256 grid over a
500 × 500 nm2 region.

Data set A was over a 1 × 1 µm2 region, splitting the image into a
64 × 64 grid, and collecting IV curves at each point at a ramp rate of 95
V/s. The first problem was the topography showed signs of drift during
measurement. The tip had not completely settled, and continued to move
during the start of the measurement. Although this drift would not affect
the IV measurements, the topography appears stretched along the left and
top of the image. The second issue was that voltage bias was only ramped
up to 12 V, and approximately a third of the pixels in the center of the
image did not transition, leaving our analysis difficult. In our analysis we
must calculate the voltage across the film, where we use the post-transition
resistance to subtract off the external resistance. With little to no data points
in the metallic state we could not get accurate fits to correct the data.

200 nm

25 nm-25 nm

Figure 2.20: Topography from the dataset A.

A typical IV curve with sufficient data in the metallic state from dataset
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A is shown in Fig. 2.21. IV curves from this data set do not show the
capacitance spike at the transition. We also note the much more narrow
hysteresis in this IV curve. If we consider the transition to be due to thermal
effects, then because these IV curves were collected at the slower ramp rate
the film has more time to cool while ramping down, and therefore would
transition to the insulating state sooner than observed in data set B (Fig.
2.6).

Voltage (V)
0 2 4 6 8 10 12

C
u
rr

e
n
t 
(µ

 A
)

0

20

40

60

80

100

120

140

Figure 2.21: A typical IV curve from the first data set for the applied voltage
ramping up (blue) and down (red).

We attempted to perform the same PF analysis on dataset A. However,
after attempting to linearize dataset A in the aforementioned conduction
mechanisms it became clear it behaved fundamentally different than data
set B (Fig. 2.22). Similar to data set B, all mechanisms except for PF and
hopping conduction can be eliminated based on electric field and tempera-
ture ranges. Also similar to data set B we considered the hopping mecha-
nism, but this fitting produced either an unreasonable hopping distance or
an unreasonable temperature.

Unlike data set B however, the PF dependence does not appear linear. All
mechanisms with explicit T dependence are inversely proportional to T when
the IV curves are linearized. So all curves must, at the very least, flatten
out indicating a constant or increasing T, which we do not observe for the
PF conduction mechanism (Fig. 2.22 (e)). The slightly concave quadratic
behavior seen in dataset A would imply that as the bias is increased, the
PF slope increases, corresponding to a decreasing temperature, which is not
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2.5. A Second Data Set

physically reasonable.
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Figure 2.22: A typical IV curve from the first data set, linearized for each
of the conduction mechanisms in insulators. Current is displayed in A, and
voltage in V unless otherwise indicated. (a) Schottky Emission. (b) Fowler-
Nordheim Tunneling. (c) Thermionic-Field Emission. (d) Direct Tunneling.
(e) Poole-Frenkel Emission. (f) Hopping Conduction. (g) Ohmic Conduc-
tion. (h) Space Charge-Limited Conduction. (i) Ionic Conduction.

Because of the spatial drift, the lack of transition in a third of the field of
view, and the unknown dominant conduction mechanism a second data set
was collected, data set B. For the second data set there was no spatial drift,
and the voltage was ramped to 15 V resulting in all pixels transitioning.
When collecting IV curves, the ramp rate for the voltage bias was increased
in order to reduce any thermal relaxation in the VO2 between measurements.
In doing so, the second data set is found to follow the PF mechanism. Due to
the 5x higher voltage ramp rate in dataset B, the stray capacitance produced
a large current spike and subsequent decay at the transition. As discussed
in Sect. 2.3.2, we were able to account for the stray capacitance (Sect. 2.3),
and proceed with the temperature calculation.
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Chapter 3

Analysis

3.1 Electric field

For each IV curve on the map, we find the voltage at which the current
jumps. The voltage through the film at the transition, and the local film
thickness are used to calculate the applied field across the film at the transi-
tion. The local field at the transition for each point on the image is shown in
Fig. 3.1 (a) with histogram and color bar for the map in (b). The histogram
shows a narrow range of electric fields at the transition, which indicates that
by applying a voltage bias we are causing the transition. We find an average
applied electric field at the transition of 32 MV/m ± 3 MV/m, consistent
with previous reports of an electric-field driven transition [21, 24, 27].

Fig. 3.1 shows that the electric field values for the top two thirds of the
image are smaller than those required at the bottom third of the image. This
behavior is also observed in the voltage and the current at the transition,
so we are confident it is not due to a changing VO2 film thickness as shown
in Fig. A.1, in Appendix A where we consider the energy input by the tip
to cause the transition, and conclude that an increase in thickness of the
interfacial SiOx layer on the order of 1 nm could plausibly leak sufficient heat
to increase the required energy to warm the film. The increase in energy flow
through the SiOx layer could consequently cause an increase in the required
voltage to cause the transition and resultant current at the transition.

Comparing the electric field at the transition with the topography of
the film, we can distinguish individual grains in the electric field map. The
electric field at the transition shows little variation within each grain, but
grain edges require a higher applied electric field to transition. Higher re-
quired field could be due to variations within the film, either a change in
V-O stoichiometry or strain, or could be the consequence of the tip being in
contact with multiple grains at once. We can rule out changes in tip-sample
resistance since we correct for the external resistance when correcting for the
voltage through the film.
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3.2. Poole-Frenkel Fitting
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Figure 3.1: (a) Map of the electric field at the IMT. (b) Histogram of the
electric field values at the transition. The color corresponds to the color bar
for the map in (a).

3.2 Poole-Frenkel Fitting

When fitting the PF slope, first the inflection point is found by taking two
numerical derivatives and finding the minimum value. We vary both end-
points around the inflection point, including at least 10 points on each side,
and fit PF slope for numerous ranges, while keeping the overall linear fit
root-mean-square (rms) error below a pre-defined value. We then choose
the fit range with the lowest PF slope. Since the temperature is inversely
proportional to the slope, the procedure of minimizing the slope finds the
maximum pre-transition temperature. Fig. 3.3 shows a representative IV
curve, with the numerical inflection point marked with a red star and the
minimized PF slope found through this method is shown as a yellow line.
The method of minimizing the slope is done for each IV curve in the 2-D
map, and Fig. 3.2 shows the resultant PF slope at each point, along with a
histogram of the values.

The fit shown in Fig. 3.3 is counter intuitive in two ways. First, we are
minimizing the slope, and yet the fit is not centered at the inflection point,
which is presumably the point of the curve that has the most shallow slope.
Second, more than 21 points are used in the fit slope, which seems like it
would only increase the value of the slope.

Addressing the first concern, we notice that the IV curve is asymmetri-
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Figure 3.2: (a) The PF slope found by allowing both endpoints to vary and
minimizing the slope. (b) The corresponding histogram.
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Figure 3.3: A representative PF linearized IV curve with the minimized PF
fit. The red star marks the numerical inflection and the yellow line indicated
the fit minimum PF slope.
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3.2. Poole-Frenkel Fitting

cal, and consequently that the inflection is not necessarily the center of the
most linear region. Looking at the same data as Fig. 3.3, the asymmetry is
emphasized in Fig. 3.4, where a fixed fit region of 21 data points was moved
along the IV curve, with the center point marked in black for the various fits.
The corresponding PF slope (b), and rms error (c) is also shown for each fit.
We can justify fitting close to, but not necessarily centered at the inflection
point by looking at the PF slope and rms error of these fits. When fitting
the PF slope we select the smallest slope to maximize the temperature since
this slope still results in a low rms error, even if it is not the lowest. From
panel (c) we see that the IV curve is the most linear in the vicinity of the
inflection point, but not necessarily centered exactly at the inflection point.

Furthermore we notice from panel (b) that near the inflection point the
center of the fit has very little affect on the PF slope, however as the fit
range approaches the transition the PF slope greatly increases, and soon
doubles in magnitude from ∼ 1.5 V −1/2 near the inflection, increasing up to
> 3 V −1/2. The upturn near the transition may be due to a the film not
being dominated by the PF mechanism at the onset of the transition.

To see why more than 21 data points are included in the fit, we look at
the fit produced from each region considered. The first fit includes the inflec-
tion point and 10 points on either side, then the start point and end point
are systematically extended away from the inflection, fitting and recording
the slope for each set of endpoints, which gives multiple fits with the same
number of data points. Figure 3.5 shows the PF slope for all fit ranges
considered for a particular pixel (same pixel as Fig. 3.3), and displays the
corresponding rms error as a colorbar. We notice that the single 21-point
fit has a relatively low PF slope, but adding more data points causes the
PF slope to decrease a small amount for up to the inclusion of 5 extra data
points. Why including more data points decreases the PF slope is again
related to the asymmetry of the IV curves, where including more points on
one side of the inflection finds the more flat region of the curve. Because we
are fitting near the inflection point, adding more points to the fit leaves the
rms error is relatively unchanged.

Looking back at the dielectric constant of VO2 we can check that the
minimized PF slopes are reasonable. Ko’s measured dielectric data and
error and our temperature fit, εV(T ) are shown in Fig. 3.6, along with the
corresponding PF slope as a color-scale for reasonable values of T and εV
and a constant film thickness of 187 nm. From this plot, we expect the PF
slope to be between about 1 and 3 V −1/2, which we do find across the image
(Fig. 3.2).
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Figure 3.4: (a) A typical PF linearized IV curve, with black points indicating
the center of a fixed length 21-point fitting region. (b) The resultant PF
slope from the 21-point region centered at the black points. (c) The rms
error corresponding to the fit centered at each black point. The numerically
solved inflection and corresponding PF slope and rms error are shown as a
red star on each panel.
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Figure 3.5: The PF slope as a function of number of data points and colorbar
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Figure 3.6: Relation between the dielectric constant, PF slope and temper-
ature of the film. The raw dielectric constant data for a similar film of VO2

grown on n-type Si(100) substrate (black points) with reported errors and
a phenomenological exponential fit to the data (black line) as a function of
temperature are overlaid on the corresponding PF slope P for the average
film thickness d = 187 nm.
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3.3. Temperature

3.3 Temperature

We fit the PF linearized IV curves, and use the defined relation P =
e3/2/[(πε0εVd)1/2 kBT ] (Eq. 2.28). Most of the factors in P are fundamental
constants, leaving only the film thickness d and relative dielectric constant
εV to be measured, before determining T , both of which have already been
measured.

The interpolated temperature-dependent dielectric constant, εV(T ) must
be used self-consistently to determine the temperature of each point on the
map. The temperature immediately preceding the transition is calculated
at each point on the map, and the resulting temperatures are shown in Fig.
3.7 (a), along with the corresponding histogram (b). We find an average
temperature of 335 K, with a standard deviation of 4 K. We note the sharp
cut off of calculated temperatures at 340 K, the bulk IMT temperature, very
close to the IMT temperature of our film ∼ 339 K.

We once again notice that the temperature varies little within each grain,
but that the calculated temperature seems to abruptly change across some
grain boundaries. Some of the sharp changes in temperature across grain
boundaries correspond to grains that exhibit more than one current jump
in the IV curves. The grains with multiple jumps can be correlated with
some of the cooler grains in the temperature map. In the following section
we discuss IV curves with multiple jumps. We also notice a similar, but
less pronounced effect as observed in the electric field map, where higher
temperatures were calculated in the bottom third of the image. Higher
calculated temperatures in the bottom third of the image are consistent
with the hypothesis that the SiOx interfacial layer caused the VO2 film to
require more input energy, and hence it was warmed to a slightly higher
temperature than the first 2 thirds of the film.

The uncertainty in the temperature extracted from each IV curve is
around 4 K, which is determined by combining the uncertainty from film
thickness d, the dielectric constant εV, and the PF slope, P . The details of
which are outlined in Appendix B.

The VO2 film was not heated by an external heater and all IV curves
were collected at room temperature, yet we calculate an average temper-
ature of each pixel directly under the tip, just before the transition to be
335 K. This raised calculated temperature is evidence that Joule heating has
occurred via the voltage-induced current. We note that due to the necessity
of fitting a slope, the calculated temperature is a temporal average immedi-
ately preceding the transition and the real temperature at the transition is
presumably larger, and even closer to the IMT temperature.
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Figure 3.7: (a) Map of the temperature of the film immediately preceding the
IMT as calculated through the application of the PF conduction mechanism.
(b) Histogram of the temperature map. The color corresponds to the color
bar for the map in (a).

3.3.1 Number of Jumps

We observe about 20% of IV curves that have more than one transition.
Figure 3.8 shows two PF linearized IV curves from adjacent pixels with
more than one transition, one fit above and one fit below the first, smaller
transition. We characterize each curve by the number of jumps, and a map
of the number of transitions is shown in Fig. 3.9 (a). By comparing with
the topography of the image we notice that the number of transitions is
generally consistent within grains. For over half of IV curves with multiple
jumps, the region preceding the largest and final jump is fit as a measure of
the temperature before the temperature, just like curves with one transition.
An example of a curve fit before the largest transition is shown in Fig. 3.8 (b).
However, in less than 10% of all curves the data immediately preceding the
final jump is too noisy, or there are not enough data points to be accurately
fit. In these cases the curve is fit before the preceding smaller jump as
an approximation of the temperature before the IMT. Figure 3.8 (a) is an
example of a curve where the PF slope was fit below the smaller transition.

Curves with multiple jumps may be due to a slightly O-deficient V-O
stoichiometry in part or all of the grain, or stacked grains in the z-direction.
O-vacancies lower the transition temperature in VO2, which would account
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Figure 3.8: Adjacent PF linearized IV curves with multiple jumps. (a)
An IV curve fit before the first jump as an approximation, since the data
post first transition is too noisy. (b) An IV fit before the final and largest
transition (post-transition not shown). In both data sets the discontinuity
arises from the correction of the continuously ramped Vmeas, to show Vfilm
on the x-axis.

for some parts of the region in contact with the tip transitioning before the
stoichiometric VO2 regions. Stacked grains over the thickness of the film
could transition at different temperatures, which we observe as a partial
transition in an IV curve.

In Fig. 3.9 (b) we show the temperature histogram in dark green and
overlay the temperature values from curves with two or more transitions
light green. This histogram indicates that fitting the curves with multiple
transitions follows a similar distribution to that of all of the temperatures
calculated, even if it may lower the overall average temperature of the image.
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Figure 3.9: (a) A trimodal map of the number of jumps in each IV curve.
The regions of dark green have one transition, the light green regions have
two transitions in the IV curves, and the yellow points have more than two
transitions in their IV data. (b) The temperature histogram, with the values
due to pixels with more than one jump indicated by the light green color.

3.4 Discussion

Both the electric field and temperature maps show little variation within
each grain, but larger values at the grain boundaries. While the grains are
evident in the topographic maps, the behavior observed in the electric field
and temperature maps are not an artifact from using the topography in our
calculations. Differences between the interior and boundary of the grains are
observed in the raw IV data and in the PF slope map (Fig. 3.2), where the
film thickness has not yet been taken into account, which is evidence that
we are in fact measuring local properties of the film.

The temperature of the film must lie in a narrow window between room
temperature and the measured IMT temperature (i.e., 293 K - 340 K). If
the temperature calculation produced values outside of this range, we would
be forced to concede that either the PF mechanism is not applicable or
some other aspect of the calculation is incorrect. However, using only the
independently measured dielectric constant and fundamental constants, only
804 of 65,536 pixels (1.2%) of the measured temperatures do not fall within
this range. In a further 540 cases the noise is too large or the data correction
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procedure was not fit correctly so we disregard the pixel, giving it a ‘not a
number’ value, one such example is shown in Fig. 3.10. This degree of self
consistency gives us confidence in our calculations.

The pixels that don’t fall into the reasonable temperature range fail to
do so because of errors when fitting, noisy IV curves, or are within error
of the IMT temperature. The error on each temperature calculation is 4 K
(Appendix B), and the pixels with calculated temperature up to 4 degrees
above 340 K are not unreasonable. In total there are 93 pixels with a calcu-
lated temperature above 344 K, and all but 2 these are due to poor fits due
to noisy data.

Of the 804 that do not fall within the range 293 K - 340 K, 776 all
are above 340 K and 28 are below 293 K. Looking specifically at the pixels
with a calculated temperature above 342 K the number drops to only 175.
We manually check the IV curves with calculated temperatures above 342
K to determine whether bad fitting or poor data quality is causing high
temperatures to be calculated. Of the 175 pixels above 342 K, 120 occur in
the first row of the image and are due to noisy IV curves, and a further 33
of the fits are due to poor quality IV curves elsewhere in the map. 4 are
due to poor fitting as a result of two jumps in the IV curve. The remaining
18 throughout the map are the result of good fits where the calculated a
temperature was above 342 K. An example of a curve with a calculated
temperature above 344 K is shown in Fig. 3.10 (d), with IV through the film
shown in (c). Extrapolating from the distribution of IV curves above 342 K,
we argue that the majority of the IV curves with a calculated temperature
between 340 K and 344 K are not at a higher calculated temperature, but
instead are due to poor fits or noisy data.

Of the 28 that result in a temperature below 293 K all calculated tem-
peratures are due to fitting the PF slope too close to noise immediately
preceding the transition or fitting across as small ‘jump’ in the data that
was not classified as a transition. An example of the latter is shown in Fig.
3.10 (f), with the voltage corrected IV data shown in (e).
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Figure 3.10: (a) An example of an IV curve through the film that is too noisy
to fit. (b) PF-linearized IV data from (a) that is too noisy to fit. (c) An
example of an IV curve through the film that results in a temperature above
344 K. (d) PF-linearized IV data from (d) that calculates a temperature
above 344 K. (e) An example of an IV curve through the film that results
in a temperature below 293 K. (f) PF-linearized IV data from (e) that
calculates a temperature below 293 K.

51



Chapter 4

Nanoscale Thermometry

4.1 Other Nanoscale Thermometry Techniques

The technique described within this thesis is capable of measuring the tem-
perature of a film with uncertainty 4 K within the range 100 K - 400 K,
and with spatial resolution on the order of 70 nm diameter without the
need for a calibration. Most available local thermometry techniques are
severely constrained by poor spatial resolution, limited temperature range,
need for calibration, or inability to determine absolute temperature with-
out a known reference. We describe other thermometry techniques at the
forefront of research, which employ the thermoelectric effect, temperature
dependent excited states in fluorescent Er/Yb particles, nitrogren vacancy
(NV) centers, and electron energy loss spectroscopy, and temperature de-
pendent Raman modes, near-IR radiation and reflectivity, scanning probes,
and superconducting junctions.

Sadat et. al and Kim et. al use the thermoelectric effect, which describes
the relationship between electric voltages and temperature differences, where
the proportionality is known as the Seebeck coefficient. Both groups use a
coated AFM tip, and can achieve spatial resolution on the order tip contact
diameter, of around 10 nm. Sadat uses a Pt-coated AFM cantilever tip in
contact with an Au surface to calibrate the relationship between the voltage
and temperature [90]. To calibrate, a Au-Al2O3-Au layered structure is fab-
ricated which electrically isolates the two Au layers. A sinusoidal electrical
current of known frequency and amplitude is passed through to bottom Au
layer, resulting in a temperature oscillation at twice the input frequency.
The temperature oscillations (∆T ) on the top electrode are directly related
to the voltage oscillations (VAu) in the top Au layer by

VAu = ItopRα∆T, (4.1)

where Itop is a constant supplied current, R is the resistance and α is the
temperature coefficient of the top Au layer, which are characterized exper-
imentally separately. Next, the tip is brought into soft contact with the
Au, and the thermoelectric voltage of the Pt-Au junction is measured and
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4.1. Other Nanoscale Thermometry Techniques

related to the induced temperature of the junction. A relationship between
Vtip and ∆T is established and can map thermal gradients across a film.
Kim et. al obtain the Seebeck coefficient of a Au-Cr junction on a tip (Fig.
4.1) [91]. With the tip in thermal contact with the film, the film is heated
and they measure the thermoelectric voltage across the Au-Cr junction on
the tip and the temperature difference between the substrate and cantilever
using two thermocouples. They then relate the difference in temperature
to the measured voltage, extracting the Seebeck coefficient of the Au-Cr tip
junction.

Figure 4.1: The Au-Cr junction on a tip in Kim’s thermal probe technique.
Reproduced from Kim et. al [91].

Fluorescent particles made from Er/Yb ions doped onto a film have been
used as a temperature probe by exploiting the temperature dependent ex-
cited states of the ions [26, 92]. The spatial resolution of the technique is
determined by particle size, which is on the order of 1 µm. The particles are
excited by a non-linear mechanism called photon up-conversion, where a laser
diode of wavelength 980 nm causes two photons to be absorbed by an Yb ion.
The excitation is then transmitted to an adjacent Er ion which radiatively
relaxes to its ground level, emitting photons at lower wavelength, which are
measured by a microscope and photomultiplier tubes. In this case there are
two peaks of interest corresponding to transitions between the excited energy
levels 2H11/2 and 4S3/2, and the ground level 4I15/2, at wavelengths 527 nm
and 550 nm respectively. The relative integrated intensity of the two peaks is
temperature dependent and is related by I527/I550 ∝ exp−∆E/kBT , where
I527 and I550 are the integrated intensity of the peaks at 527 nm and 550 nm
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4.1. Other Nanoscale Thermometry Techniques

respectively in the photoluminescence spectra, ∆E is the difference in energy
between the transitions [92]. The relationship I527/I550 must be calibrated
by measuring the fluorescence spectra of a heated substrate at two known
temperatures. Zimmers et. al used this technique on a VO2 thin film, using
room temperature and the IMT temperature as calibration points [26]. Using
the IMT temperature as a calibration point seems circular and may implicity
impose assumptions about the IMT on the rest of the measurement.

Typically the first order Raman modes in semiconductors exhibit a tem-
perature dependent shift that can be be calibrated to measure the tempera-
ture of films [93]. Reparaz et. al use two lasers, a heating laser below a film
or membrane and a probe laser above to determine the thermal conductivity
of a material or to map the thermal field of the surface. The relationship
between the Raman shift and temperature is calibrated using a known bath
temperature and heater temperature. A linear relationship between tem-
perature and Raman shift is fit from 200 K - 800 K, and a separate linear
relationship is found below 150 K.

Mecklenburg et. al use a scanning transmission electron microscope to
measure the electron energy loss spectroscopy (EELS) of 80 nm thick Al wires
[94]. Since they are detecting phonons, they detect temperature variations
on the order of the phonon’s mean free path, between 2 and 5 nm. They
quantify the local change in density of Al wires through the EELS data, they
then use well-studied thermal expansion data of Al to relate the shift of the
plasmon peak to a temperature shift. Fig. 4.2 shows the EELS data for Al at
room temperature, 293 K, and raised temperature 413 K. The peak shift is
quite small, so they use curve fitting to improve the sensitivity of quantifying
the energy shift and temperature shift. This technique could be extended to
metals and semiconductors that have sufficiently sharp plasmon resonances
and have well documented and accurate thermal expansion data.

Two notable methods use a charge coupled device (CCD) camera to cap-
ture near-IR radiation [95] or near-IR reflectivity which are proportional to
a temperature variation [96, 97]. Techniques that use near-IR wavelengths
and a CCD camera are spatially limited by the detection wavelength, and
can only probe length scales on the order of 400 nm. Teyssieux et. al use
Planck’s law for grey body radiation to relate the IR signal to the temper-
ature. In this case the emissivity of the material must first be measured.
First, the optical characteristics of a sufficiently large chromium thin film
is measured by a spectrometer. An emissivity of 0.7 is determined and is
assumed to be constant over the temperature range of interest. Second, the
film is heated by a large flat resistor and a thermocouple and pyrometer
are used to measure the film’s surface temperature to calibrate the effective
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Figure 4.2: Aluminum EELS data characteristic of 293 K (black) and 413
K (red).The vertical lines in the inset indicate the plasmon peak centers,
as determined by curve-fitting, and the arrows indicate the peak maxima.
Reproduced from Mecklenburg et. al [94].

transmittivity of the microscope. They can relate the radiated IR signal
measured to the temperature. Since this technique relies on radiation from
the material, the minimum detection temperature is on the order of 500 K.
Tessier et. al use a CCD camera to measure the near-IR reflectivity R and
the reflectivity variations ∆R [96]. A spatial map of the relative reflectiv-
ity, ∆R/R is imaged which eliminates parasitic reflections and the uniform
background reflection. The relative reflectivity is related to temperature vari-
ations by ∆R/R = (1/R)(∂R/∂T )∆T , where (1/R)(∂R/∂T ) is constant. In
this method the temperature variations are found, and must be related to a
known reference temperature.

Menges et. al account for unknown tip-sample contact resistance that
arises in thermal resistive scanning probe measurements by measuring the
time-dependent and time averaged heat flux [98]. They use tip-sample
heat flux measurements to calculate the temperature field map of an InAs
nanowire. When using sufficiently small frequency, the applied voltage bias
leads to a steady-state temperature increase and a continuous modulation
of the temperature, at twice the excitation frequency. The change in sample
temperature affects the tip-sample heat transfer (Q̇ts,AC), which in turn is
related to the power dissipated in the probe sensor and sensor temperature,
and is proportional to the electrical resistance of the sensor. A diagram of
the measurement and relevant resistances and heat flow is depicted in Fig.
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4.3. Sensor temperature is given by Tsensor = Tsensor,DC +Tsensor,AC sin(2ωt).
The change in sample temperature can be written as,

∆Tsample = Tsensor,AC − Q̇ts,AC ×Rts, (4.2)

where the Rts is the electrical resistance in the tip-sample contact, and can
be written as

Rts =
Tsensor,DC − Tsensor,AC − TRT

(Q̇ts,DC − Q̇ts,AC)
, (4.3)

with TRT as room temperature, the reference temperature. By measuring
the time-dependent and time-averaged heat flux Tsensor,DC and Tsensor,AC
are measurable quantities, so Rts can be accounted for and Tsample can be
calculated.

Fluorescent nitrogen-vacancy (NV) centers have temperature dependent
crystal field splitting, which have been used to measure the temperature of
films, and even extended to human cells [99, 100]. The transition frequency
can be optically detected with a spatial resolution on the order of 100 nm,
the nominal diameter of the particles. In the absence of an external magnetic
field, the transition frequency between ms = 0 and ms = ±1 has a known
temperature dependence of -2π × 77 kHz/K, due to temperature dependent
lattice strains. The frequency dependence of the splitting has been reported
for the temperature range 300 - 700 K, and determines the applicable tem-
perature range for this technique [101]. The electronic spin of an NV center
must first be decoupled from a fluctuating external magnetic field for accu-
rate temperature sensing. The NV center is decoupled from an external field
by applying a microwave pulse for half the population time, τ , to populate
a superposition of ms = 1 and ms = −1 states. Then a 2π echo pulse is
applied that switches the population of the two states. After a full popula-
tion time, 2τ , the magnetic field induced shifts have been eliminated, and
temperature gradients can be accurately sensed.

Halbertal et. al describe a non-contact scanning probe technique, based
on a superconducting quantum interference device (SQUID) on the apex of
a sharp quartz pipette, SQUID-on-tip (SOT) [102]. The current measured
by a superconducting junction has a strong temperature dependence in the
vicinity of the critical temperature of the junction, IC(T ) ' I0(1 − T/TC).
When biasing the SOT above the critical current of the junction, the current
through the SOT is linearly temperature dependent. They find dItSOT/dT =
−9.5 µA/K for their Pb SC junction below the critical temperature, and
dItSOT/dT = −13.7 µA/K near the critical temperature. Since the SOT is
not in contact with the film, the temperature of the device and the temper-
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ature measured by the tip must first be correlated. To correlate the tem-
perature measured by the SOT and the temperature of the film they exploit
IMT of a In2O3 film grown on a SiO2/Si substrate on a Au/Cr heater with
a Al2O3 insulating layer. They globally vary the temperature and measure
R(T ) in the In2O3 and the current through the SOT as a function of temper-
ature in thermal equilibrium conditions to correlate the temperatures. Then,
by driving a micro-heater with an AC current, they induce a temperature at
double the frequency in the film and the SOT. The resulting AC temperature
is measured by applying a probing DC current along the current leads of the
In2O3. Finally, they measured the resultant temperature in the SOT as a
function of SOT height above the film to calibrate the temperature of the
SOT as a function of height. This method has comparable spatial resolution
to our technique, but is limited by low SC critical temperatures.

We summarize the techniques and any required calibration or measure-
ment in Table 4.1 and Fig. 4.4, with the applicable temperature range and
spatial resolution.

Table 4.1: Summary of nanoscale thermometry techniques. PF conduction
refers to the technique described in this paper.

Technique Calibration
Temperature
range

Spatial res-
olution

thermoelectric
effect [90, 91]

material dependent tip-contact calibration variation about
RT 10 nm

fluorescent Er/Yb
particles [26, 92]

ratio of photon emission at 527 nm and 550
nm, must fit 2 parameters 300 K - 400 K 1000 nm

Raman shift [93]
calibrate temperature dependence of Raman
shift < 800 K 300 nm

EELS [94]
correlate the plasmon resonance and thermal
expansion of the material 200 K - 600 K 5 nm

near-IR radiation
[95]

CCD camera to measure radiation, must first
relate signal to temperature > 500 K 400 nm

near-IR reflectivity
[96, 97]

CCD camera to measure reflection, must first
relate to temperature

variation about
RT 440 nm

thermo-resistive
scanning probe [98] must account for tip-sample contact resistance

variation about
RT 10 nm

NV centers [99, 100]
external measurement of temperature depen-
dence of NV spins 120 K - 700 K 50 nm

SC junction [102]
thermal properties of sensor and coupling to
sample must be measured near Tc 50 nm

PF conduction
must measure film dielectric constant and
thickness 100 K - 400 K 70 nm

57



4.2. Extension of Thermometry Technique

4.2 Extension of Thermometry Technique

We have demonstrated the use of IV curves fit to the temperature-dependent
PF conduction mechanism to calculate the local temperature of a thin VO2

film immediately preceding the IMT. The technique described in this thesis
is unique in that it can measure the temperature of a film on the nanoscale
without the use of a reference temperature or calibration. The thickness
and temperature-dependent dielectric constant of the film must be known
or measurable by another method, however our calculation leaves no free
parameters to vary to obtain the temperature of the film.

This novel thermometry technique has addressed the debate surrounding
the origin of the field-induced IMT in VO2. The technique can readily be
extended to other materials dominated by the PF mechanism. For example
ZnO has been considered for application in resistance random access memory
devices [103], for thin film transistors in displays, and for electron transfer
layers in solar cells [104, 105]. Other materials that follow PF conduction,
and also have potential applications in resistive switching devices include
SnOx, AlOx, CeOx, and WOx [106].

Furthermore, the more general technique of using IV data to calculate
the local temperature of the film can be extended to other temperature
dependent conduction mechanisms. Section 2.4 discusses other conduction
mechanisms in detail, but here we note that Schottky field emission, Fowler-
Nordheim tunneling, thermionic-field emission, hopping conduction, Ohmic
conduction, and ionic conduction can all be linearized in terms of current and
voltage which will produce a slope that is dependent on the film temperature.
Depending on the mechanism, various film properties must either be known
or measured in order to accurately calculate the temperature of the film.
As an example, which is discussed in Sect. 2.4, to reliably use the hopping
mechanism to calculate the temperature of the film the hopping distance
must either be known, measured, or assumed.
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4.2. Extension of Thermometry Technique

Figure 4.3: (a) Schematic of the thermoresistive scanning probe in contact
with a self-heated gold (Au) interconnect (∼100 nm wide) on a silicon (111)
substrate wafer covered with 150 nm of amorphous silicon nitride (SiNx). An
alternating voltage bias (Vcos(ωt)) is applied to modulate the sample tem-
perature. The sample temperature field (red - blue color scheme indicates
the temperature from hot to cold) is inferred by simultaneously probing a
time-dependent and a time-averaged heat flux signal between the heatable
(red colored) sensor and the temperature-modulated sample. (b) The sen-
sor is decoupled from its thermal reservoir by the thermal resistance of the
cantilever (Rcl). The tip-sample heat flux Q̇ts is not only a function of the
temperature difference between the sensor (Tsensor) and sample (Tsample),
but also of the tip - sample contact thermal resistance (Rts). Changes of the
tip-sample contact due to (c - d) the material in contact with the tip, (d-e)
the tip-sample contact area and tribological effects cause variations of Rts.
Reproduced from Menges et. al [98].
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Figure 4.4: Reported applicable temperature ranges and spatial resolution
of thermometry techniques. The dotted line is room temperature. Pink
bars and red dots represent methods that require a reference temperature
and measure the temperature fluctuation. Red dots were demonstrated at
room temperature only. Blue lines represent models where a calibration is
required to measure the temperature over the applicable range. Green lines
represent methods where no calibration or reference temperature is required
to measure the temperature over the range.
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Chapter 5

Conclusion

We use a CAFM to ramp a voltage bias across a VO2 thin film, and observe
the IMT via the measured current. Using the voltage at which the film
transitions and the local film thickness, we calculate an average electric field
of 32 MV/m ± 3 MV/m at the transition. We then fit the measured IV
curves to the temperature-dependent PF conduction mechanism. By using
the film thickness and dielectric constant we directly calculate the average
local temperature of the film immediately preceding the transition to be 335
K ± 4 K. The electric field at the transition ranges from around 27 MV/m
to 37 MV/m, while the temperature values range from 326 K to 340 K.

All measurements were performed in an apparatus at room temperature
and yet we measure a local temperature approximately 40 K above room
temperature. We have shown that the film is locally warmed, and we have
put a lower bound of the local temperature of the film. We argue that
the film is close to and plausibly equal to the IMT temperature of 340 K.
We conclude that the high applied voltage is not solely responsible for the
transition, and instead Joule heating has locally warmed the film close to its
transition temperature.
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Appendix A

Power Gradient

As previously stated, in the temperature map (Fig. 3.7) and more pro-
nounced in the electric field map (Fig. 3.1), that the bottom third of the
image requires a higher voltage to cause the transition. These pixels also
display a larger voltage and current at the transition (Fig. A.1).

We compute the energy input Ein =
∫
I · V dt across the map (Fig. A.2

(a)), and we find that approximately double the energy is input into the film
in the bottom third of the image than at the top two thirds. The calculated
temperature follows the same pattern, but the difference between the top
and bottom of the image is only ∼ 5 K, or less than a 2 % change over the
image. We hypothesize that a slightly varying thickness or composition of
the SiOx interface would increase the amount of Joule heating energy leaked
from the VO2 film to the substrate and would explain how a higher voltage
and current is required to cause the transition in the lower portion of the
image. Here, we calculate the input energy from the tip, the energy required
to cause a transition in VO2, and the energy leaked into a thin SiO2 interface
and determine that a thickness change of 1 nm in the SiO2 interface could
result in the energy input change observed.
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Figure A.1: Map showing the voltage (a) and current (b) through the film
at the transition.
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A.1. Input energy from tip
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Figure A.2: (a) Map showing the energy input to the film through the tip.
(b) The average energy per row input to the film through the tip.

A.1 Input energy from tip

The first step is to calculate the energy put into the film to cause the tran-
sition. We are interested in the energy input into the film, so the corrected
voltage through the film is used for the calculation, not the applied voltage.
The data points are sufficiently close to calculate the input power as the sum
of rectangles of width ∆V , and height I. To calculate the energy we then
multiply by the time taken for the film to transition. The total time is t ≈
0.0180 s, calculated by multiplying the number of steps before the transition
(180 for the representative pixel analyzed in this section) and the step time,
∆t = 10−4 s. The energy input is

E =

[∑
i

I(i) · Vfilm(i)

]
·∆t · 180

=

[∑
i

I(i) · Vfilm(i)

]
· 0.018s

≈ 3.5× 10−4 J (A.1)

for a representative pixel in the top half of the film.
Using this method, the average energy input in of the first two thirds of

the map is 2.65×10−4 J, and the average for the bottom third is 5.52×10−4

J. There’s an average of about 3 × 10−4 J of extra energy needed to cause
the transition at the bottom of the image. A map of the calculated input
energy is shown in Fig. A.2, with the average input per row shown in panel
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A.2. Heat required to cause IMT in VO2

(b). In panel (b) the distinct change from ∼ 2.5× 10−4 J to ∼ 5.5× 10−4 J
about two thirds of the way down the map can be seen.

A.2 Heat required to cause IMT in VO2

The specific heat of VO2 near room temperature is C = 690 J/(kg K)[20],
and increases up to ∼ 750 J/(kg K) before the transition [28]. We use
the specific heat immediately preceding the transition to calculate an upper
bound for the total energy

∆E = mgrainC∆T = ρVO2VgrainC∆T. (A.2)

Using a grain diameter of 72 nm, a film thickness of 187 nm, the density
of VO2 in the insulating state of 4571 kg/m2, and a ∆T of 42 K, gives
∆E ∼ 1 × 10−13 J. This result indicates that almost none of the energy
input by the tip is actually required to cause the transition in a single VO2

grain, and implies that the energy is going elsewhere, nominally through
the SiOx interface and into the substrate, or diffusing into neighboring VO2

grains.

A.3 Thermal Conductivity of SiO2

The thermal conductivity, κ, is defined as the constant of proportionality
between the power dQ/dt, per contact area A, and the thermal gradient
∆T/∆x,

dQ

dt

1

A
= κ

∆T

∆x
. (A.3)

Lee et. al measured the thermal conductivity of SiO2 films grown by
plasma-enhanced chemical vapor deposition (PECVD) on Si substrates using
the 3ω method, which can be used to both heat and monitor the temperature
of the surface of a film. They patterned a heater/thermometer line onto the
surface of the films using photolithography and wet chemical etching, the
result of which is shown in the inset of Fig. A.3. Their SiO2 films ranged in
thickness from 32 nm to 190 nm, and in a temperature from 80 K to 300 K
[107]. Lee modeled the apparent thermal conductivity of thin film SiO2 at
300 K using the equation

κd =
κi

1 +Riκi/d
(A.4)
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A.3. Thermal Conductivity of SiO2

where κd is the thickness dependent apparent thermal conductivity, κi is the
intrinsic thermal conductivity, Ri is the interface thermal conductance and
d is the thickness of the film. Using this model along with Lee et. al ’s [107],
Costescu et. al ’s [108], and Käding et. al ’s [109] data for amorphous thin film
SiO2 at 300 K, we fit the apparent thermal conductivity for SiO2. We show
the three data sets and the fit (red data points) in Fig. A.3. We vary both
the intrinsic thermal conductivity and the interface thermal conductance fit
the data, and find κi = 0.9 W/m·K and Ri = 0.9 ×10−9 m2·K/W. The
intrinsic thermal conductivity of SiO2 grown by ion beam sputtering has a
known value of 1.1 W/m·K, which is comparable to our fit value. Lee et. al
fit the interface thermal conductance to be ∼ 2× 10−8 m2·K/W. Our fit Ri
is an order of magnitude smaller due to considering other measurements at
lower thicknesses.

79



A.3. Thermal Conductivity of SiO2

Figure A.3: Fit SiO2 thermal conductivity κ as a function of film thickness
(red crosses) from Lee et. al (purple) [107], Costescu et. al (blue) [108], and
Käding et. al (green) [109]. Inset: Pattern for the heater/thermometer line
and contact pads are patterned using photolithography and wet chemical
etching. The data was fit to Eq. A.4, from Lee et. al.

To calculate the energy lost through the SiO2 interface, we must approx-
imate the instantaneous temperature of the film, and the time spent at each
temperature. Using a 5-point approximation of the PF slope, then using
the slope to estimate the temperature, we calculate the temperature at each
voltage. Figure A.4 shows the estimated film temperature based on the es-
timated PF slope and film thickness 187 nm for each voltage through the
film. We assume that the film starts at room temperature, and any result
below 293 K is a consequence of applying the PF fit to a region where it
was not the dominant mechanism. We notice that the film warms quickly at
first, and spends most of the ramp time at 335 K. The approximate thermal
energy lost through the SiO2 interface is

∆Q =
κd ·A
di

∆T∆t, (A.5)

where κd is the thickness dependent apparent thermal conductivity, A is the
contact area, di is the interface thickness, ∆T is the change in temperature,
and ∆t is the time the thermal gradient is maintained. As an upper bound
we take the temperature difference to be 42 K, since the film temperature
increases quickly from 293 K to 335 K. To estimate the time the thermal
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A.3. Thermal Conductivity of SiO2

gradient is maintained, we notice the transition occurs approximately 0.0195
s after the voltage starts ramping. From figure A.4, we estimate the film
only starts to warm around 2 V or approximately 4 ms, so ∆t = 0.0175 s.

Approximating the thermal conductivity of SiOx as that of SiO2, and
using the contact area of the grain the energy leaked through the 2 nm
thick interfacial layer is calculated to be about 7.9 ×10−7 J. The heat leaked
through the SiOx layer is three orders of magnitude smaller than the calcu-
lated energy input into the film.

For a more accurate description we assume that the current warms an
area larger than that of one grain via an amorphous VOx layer, which is
nominally conducting at and above room temperature so it does not alter
the effective circuit diagram or data correction. We model the two interfacial
oxide layers as two insulators. The thermal resistances of the two interface
layers are added in series,

κeff
deffAeff

= (RSiOx +RVOx)−1 =

(
dSiOx

κSiOxASiOx

+
dVOx

κVOxAVOx

)−1
. (A.6)

The area is the same for both layers, therefore the effective κeff/deff is calcu-
lated as a function of SiOx thickness using

κeff
deff

=

(
dSiOx

κSiOx

+
dVOx

κVOx

)−1
. (A.7)

The VOx layer is assumed to be 5 Å, and the thermal conductivity is taken
to be about 5 W/ m· K [110]. The interface layer with the smaller thermal
conductivity and larger thickness will dominate when adding, so we do not
vary the VOx thickness since it will affect the effective κ/d very little. For
one grain, this correction still produces a low energy leak, ∼ 7.7 ×10−7 J.

We’ve assumed that the contact area is that of a single grain and that
there is no lateral heat leakage. If instead we consider that the heated area
is equivalent to 400 individual grains (∼1.4 µm square area), we calculate
that the energy leak is on the order of 10−4 J. The energy leak as a function
of SiO2 thickness for 400 grains is shown in Fig. A.5.

We see that a small change in SiOx interface thickness (& 1 nm) can
change the thermal energy leak on the order of 3×10−4 J, which we observe
across the image in Fig. A.2 (a). We conclude that if the SiOx layer is thinner
on the bottom third of the map than the top on the order of a nm, then it will
leak more thermal energy, which would in turn require more energy input to
the film before the VO2 transitions.
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A.3. Thermal Conductivity of SiO2
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Figure A.5: Energy leaked through the SiO2 interface as a function of SiO2

thickness assuming a 5 Å layer of VOx, and that heat diffuses through a 1.4
µm square area.
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Appendix B

Uncertainty in the calculated
Temperature

To calculate the uncertainty of the temperature T , we use uncertainties as-
sociated with the film thickness d, the PF fit P , and the dielectric constant
εV , and propagate uncertainty. Since the dielectric constant is a function of
temperature we must propagate the uncertainty for an implicit expression.
We collect the varying parameters and set it equal to the fundamental con-
stants. Writing εV in terms of its parameters (Eq. 2.2), a, b, and c, and
write

T · P · d1/2 · (a+ b · e(T−273.15)/c)1/2 =
e3/2

(πε0)1/2kB
. (B.1)

For simplicity, combine the fundamental constants into one constant,

K ≡ e3/2

(πε0)1/2kB
. (B.2)

Writing the parameters as a function, f ,

f(T, P, d, a, b, c) = T · P · d1/2 · (a+ b · e(T−273.15)/c)1/2 = K (B.3)

where five of the variables (a, b, c, d, P ) have known uncertainties, and we
want to calculate the uncertainty of the sixth, T .

To confirm implicit uncertainty propagation, consider the simpler exam-
ple of z(x, y) = k/xy, where x and y are variables and k is a constant. From
the usual propagation of uncertainty, we know that

δz2 =

(
∂z

∂x

)2

δx2 +

(
∂z

∂y

)2

δy2. (B.4)

δz2 =

(
−k
x2y

)2

δx2 +

(
−k
xy2

)2

δy2 = z2
(
δx2

x2
+
δy2

y2

)
. (B.5)
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B.1. Dielectric contant, εV(T )

If instead we represent this equation as zxy = k, we can still use Eq. B.4 even
if there is no explicit function for z, by defining the function g = g(x, y, z) =
zxy, and using the fact that∣∣∣∣∂z∂x

∣∣∣∣ =

∣∣∣∣∂g∂x
∣∣∣∣ / ∣∣∣∣∂g∂z

∣∣∣∣ . (B.6)

Equation B.4 then becomes

δz2 =

(
∂g

∂x
/
∂g

∂z

)2

δx2 +

(
∂g

∂y
/
∂g

∂z

)2

δy2, (B.7)

and taking the partial derivatives gives,

δz2 =

(
zy

xy

)2

δx2 +

(
zx

xy

)2

δy2 = z2
(
δx2

x2
+
δy2

y2

)
. (B.8)

We produce the same expression for the uncertainty of z. We now apply this
method to our temperature expression given by Eq. B.3 to calculate δT ,

δT 2 =
∑
α

(
∂f

∂α
/
∂f

∂T

)2

δα2, α = a, b, c, d, P. (B.9)

We can now calculate the temperature uncertainty at each pixel, but we first
quantify δa, δb, δc, δd, and δP .

B.1 Dielectric contant, εV(T )

The uncertainty of the dielectric constant is calculated using the standard
error values associated with each fit parameter. To check these are reason-
able uncertainties we self-consistently use the temperature uncertainty and
calculate the associated uncertainty of εV. The uncertainty of εV, using
temperature in Kelvin is given by

δε2V = δa2 + (e(T−273.15)/c)2δb2

+

(
b

c2
(T − 273.15)e(T−273.15)/c

)2

δc2 +

(
b

c
· e(T−273.15)/c

)2

δT 2. (B.10)

If we assume the the standard error stated above (Eq. 2.3), and a tem-
perature uncertainty of 0.1 K, the uncertainty of the dielectric constant is
calculated to be less than 1 for temperatures under 313 K, 1.4 for the mea-
surement at 323 K, 2.5 the measurement at 328 K, and 4.4 for the measure-
ment at 333 K. Ko has reported errors of approximately 1 for each of the
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B.2. Thickness, d
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Figure B.1: (a) The uncertainty at each point in the map from performing
a linear fit on the IV data. (b) The corresponding histogram.

data points. The uncertainty of εV calculated using the standard deviation
of our fitting function and a generic uncertainty in the temperature of about
1K is higher than the reported error for the data closest to the transition,
and on the same order of magnitude or smaller for the lower values. There-
fore the uncertainty in the parameters a, b, and c are conservative errors for
temperatures greater than 323 K, which is the calculated temperature range.

B.2 Thickness, d

The largest source of uncertainty in the thickness stems from measuring the
average overall thickness. The uncertainty in the average thickness comes
from the possibility that the TEM image and IV curves may be taken on
different regions of the sample with different average thickness. We assume
a constant uncertainty of δd = 5 nm.

B.3 PF slope, P

When calculating the PF slopes we concurrently calculate the error associ-
ated with fitting a straight line to the data. A map of the uncertainty due
to the linear fit is shown in Fig. B.1, with corresponding histogram.

To estimate the uncertainty from varying the PF fitting region, we find a
representative slope that gives a reasonable estimate of the PF slope had no
minimizing been done. Since the data is slightly ‘S’-shaped, we know the PF
mechanism does not dominate for all applied voltages. During the fitting we
define a minimum voltage the start point can be, defined by the approximate
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B.4. Temperature, T
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Figure B.2: A representative curve, with the maximum domain PF slope.
The voltage range shown is the largest region considered that could possibly
be dominated by the PF mechanism

minimum electric field for PF dominated conduction. From Sect. 2.4, PF
effect has been observed down to ∼ 15 MV/m. For an average film thickness
of 187 nm, the minimum applied voltage we expect the PF conduction to
dominate is ∼ 2.8 V. The maximum value of the endpoint of the fit region
is constrained by the position of the jump. The slope obtained by fixing the
endpoints to their maximum values is defined as the maximum domain PF
slope, and a representative IV curve is shown in Fig. B.2. Fig. B.3 shows the
maximum domain PF slope at each point on the map along with histogram in
panel (b). We compare the minimized PF slopes and the maximum domain
PF slopes by comparing histograms (Fig. B.4). As expected the histogram
of minimized PF slope is slightly narrower and translated to lower values in
relation to the maximum domain PF slope.

The uncertainty due to allowing both endpoints to vary is the difference
between the minimized PF slope and the maximum domain PF slope. This
uncertainty is shown in Fig. B.5, with histogram in panel (b).

The total uncertainty in the used PF slope at each point on the map is
calculated by combining in quadrature the uncertainty from fitting a linear
line and the uncertainty from allowing the endpoints to vary. Fig. B.6 shows
the total uncertainty at each point and the corresponding histogram.

B.4 Temperature, T

We present a map of the uncertainty of the measured temperature for each
pixel (Fig. B.7) using the equation for the temperature uncertainty (Eq. B.9),
along with the uncertainty in the dielectric constant fit (Eq. B.10), the un-
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B.4. Temperature, T
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considered to be PF (b) The corresponding histogram.
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Figure B.4: (a) The histogram of the PF slope values used to calculate
the temperature of the film. (b) The maximum domain PF slope values.
(c) Superimposed histograms of minimizing the PF slope (blue) and the
maximum domain slope (yellow outline).
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uncertainty is the difference between the minimized PF slope at each point,
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Figure B.7: (a) Map showing the uncertainty of T at each pixel. (b)
Histogram of the δT map.

certainty in the film thickness (5 nm), and the uncertainty in fitting the
PF slope (Fig. B.6). As shown in the histogram, most of the temperature
uncertainty values are between 3 - 5 K, with a long tail for values greater
than 5 K. The average uncertainty is 5.12 K, with a median of 4.14 K. By
comparing to the PF uncertainty map (Fig. B.6) we note that the regions
with the largest PF uncertainty also have the largest temperature uncer-
tainty. For the majority of the pixels in the map, the uncertainty of each
individual temperature measurement is less than ∼ 4.2 K. This temperature
uncertainty is less than the overall standard deviation of the temperature
map (5 K), and corroborates our calculated temperature values.
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Appendix C

Model Circuit and Bounding
Circuit Element Values

Disclaimer: This analysis and section we performed by Jason Hoffman. As
a result, the notation is slightly different. To match the analysis from the
rest of the thesis, R1 is Rfilm, R2 is Rext, 1 the resistor in parallel with the
capacitor, and R3 is Rext, 2.

Figure C.1 shows a schematic diagram of the circuit that we wish to
analyze. The film resistance is given my R1 in the insulating state, but
changes to R1′ in the metallic state. This is done by flipping the switch
between the two states. Here, we assume the insulator to metal transition
happens when the voltage source reaches 10 V.

C.1 Setting up equations for the upsweep

To begin, we write down Kirchhoff’s current law

I1 (t) = I2 (t) +
dQ (t)

dt
, (C.1a)

I3 (t) = I2 (t) +
dQ (t)

dt
. (C.1b)

Our approach will be to solve for Q (t), so we eliminate the other time
dependent variables. To proceed, we know that the voltage drop across
resistor R2 and the capacitor must be equal, which allows us to write

I2 (t)R2 =
Q (t)

C
→ I2 (t) =

Q (t)

R2C
. (C.2)

Substituting Eqn. C.2 into Eqn. C.1, we obtain

I1 (t) =
Q (t)

R2C
+
dQ (t)

dt
, (C.3a)

I3 (t) =
Q (t)

R2C
+
dQ (t)

dt
. (C.3b)
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C.1. Setting up equations for the upsweep

VS

R1

C

I2

R2

IC =	dQ/dtR3

I1

I3

R1’

Figure C.1: The circuit we consider.

We now use Kirchoff’s voltage law,

Vs (t) = I1 (t)R1 + I2 (t)R2 + I3 (t)R3. (C.4)

It is straightforward to plug Eqns. C.2 and C.3 into Eqn. C.4,

Vs (t) = R1

(
Q (t)

R2C
+
dQ (t)

dt

)
+
Q (t)

C
+R3

(
Q (t)

R2C
+
dQ (t)

dt

)
. (C.5)

We can rearrange terms to obtain,

Vs (t) = (R1 +R3)
dQ (t)

dt
+

(
R1

R2
+
R2

R2
+
R3

R2

)
Q (t)

C
. (C.6)

Rearranging further, we find that

dQ (t)

dt
=

1

R1 +R3

[
Vs (t)−

(
R1 +R2 +R3

R2

)
Q (t)

C

]
. (C.7)

This is the differential equation that we must solve. Before going further,
we have to know the source voltage, Vs (t). We assume that the voltage
changes linearly, with constant ramp rate, V̇ , with units volts per second,
i.e., Vs (t) = V̇ t. Making this substitution,

dQ (t)

dt
=

1

R1 +R3

[
V̇ t−

(
R1 +R2 +R3

R2

)
Q (t)

C

]
. (C.8)
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C.2. Solving the case of the Insulating State

We can rewrite this equation as,

dQ (t)

dt
= αt− βQ (t) , (C.9)

where

αi =
V̇

R1 +R3
(C.10a)

and

βi =
R1 +R2 +R3

R2C (R1 +R3)
. (C.10b)

Here, we add a “ i” subscript to explicitly note that we are considering the
insulating state.

C.2 Solving the case of the Insulating State

We assume that the capacitor is uncharged initially, (i.e, Q (t = 0) = 0) and
can use Matlab to find the solution to Eqn. C.9, which is

Q↑i (t) =
αit

βi
− αi

β2i
[1− exp (−βit)] , (C.11)

where we have added the ↑ superscript to make explicit that we are
dealing with the upsweep. Therefore,

dQ↑i (t)

dt
=
αi

βi
[1− exp (−βit)] . (C.12)

One can easily verify that Eqn. C.11 is the correct solution by plugging
Eqns. C.11 and C.12 into Eqn. C.9. We can now calculate I↑2,i (t), the current
through resistor R2 from Eqn. C.2.

C.2.1 Current through R2

I↑2,i (t) =
Q↑i (t)

R2C
=

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
t

R2C

)
(C.13)

−

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
1

R2C

)

+

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
1

R2C

)
exp (−βit)
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C.2. Solving the case of the Insulating State

I↑2,i (t) =
V̇ t

R1 +R2 +R3
−

(
V̇

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)
(C.14)

+

(
V̇

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)
exp (−βit)

C.2.2 Current through the film

More importantly, we can calculate I↑1,i, which is the current through the
film,

I↑1,i (t) =
αt

βR2C
−
(
α− α exp (−βt)

β2R2C

)
+
α− α exp (−βt)

β
. (C.15)

I↑1,i (t) =

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
t

R2C

)
(C.16)

−

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
1

R2C

)

+

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)(
1

R2C

)
exp (−βt)

+

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)

−

(
V̇

R1 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)
exp (−βt)

I↑1,i (t) =

(
V̇ t

R1 +R2 +R3

)
−

(
V̇

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)
(C.17)

+

(
V̇

R1 +R2 +R3

)(
R2C (R1 +R3)

R1 +R2 +R3

)
exp (−βt)

+

(
V̇ R2C

R1 +R2 +R3

)
−

(
V̇ R2C

R1 +R2 +R3

)
exp (−βt)
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I↑1,i (t) =

(
V̇ t

R1 +R2 +R3

)
+

(
V̇ R2C

R1 +R2 +R3

)(
1− R1 +R3

R1 +R2 +R3

)
(1− exp (−βt))

(C.18)

I↑1,i (t) =

(
V̇

R1 +R2 +R3

)
︸ ︷︷ ︸

Term 1

t+

(
V̇ R2

2C

(R1 +R2 +R3)
2

)
︸ ︷︷ ︸

Term 2

(1− exp (−βt))

(C.19)

C.2.3 Current through the capacitor

The current though the capacitor is given by Eqn. C.12, which is reproduced
below:

dQ↑i (t)

dt
=
αi

βi
[1− exp (−βit)] .

The steady state current through the capacitor (i.e., for times much longer
than β−1i ) is given by

Ī↑C,i (t) ≈
αi

βi
=

R2CV̇

R1 +R2 +R3
. (C.20)

C.3 Solving the case of the Metallic State

We now turn to looking at the metallic state. We assume that the insulator to
metal transition occurs instantaneously at a critical time, tc. To model this,
we assume that the switch closes, which changes the circuit quantitatively
(but not qualitatively). We set up the problem the same way as before.

The differential equation that we need to solve is the same as before,

dQ′ (t)

dt
= α′t− β′Q′ (t) , (C.21)

where

α′ =
V̇

R1′ +R3
and (C.22a)

β′ =
R1′ +R2 +R3

R2C (R1′ +R3)
(C.22b)
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and the primes (′) indicate properties of the metallic state. The main dif-
ference between solving in insulating and metallic states is that in the metal-
lic state, we can no longer assume that the capacitor is initially uncharged
(in fact, it’s fully charged by the time the insulator to metal transition takes
place). So, now the boundary condition is Q′(t = tc) = Q(t = tc). With the
help of Matlab,

Q′ (t) =
α′

β′
t− α′

β′2
+

[
α

β
tc −

α′

β′
tc +

α′

β′2
−
(
α− α exp (−βtc)

β2

)]
exp

(
−β′ (t− tc)

)
(C.23)

and
dQ′ (t)

dt
=
α′

β′
−β′

[
α

β
tc −

α′

β′
tc +

α′

β′2
−
(
α− α exp (−βtc)

β2

)]
exp

(
−β′ (t− tc)

)
.

(C.24)
Let’s make the following definition:

γ =
α

β
tc −

α′

β′
tc +

α′

β′2
− α

β2
(1− exp (−βtc)) (C.25)

C.3.1 Current through R2

The current through resistor 2 (the one in parallel with the stray capacitance)
is,

I↑2,m (t) =
Q′ (t)

R2C
=

α′

β′R2C
t− α′

β′2R2C
+

γ

R2C
exp

(
−β′ (t− tc)

)
. (C.26)

C.3.2 Current through the film

The current through the film can then be written,

I↑1,m (t) =
α′

β′R2C
t− α′

β′2R2C
+

γ

R2C
exp

(
−β′ (t− tc)

)
+
α′

β′
−β′γ exp

(
−β′ (t− tc)

)
.

(C.27)

I↑1,m (t) =
α′

β′R2C
t+

(
β′ − 1

R2C

)
α′

β′2
−
(
β′ − 1

R2C

)
γ exp

(
−β′ (t− tc)

)
(C.28)

Now, we note that

β′− 1

R2C
=

R1′ +R2 +R3

R2C (R1′ +R3)
− 1

R2C
=

1

R2C

(
R1′ +R2 +R3

R1′ +R3
− R1′ +R3

R1′ +R3

)
=

1

C (R1′ +R3)
.

(C.29)
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C.3. Solving the case of the Metallic State

With this simplification,

I↑1,m (t) =
α′

β′R2C
t+

1

C (R1′ +R3)

[
α′

β′2
− γ exp

(
−β′ (t− tc)

)]
(C.30)

I↑1,m (t) =
V̇ R2

2C

(R1,m +R2 +R3)
2︸ ︷︷ ︸

Term 1

+

(
V̇

R1,m +R2 +R3

)
︸ ︷︷ ︸

Term 2

t− γ

C (R1,m +R3)︸ ︷︷ ︸
Term 3

exp (−βm (t− tc))

(C.31)
The first term is a constant. Note that in the present model, this term

must be positive, which is contrary to the measured data, which has a nega-
tive offset at V = t = 0. For this reason, we do not use this information in
trying to determine the values of the circuit elements. One possible source
on the negative offset is some form of nonlinear conduction in VO2 in the
metallic state (e.g., I ∝ V 2).

The second term is the slope of the IV curve at high voltage (i.e., well
above the IMT). We do use this data in determining the values of the circuit
elements, as we believe it is mostly dominated by ohmic elements in the
sample system and therefore well captured by the circuit model. For pixel
[109, 109] (zero-indexed) the slope of the IV curve in the metallic state
corresponds to 67,951.004 Ω. Thus, the first equation that we solve is:

R1,m +R2 +R3 = 67, 951.004. (C.32)

Obviously, this places some bounds on the values of the individual resis-
tances:

R1,m ≤ 67, 951.004 Ω (C.33)

R2 ≤ 67, 951.004 Ω (C.34)

R3 ≤ 67, 951.004 Ω (C.35)

The exponential decay time of the current in the metallic state is given by
β−1m , which equals 310.7 µs. This gives us the second equation that we need
to solve.

R2C (R1,m +R3)

R1,m +R2 +R3
= τm = 3.107× 10−4 s (C.36)
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Figure C.2: IV curves.

We know the denominator on the left hand side of Eqn. C.36 from Eqn. C.32,
and can therefore rewrite Eqn. C.36 as,

R2C (67, 951.004 Ω−R2) = 21.115 Ω · s. (C.37)

This gives a quadratic equation,

−R2
2C + 67, 951.004R2C − 21.115 = 0. (C.38)

Using the quadratic formula,

R2 =
−67, 951.004C ±

√
67, 951.0042C2 − 4 · 21.115C

−2C
. (C.39)

Because R2 must be real, we require that the term under the radical be
positive. To satisfy this condition,

67, 951.0042C2 − 4 · 21.115C = 0, (C.40)

which has two solutions: the trivial solution, C = 0, and a second solution
at Ccritical = 1.829× 10−8. We thus have another bound,

C ≥ 1.829× 10−8 F (C.41)

At the critical capacitance, the resistanceR2 = 67, 951.004/2 = 33, 975.502 Ω.

97



C.4. Setting up equations for the downsweep

C.4 Setting up equations for the downsweep

We can now consider the downsweep. There are several important facts to
keep in mind for this step: (i) the voltage ramp rate is negative; (ii) the
charge on the capacitor is nonzero at the start of the downsweep; (iii) the
differential equation that we need to solve is no longer given by Eqn. C.21,
but we use Vs (t) = V̇ × (tmax − t) (i.e., t = 0 now corresponds to the start
of the downsweep) to obtain

dQ↓m (t)

dt
= tmaxαm − αmt− βmQ↓m (t) . (C.42)

The boundary condition is given by, Q↓m(t = 0) = Q↑m(t = tmax) ≡ Qmax.
The math here is ugly. I’ll skip it.

C.4.1 Current through the film

The important part is that the exponential decay time of the current in the
insulating state is given by β−1i , which equals 957.2 µs. This gives us the
third equation that we need to solve:

R2C (R1,i +R3)

R1,i +R2 +R3
= τi = 9.572× 10−4 s. (C.43)

C.4.2 Lower bound on R2

Returning to Eqn. C.36, we can write

C =
τmR2

R2 (Rtotal,m −R2)
, (C.44)

which we can then plug into Eqn. C.43 and then solve for R2:

R2 =
Rtotal,i ·Rtotal,m (τi − τm)

τiRtotal,i − τmRtotal,m
, (C.45)

Which is plotted in Fig. C.3. We can derive two additional bounds from this
equation. First, because R2 ≥ 0, the denominator must be positive (N.B.
the numerator is always positive as τi > τm). Thus,

τiRtotal,i > τmRtotal,m, (C.46)
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Figure C.3: Plot of Eqn. C.45 showing R2 as a function of Rtotal,i. Note
that there is a critical value for Rtotal,i below which R2 is negative. Also, as
Rtotal,i increases R2 approaches its limit asymptotically.

or,

Rtotal,i >
τmRtotal,m

τi
= 22, 058.316 Ω. (C.47)

Second, in the limit Rtotal,i → ∞, we see (Fig. C.3) that R2 asymptotically
approaches a limiting value. Therefore,

R2 >
Rtotal,m (τi − τm)

τi
= 45, 892.688 Ω. (C.48)

This places upper bounds on the values of R1,m and R3 and R1,m +R3:

R1,m ≤ Rtotal,m −Rmin
2 = 22, 058.316 Ω, (C.49)

R3 ≤ Rtotal,m −Rmin
2 = 22, 058.316 Ω, (C.50)

R1,m +R3 ≤ Rtotal,m −Rmin
2 = 22, 058.316 Ω. (C.51)

C.5 Summary
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Figure C.4: Wide area maps of insulating state resistance of the film (R1,i),
external resistor 2 (R3), and the capacitance (C). Note that the green tri-
angle denotes the region where all bounds are satisfied.
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Figure C.5: Same as above, but only calculated over the region where all
constraints are satisfied.
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Figure C.6: Maps showing the various correction terms to the voltage across
the film. The third panel shows the correction due to the current through the
capacitor as a percentage of the correction due to the non-film resistances.
Over a large fraction of the plausible parameter space, the correction is less
than 10%.
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