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We suggest a scheme for the use of magnetic force microscopy (MFM) to manipulate and measure
Majorana zero modes emergent in vortex cores of topological superconductors. We calculate the
energy splitting and the resulting change in charge and current density around the vortex cores due to
the overlap of the Majorana wavefunctions when a composite fermion is formed. The corresponding
excess magnetic field gradient above the vortex background can be measured by MFM, constituting
a readout of Majorana pair parity. This Majorana parity signal can then be used to measure the
expected lifetime of the topologically protected quantum information in the system.

1 Introduction.—The primary obstacle to achieving
scalable quantum computation is the vulnerability of
qubits to environmental perturbation. To this end, there
has been a strong push for the investigation of topo-
logical quantum computation (TQC) where protection
from local fluctuations derives from the non-local nature
of the qubit states, greatly increasing their stability [1].
Majoranas, emergent excitations that satisfy non-abelian
exchange statistics, have been suggested as components
of a topological qubit [2]. However, success of this ap-
proach requires a method to store and read out the in-
formation in the parity of a pair of Majoranas after an
exchange. When two Majoranas are contracted to sin-
gle point, they can either annihilate or form a canonical
fermion [3, 4]. The quantum information stored in the
pair is the presence or absence of the charged fermion, so
measurement of the increased charge or current density
would constitute a readout of the parity of the Majorana
pair. It is thus possible to use the braiding statistics and
non-locality of Majorana states to create perturbation-
resistant qubits.

2 Previous experiments have focused primarily on Ma-
joranas at the edges of semiconductor nanowires on a
superconducting substrate [5, 6], where there has been
some hard-won progress; however, tight constraints on
temperature, magnetic field, and interface quality re-
main challenging. Majoranas may also be found in single
materials where bulk s-wave superconductivity can self-
proximitize the helical surface states, creating an effec-
tive topological superconductor on the surface [7]. Vortex
cores in these systems are predicted to host zero energy
bound states with Majorana exchange statistics, known
as Majorana zero modes (MZMs) [8–10]. Scanning tun-
neling microscopy (STM) experiments have observed zero
bias conductance peaks (ZBCPs) suggestive of MZMs in
the vortex cores of several Fe-based superconductors, in-
cluding FeTe0.55Se0.45 [11–14], (Li0.84Fe0.16)OHFeSe [15],

CaKFe4As4 [16], and LiFeAs [17].

3 The ZBCP can be distinguished from the conven-
tional Caroli-deGennes-Matricon (CdGM) subgap states
of the vortex in several materials. CdGM states scale as
±∆2/EF , where ∆ is the superconducting gap and EF is
the chemical potential [18]. FeTe0.55Se0.45 is among the
primary candidates to utilize MZMs, due to its relatively
large ∆ = 1.8 meV and small EF = 4.4 meV with re-
spect to the Dirac point [11], yielding a sufficiently large
spectral gap between CdGM states, such that an iso-
lated ZBCP within can be easily distinguished by STM
measurements at dilution fridge temperatures (Section I
in [19]). FeTe0.55Se0.45 can thus host topologically pro-
tected qubits, but a scheme for the readout and manip-
ulation of these qubits is still lacking.

4 Here we develop a general scheme for braiding MZMs
in topological superconductors with vortex manipula-
tion and parity readout via magnetic force microscopy
(MFM). We propose to first detect the MZMs in vortex
cores by tunneling measurement of a ZBCP, then ma-
nipulate the vortex by magnetic force coupling between
the vortex and the MFM tip. While vortices have been
shown to couple to locally applied mechanical [20], ther-
mal [21], and magnetic SQUID [22] probes, the higher
spatial resolution along with the tunneling capabilities of
MFM allow for simultaneous identification and manipu-
lation of MZMs, as well as sensitivity to local magnetic
fields required for readout of MZM pair parity. Addi-
tionally, MFM can be operated using a large tip-sample
separation during vortex manipulation to reduce quasi-
particle poisoning, and then can rapidly approach the tip
towards a pair of assembled MZMs to make a parity read-
out. We quantify the feasibility to detect the resultant
MZM parity by magnetic force readout for the specific
material FeTe0.55Se0.45. By repeated measurements, the
Majorana parity lifetime could also be quantified, and ul-
timately more complex braiding could be used to conduct
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FIG. 1. (a) Surface band structure schematic, supported by
ARPES [23]. Inset shows the ladder of subgap states with
a true zero mode (thick line) and trivial CdGM modes (thin
lines) separated by ∆2/EF [18]. (b-c) Schematic of Majo-
rana parity readout process. (b) MFM cantilever tip is used
to bring one vortex close to another pinned vortex, causing
the MZMs to overlap. (c) When in the parity 1 state, as
shown here, the MZMs form a canonical fermion, generating
an excess current density (orange arrows), and a correspond-
ing change in cantilever resonance frequency δf , above the
background (parity 0 state).

logical operations.

5 FeTe0.55Se0.45 exhibits bulk s-wave superconduc-
tivity up to Tc = 14.5 K [24, 25]. However, ARPES
studies also find a Dirac cone [23] in the bulk band struc-
ture, emerging from inversion between an odd-parity p
band and an even parity d band along the Γ-Z direc-
tion [26]. Cooper pairs are free to tunnel between any of
the pockets in the Brillouin zone to the surface states,
leading to an effective internal proximity effect from
the bulk into the topological surface states. Therefore,
FeTe0.55Se0.45 realizes the Fu-Kane model for proximity-
induced s-wave superconductivity on topologically pro-
tected surface states [7].

6 We seek to address how to measure the quantum
state of a pair of MZMs in two distinct vortices. Each
Majorana operator γj=1,2 associated with these MZMs
can be considered half a fermionic operator such that the
combination c† = γ1 + iγ2 is a canonical fermion creation
operator [3, 4]. The MZMs are fused by bringing the
pair of vortices together to within a coherence length
so their cores overlap. The fermionic occupation c†c of
the overlapping MZM pair then determines the presence
or absence of an excess quasiparticle, which would give
rise to an excess charge and current density above the
background of the fused vortices.

7 First, we will consider the limit where a pair of vor-
tices are brought to completely overlap so that they fuse
into a double flux quantum vortex. In this limit, polar
symmetry reduces the problem to solving for the low en-
ergy eigenstates of the 1-D radial Bogoliubov-de-Gennes
(BdG) equation. Second, we will inspect the case of two

spatially separated single flux quantum vortices by dis-
cretizing the surface Hamiltonian and solving the BdG
equation on a grid. We refer to these methods for solv-
ing the BdG equation as the continuum and lattice mod-
els, respectively. We can check the discretization error of
the lattice model through comparison to the continuum
model in the double flux quantum vortex limit. In both
models, the occupancy of the lowest energy solution mea-
sures the quantum state of the composite fermion formed
by the overlap of the MZM pair.
8 Continuum Model - Double Vortex—A vortex state
can be described by the BdG Hamiltonian:

H = [vσ · p− EF ]τz + [∆(r)τ+ + h.c], (1)

where p is the momentum operator of the topologically-
protected surface state, v is the Fermi velocity, EF is the
chemical potential, and τ and σ are the Pauli matrices
in Nambu and spin space, respectively [7, 27]. In polar
coordinates, the gap is taken to be of the conventional
form ∆(r/ξ) = ∆(r/ξ)einθ = ∆0 tanh(r/ξ)einθ, where
ξ is the coherence length, ∆0 is the magnitude of the
superconducting gap, and n is the winding number of
the vortex. The Hamiltonian becomes

H = −i~v
[
(σx cos θ + σy sin θ)∂r +

1

r
(σy cos θ − σx sin θ)∂θ

]
τz

− EF τz + ∆(r) [cos(nθ)τx + sin(nθ)τy] . (2)

Eq. 2 commutes with the total angular momentum oper-
ator and can thus be simplified by the appropriate choice
of unitary transformation to the radial BdG equation
given by[

− i~vσxτz∂r + τz

(
EF −

~v
2r
σy(σz + nτz − 2m)

)
+ ∆(r)τx − E

]
Ψ(r) = 0. (3)

where m is the angular momentum quantum number of
the vortex. We choose to work in units where ~ = v =
∆0 = 1, forcing ξ = 1 and ∆(r) = tanh(r). By rotating
σx → σy about the z axis, the BdG equation becomes
real and 1-D, given by[

∂r −
(
iEFσy −

1

2r
(1 + σz(nτz − 2m))

)
− tanh(r)τyσy − iEσyτz

]
Ψ(r) = 0. (4)

9 We seek the lowest energy solution Ψ(r), for m = 1
2

where a zero-energy solution exists for a double flux
quantum vortex (n = 2) (Sections II-III in [19]). Though
the system was solved analytically for EF = 0 [7, 28], here
we solve Eq. 4 for the more realistic condition EF /∆ =
2.5, comparable to the measured value for FeTe0.55Se0.45
[11]. The occupation of the state Ψ(r) is associated with
a corresponding excess charge and current density above
the background of the double flux quantum vortex, shown
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FIG. 2. (a) Excess charge density associated with the lowest
energy wavefunction of a double flux quantum vortex as a
function of the lateral distance r from the vortex center, cal-
culated in the continuum model. (b) Excess surface current
density for the same state. For this calculation EF /∆ = 2.5,
comparable to the measured value for FeTe0.55Se0.45 [11]. (c)
Using a soft cantilever (Table S2 in [19]), the absolute change
in MFM resonance frequency, |δf |, from the parity 1 state in
a double flux quantum vortex is shown for both the contin-
uum (red) and lattice (black) models and the low-temperature
noise floor (horizontal dashed line) is calculated via Eq. 7.
Note for this calculation the effective tip monopole is calcu-
lated for a nanowire on tip to be of strength m̃ ≈ .3 nAm,
placed at an offset distance from the nanowire apex of d = 4.4
nm. Inset: Excess magnetic field gradient above the center
of a double flux quantum vortex as a function of tip-sample
separation z above the sample surface, in the continuum (red)
and lattice (black) models. This physical observable derived
from the MZM wavefunction solution is then converted into
an experimentally dependent resonance frequency shift δf via
Eq. 6 using the monopole-monopole approximation [19].

in Fig. 2(a-b). While the charge density will exert elec-
trostatic forces on the MFM tip, screening by the back-
ground superconductor is expected to reduce this effect
to a level undetectable by MFM outside of tip-sample
separations in the tunneling regime where quasiparticle
poisoning may dominate [29–31]. Therefore, we focus on
the excess current density associated with Ψ(r), given by
the expectation value of the tangential component of the
current operator,

j(r) = −veΨ†(r)σxΨ(r). (5)

The magnetic field gradient perpendicular to the surface
|dBz/dz| generated by this current, shown in Fig. 2(c),
is expected to be detectable by traditional Si cantilevers
at tip-sample separation & 2 nm where quasiparticle poi-
soning from tip-sample tunneling is not significant.
10 Lattice Model - Two Vortices—To analyze the mag-
netic signal generated by the more realistic case of two
partially overlapping single flux quantum vortices, we nu-
merically solved the Fu-Kane Hamiltonian (Eq. 1) on a
lattice. The lattice realization breaks time-reversal sym-
metry on the lattice level (as expected from the fermion
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FIG. 3. Excess current density generated by overlap of two
MZMs in the parity 1 state in the lattice model with EF /∆ =
2.5 for (a) the double flux quantum vortex and a vortex core
separation of (b) ∼ 2ξ, (c) ∼ 2.5ξ, and (d) ∼ 3.5ξ. As vortex
cores, represented by purple dots, are separated, the current
magnitude drops exponentially, leading to a drop in the excess
resonance frequency shift of the MFM cantilever. (e) MFM
cantilever resonance frequency shift as a function of vortex
separation, calculated at a fixed height of 2 nm above the
midpoint of the vortex pair. The diagonal gray dashed line is a
guide to the eye showing exponential decay. The black dashed
line shows the low-temperature noise floor (Eq. 7) calculated
for a soft cantilever (Table S2 in [19]) with a nanowire on tip
[32].

doubling theorem), but is parameterized to preserve the
low-energy effective Hamiltonian consistent with Eq. 1.
The result of the lattice model in the extreme limit of
the double flux quantum vortex is shown in Fig. 2(c),
demonstrating excellent agreement with the continuum
model.
11 The Majorana signature can now also be studied
with the spatial separation of vortices as a free input pa-
rameter. The current flow generated by the overlap of the
two MZMs in the parity 1 state is shown in Fig. 3(a-d) for
various spatial separations (the parity 0 case would have
no such excess supercurrent). We calculate the change
in resonance frequency of the MFM cantilever at a fixed
height of 2 nm above the surface, as a function of the lat-
eral separation between vortices, as shown in Fig. 3(e).
The Majorana parity signal decays exponentially with
vortex separation as expected, but the MZM overlap is
still large enough to be detectable with vortex separa-
tions over 40 nm, several times ξ ∼ 12 nm [11].
12 MFM Sensitivity and Noise—When the MFM tip
approaches the vortex from above, the tip feels a force
due to the magnetic field induced by the excess current
density. Modeling the tip as a magnetic monopole, the
cantilever frequency shifts in proportion to the magnetic
field gradient with sensitivity

δf = m̃
f0
2k

dBz
dz

, (6)

where k is the cantilever force constant, f0 is the reso-
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nance frequency, and m̃ is an effective tip monopole. For
typical Co coated pyramidal tips the effective monopole
m̃ is expected to be ∼ 5 times the hypothetical funda-
mental Dirac monopole h/eµ0, but d is large ∼ 250 nm
from the tip apex [33], reducing the overall resonance fre-
quency shift. In order to maximize the sensitivity of the
measurement, it is optimal to use a Nd coated nanowire
on tip [32] with a smaller effective monopole m̃ ∼ 0.1 h

eµ0

and smaller offset d ∼ 4 nm (Section IV in [19]). The sen-
sitivity must be balanced against the three primary noise
sources in frequency-modulated AFM: thermal, detector,
and oscillator noise [34, 35] (Section IV in [19]). With op-
timized electronics and a typical silicon cantilever, even
at low temperature the system will usually be dominated
by thermal noise,

δftherm =

√
kBTBf0
πkQA2

, (7)

where B is the measurement bandwidth, A is the os-
cillation amplitude, Q is the quality factor, and kB is
Boltzmann’s constant. Then a stiffer cantilever lowers
the noise floor as

√
f0/k, but also reduces signal sen-

sitivity as f0/k, making softer cantilevers the optimal
choice for a parity readout. A typical soft cantilever with
f0 ∼ 10 kHz and k ∼ 0.01 N/m is used to convert the cal-
culated magnetic field gradient to a detectable frequency
shift in Fig. 2(c). The corresponding noise floor for this
cantilever, calculated in a 1 Hz bandwidth, is shown as a
horizontal dashed line in Fig. 2(c) and Fig. 3(e). Other
background signals from the conventional vortex super-
current and tip stray magnetic field are constant across
all vortices, as calculated in Section V of [19].
13 To read Majorana parity, we will need to bring two
vortices together so their cores almost touch, overcoming
the inter-vortex repulsion. In FeTe0.55Se0.45, which is at
the extreme type-II limit, the vortex-vortex repulsion ap-
proaches 10 pN for a 100 nm thick film as the separation
approaches 2ξ [36] (Section VI in [19]). Therefore, we
must strongly pin one vortex in a region where topologi-
cal band inversion guarantees a surface MZM [37], while
we bring another vortex towards it. Though pinning
forces in clean bulk FeSe can be on the order of fN [38], a
promising measurement in ion-irradiated FeTe0.55Se0.45
showed that some vortices can be fixed by collective pin-
ning in relatively clean areas, avoiding MZM burial or
poisoning by normal quasiparticles present at the pin-
ning site, and leaving a sharp zero bias conductance peak
(ZBCP) intact on the surface [39].
14 Parity Lifetime Measurement—Despite its topo-
logical nature, the Majorana pair has a finite parity life-
time due to interactions between the Majoranas and stray
quasiparticles that cause decoherence known as quasipar-
ticle poisoning [40]. Quasiparticle poisoning leads to a
fluctuation of the occupation of the lowest-energy vortex
bound state, which is associated with the excess mag-

netic field we propose as a parity readout signal. These
discrete flips in the Majorana parity between 0 and 1
would thus give rise to telegraph noise in the force on
the MFM tip as it is held above the vortex cores. Other
commonly-observed telegraph noise in superconducting
devices arises from cosmic rays [41], fluctuating charges
[42] or spins [43] in the adjacent oxide tunnel junction,
or surface hydrogen or oxygen adsorbents [44, 45]. These
mechanisms are infrequent or inapplicable to the UHV-
cleaved bulk FeTe0.55Se0.45 sample proposed here. Ne-
matic [46, 47] or magnetic [48] domain switching in bulk
materials can likely be ruled out due to domain freezing
at low temperature. Nonlinear 1/f noise has been ob-
served only above Tc in Fe(Te,Se) films, and attributed to
voltage-driven or thermally-activated interband coupling
[49]. Therefore, observation of telegraph noise in UHV-
cleaved FeTe0.55Se0.45 deep in the superconducting state
at zero bias and mK temperature, would suggest that the
fluctuation is indeed Majorana in nature.

15 Majorana telegraph noise should be measurable
if the quasiparticle poisoning is slower than the acquisi-
tion of the force measurement. The characteristic rate
of telegraph noise would yield an estimate of the quasi-
particle poisoning timescale that limits the qubit life-
time, which has been difficult to model and poorly un-
derstood. To minimize quasiparticle poisoning, the tip
must be out of tunneling range, z & 2 nm from the sur-
face. From Fig. 2(c), this z corresponds to an expected
signal δf ∼ .01 Hz, which requires a measurement time
∼ 100 s in frequency-modulated MFM. Using amplitude-
modulated MFM, the measurement duration is limited
by the response time of the cantilever to a changing force.
Lossy qPlus cantilevers with Q ∼ 100 and f0 ∼ 10 kHz
could enable measurement duration Q/f0 ∼ 10 ms.

16 Conclusion—We have presented a scheme for the
pinning, dragging, parity readout, and lifetime of a pair
of MZMs in the vortex cores of topological superconduc-
tors using MFM. We have shown that MFM cantilevers
can be sensitive enough to measure the change in su-
percurrent when the resulting fermionic state is occu-
pied, even when the two vortex cores are not completely
overlapping. While we have explicitly demonstrated nu-
merical feasibility only for FeTe0.55Se0.45, we expect the
same methodology will be applicable to other topological
superconductors that realize the Fu-Kane model on the
surface, including stoichiometric materials with uniform
chemical potential (Table S1 in [19]). Thus, we have laid
out a novel pathway toward the experimental realization
of topologically protected quantum logic.
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I. MATERIALS HOSTING MAJORANA ZERO MODES IN VORTEX CORES

S1 Zero bias conductance peaks (ZBCPs) suggestive of Majorana zero modes (MZMs) have been observed in the
vortex cores of several Fe-based superconductors. It remains crucial to distinguish the ZBCP from the conventional
Caroli-deGennes-Matricon (CdGM) subgap states of the vortex, which scale as ±µ∆2/EF [1], where ∆ is the su-
perconducting gap, EF is the chemical potential, and µ = 1

2 ,
3
2 ,

5
2 , ... in a conventional vortex or µ = 1, 2, 3, ... in a

vortex with MZM [2, 3]. Table S1 shows that MZMs can be distinguished from CdGM states in several Fe-based
superconductors by scanning tunneling microscopy (STM).

S2 The spectral energy resolution of scanning tunneling microscopy (STM) is thermally limited by the convolution
of the tip and sample Fermi function to approximately 3.5kBT . Thus for a dilution fridge STM with base electron
temperature ∼ 40 mK (see Fig. 6 in Ref. [4]), the energy resolution is as good as ∼ 12 µeV. This resolution is more
than an order of magnitude smaller than the smallest reported gap between the ZBCP and the lowest CdGM states,
allowing for the experimental observation of isolated ZBCPs in vortex cores.

Experiment
Operating

Temp. Material
SC Gap

(∆)

Fermi
Level
(EF )

Lowest
Observed
CdGM

(no ZBCP)

Lowest
Observed
CdGM

(with ZBCP)

M. Chen, Nat Com (2018) [5] ∼ 400 mK FeTe0.55Se0.45 1.1 meV ∼ 4 meV 0.45 meV –
D. Wang, Science (2018) [6] ∼ 550 mK FeTe0.55Se0.45 1.8 meV 4.4 meV 0.34 meV 0.68 meV
T. Machida, Nat Mat (2019) [7] Tel ∼ 85 mK FeTe0.55Se0.45 1.5 meV 10 meV 0.10 meV 0.17 meV
L. Kong, Nat Phys (2019) [8] ∼ 550 mK FeTe0.55Se0.45 2.2 meV 2.6 meV 0.26 meV 0.65 meV
S. Zhu, Science (2020) [9] Tel ∼ 377 mK FeTe0.55Se0.45 1.1 meV 0.13 meV 0.31 meV
C. Chen, PRL (2020) [10] Tel ∼ 1.18 K FeSe/SrTiO3 10.6 meV 60 meV 0.54 meV –
Q. Liu, PRX (2018) [11] ∼ 400 mK (Li0.84Fe0.16)OHFeSe 5.7 meV 57 meV – 0.77 meV
W. Liu, Nat Com (2020) [12] Tel ∼ 690 mK CaKFe4As4 5.8 meV 20.9 meV – 1.2 meV
L. Kong, Nat Com (2021) [13] ∼ 400 mK LiFeAs 2.1 meV 4.0 meV 0.4 meV 0.9 meV
X. Chen, PRL (2021) [14] ∼ 400 mK KCa2Fe4As4F2 4.3 meV 24 meV 0.8 meV –

TABLE S1. Previous STM experiments on vortices in FeTe0.55Se0.45 and other Fe-based superconductors.

II. DERIVATION AND SOLUTION OF RADIAL BDG EQUATION

S3 We begin by recalling the BdG Hamiltonian in polar coordinates,

H = [−iv{(σx cos θ + σy sin θ)∂r +
1

r
(σy cos θ − σx sin θ)∂θ}]τz

− EF τz + ∆(r){cosnθτx + sinnθτy}. (S1)
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We note that it commutes with the total angular momentum operator

J = L+
1

2
(σz + nτz), (S2)

where L = −i∂θ is the orbital angular momentum operator. This allows us to focus on solutions with eigenvalues
J = m. The spectrum of excitations of this system is found by solving the eigenvalue problem

HΨm(r, θ) = EΨm(r, θ). (S3)

The angular dependence for such states is written as

Ψm(r, θ′) = eiθ
′LΨm(r, θ)|θ=0

= e−iθ
′(σz+nτz−2m)/2Ψm(r, 0). (S4)

Applying this transformation, we can isolate the θ dependence of the BdG equation as

e
iθ
2 (σz+nτz−2m)He−

iθ
2 (σz+nτz−2m)Ψm(r, 0) = EΨm(r, 0), (S5)

where

Hm = e
iθ
2 (σz+nτz−2m)He−

iθ
2 (σz+nτz−2m)

= −ivσxτz∂r − τz[EF −
i

r
σy
i

2
(σz + nτz − 2m)]

+ ∆(r)τx. (S6)

The 1-D radial BdG equation then takes the form

[−ivσxτz∂r + τz{−EF +
i

r
σy(i/2)(σz + nτz − 2m)}

+ ∆(r)τx − E]Ψ(r) = 0. (S7)

We then set v = ∆0 = 1 and make the rotation σx → σy to find

[∂r + {−iEFσy +
1

2r
(1 + σz(nτz − 2m))}

− tanh(r)τyσy − iEσyτz]Ψ(r) = 0. (S8)

S4 Eq. S8 can in principle be solved as an initial value problem from r = 0 to r = ∞. In the limit r → 0, the 1
r

term dominates and thus the initial value Ψ(r → 0) must satisfy the constraint

{1 + σz(nτz − 2m)}Ψ(r → 0) = αΨ(r → 0), (S9)

where α ≤ 0. Let us now focus on the m = 1
2 angular momentum channel of a double vortex (n = 2). The initial

condition then satisfies

(1− σz + 2σzτz)Ψ(r → 0) = αΨ(r → 0). (S10)

This allows initial conditions Ψj(r → 0) = Ψj where Ψj=1,2 are the two orthonormal vectors with σzτz = −1. Let
us represent the solutions to the initial value problem defined by Eq. S8 as Ψj(r). A general solution matching the
boundary conditions as r → 0 is given by

Ψ(r) =
∑
j

cjΨj(r). (S11)

S5 Next we consider the boundary conditions at r →∞, where Eq. S8 takes the form

[∂r − iEFσy − τyσy − iEσyτz]Ψ = 0. (S12)
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In this limit Ψ(r) = Ψe−zr where convergent solutions require Re[z] > 0. Substituting, we get

[−iEFσy − τyσy − iEσyτz]Ψ = zΨ. (S13)

Let us denote the two eigenvectors with the convergent eigenvalues as Ψ̃j=1,2. We can then define Ψ̃j(r) to be the

solutions of Eq. S8 with boundary conditions Ψ̃j(r → ∞) = Ψ̃je
−zjr. A general solution matching the boundary

conditions as r →∞ is given by

Ψ(r) =
∑
j

c̃jΨ̃j(r). (S14)

S6 For a complete solution, the two solutions at small and large r, given by Eq. S11 and Eq. S14, respectively, must
match at an intermediate r = R. Since this is a linear condition for 4 component wave-functions with 4 coefficients,
such a matching is possible only if the energy E satisfies the condition

M(E) =
[
Ψ1(R) Ψ2(R) Ψ̃1(R) Ψ̃2(R)

]
= 0. (S15)

Since Eq. S8 is real, M(E) is real and the solutions can be determined by simple root finding. The null vector of the
matrix provides us with the coefficients of cj , which then allows us to construct Ψ(r) using Eq. S11. In practice we

can compute Ψ̃j(R) by solving Eq. S8 in reverse from some large R′ � R with an arbitrary initial condition. While
the resulting solution contains the states with Re[z] < 0, the amplitudes of such states are exponentially small. It
can be shown that this is equivalent to considering Ψj(R

′) and setting the projector to zero. Therefore, for practical
purposes we solve the simpler problem

M1(E) =
[
(1 + σzτz) Ψ1(R′) Ψ2(R′)

]
= 0. (S16)

As before, the bound state energy is the root in E for which the above matrix has a zero eigenvalue. The null vector
of the matrix provides us with the coefficients of cj , which then allows us to construct Ψ(r) using Eq. S11.

III. THE CHIRAL LIMIT

S7 The radial equation for the vortex (Eq. S8) is analytically solvable in the chiral limit i.e. EF = 0 and m = 1
2 ,

in which case there is a solution for E = 0. In this limit Eq. S8 becomes

[−∂r −
1

r
(nσzτz)/2 + tanh(r)τyσx]Ψ(r) = 0. (S17)

This equation is easy to solve since the comprising matrices (1, σzτz and τyσx) commute. The solution to these
equations are then formally written as

Ψ(r) = r−(nσzτz)/2 cosh(r)τyσxΨ0. (S18)

For a double vortex this leads to a unique solution of the form

Ψ(r) = Nrsech(r)Ψ0, (S19)

where Ψ0 is defined by the equation σzτzΨ0 = τyσxΨ0 = −Ψ0 and N is a normalization constant. Adding a finite
chemical potential EF doesn’t affect the wave-function much at lowest order in perturbation theory, but shifts the
energy to

E ' −EFΨ†0τzΨ0 = 0. (S20)

The current density would be given by

j(r) = vN2r2sech2(r)Ψ†0σyΨ0 = 0. (S21)

This means one needs to consider the wave-function contribution of order EF , which is out of the scope of our
arguments.
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IV. AFM SENSITIVITY

S8 The horizontal dashed lines representing the MFM noise floors in Fig. 2(c) and Fig. 3(e) are calculated taking
into account typical measurement noise contributions. Frequency-modulated AFM detects a force gradient due to
the tip-sample interaction through a shift in the resonance frequency of the cantilever from f0 to f0 + δf . There are
three main sources of noise to consider in frequency-modulated AFM: thermal noise δftherm, detector noise δfdet, and
oscillator noise δfosc, given by Refs. [15, 16] as

δftherm =

√
kBTBf0
πkQA2

(S22)

δfdet =

√
2

3

nB3/2

A
(S23)

δfosc =
f0n√
2AQ

√
B (S24)

δftotal =
√
δf2therm + δf2det + δf2osc (S25)

where k is the cantilever stiffness, n is the deflection noise density, B is the measurement bandwidth, A is the oscillation
amplitude, Q is the quality factor, and kB is Boltzmann’s constant. With optimized electronics and a typical silicon
cantilever, the thermal noise contribution will dominate, even at low temperature. Table S2 gives examples of both
stiff and soft NANOSENSORSTM cantilevers and the resulting baseline noise level (δftotal) that can be expected with

reasonable operating conditions (T = 40 mK, A ∼ 500 pm, B ∼ 1 Hz, and n ∼ 150 fm/
√

Hz). Higher k provided by

the stiffer cantilever lowers the thermal noise floor as ∼
√
f0/k, but also reduces sensitivity to the parity 1 signal as

∼ f0/k, making softer cantilevers the optimal choice for a parity readout.

NANOSENSORSTM

part number f0 (kHz) k (N/m) Q
Noise Floor
δftotal (mHz) Optimal use

Stiff SSS-MFMR [17] 75 2.8 30,000 1.0 Vortex manipulation
Soft QP-SCONT [18] 10 0.01 10,000 8.4 Parity readout

Very Soft
Custom ion-etched

[19, 20] 5.5 1.1 × 10−4 30,000 1.1 Parity readout

TABLE S2. Commercially-available mechanical cantilevers for different aspects of Majorana manipulation and readout.

S9 Although softer cantilevers are more sensitive to the parity readout, they are also more prone to snapping to
the surface at the reduced tip-sample separations necessary to perform tunneling measurements of the ZBCP. A soft
pendulum-style cantilever could be used to prevent snap-in, at the expense of lateral spatial resolution and vortex
manipulation force [21], as shown in Figure S1 (a). One such very soft cantilever which greatly increases force
resolution is listed in Table S2. Since the change in resonance frequency scales inversely with the stiffness, k, a softer
cantilever is ideal for the readout of the parity of the MZM pairs. While this would normally also increase the thermal
noise as k−

1
2 , the larger oscillation amplitude, A, in the vertical orientation can make the detectable force noise floor

even lower compared to the traditional horizontal case. Using the cantilever parameters for the custom ion-etched
very soft cantilever [19, 20] with an oscillation amplitude of A = 16 nm gives a noise floor as low as δftotal ∼ 1 mHz,
with a higher response signal compared to the horizontal cantilever measurements, as shown in Figure S1 (b,c).

In addition to the cantilever, the type of tip itself is also important in the measured MFM response to the parity
1 signal. The geometry as well as the thickness and material choice for the magnetic coating will change the stray

tip geometry coating material thickness (nm) d (nm) m̃ (nAm)
1 SSS-MFMR pyramid [17] NdFeB 1 5.5 0.28
2 250 nm nanotube [22] NdFeB 6 4.4 0.32
3 Veeco MESP [23] CoCr (Veeco-proprietary) – ∼ 250 18
4 Auslaender pyramid [24] Fe 60 ∼ 350 ∼ 30

TABLE S3. Effective m̃ and d in the monopole approximation of various cantilever tips considered for this experiment (1,2)
or used previously in literature (3,4). The specific values for rows 1-2 are dependent on the exact geometry of the tip as well
as the magnetic coating material and thickness.
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FIG. S1. (a) Conceptual diagram of the MFM cantilever in the vertical pendulum (top) and traditional horizontal (bottom)
geometry with a Nd coated carbon nanotube tip. Dimensions of the nanowire are exaggerated compared to the macroscopic
tip. Calculated stray magnetic field of both the Nd coated nanowire (red) and pyramid (blue) from the analytical model given
by Eqn. S39 as a function of height above the sample surface in the (b) pendulum and (c) traditional horizontal geometries.
The stray field is calculated where it is the largest on the surface before the Meissner screening, for the point directly beneath
the tip, here set as the origin. Horizontal black dashed lines show the estimated MFM noise floor in the horizontal geometry
of ∼ 8 mHz and pendulum geometry of ∼ 1 mHz. Vertical black dashed line shows the tunneling limit tip-sample separation
of ∼ 2 nm.

field, and therefore play a role in the sensitivity of the measurement. These specifics of the tip can be simplified in
the monopole approximation as the effective monopole strength m̃ and offset d. We can model the tip as an extended
object with a magnetic coating of thickness t and remnant magnetization Mr. The stray field can then be calculated
via

~B =
µ0

4π

∫
V

3( ~Mr · (r̂ − r̂′))(r̂ − r̂′)− ~Mr

(r − r′)3
dτ ′ (S26)

where ~r′ is the vector pointing to each differential volume element within the magnetic layer of the tip and ~r is the
point where the field is evaluated at.

With a tip geometry and magnetic coating given, the calculated stray field perpendicular to the surface can then
be fit to the equivalent field of an effective magnetic monopole given by

Bmono
z = µ0m̃

z + d

(r2 + (z + d)2)3/2
. (S27)

With these effective monopole parameters, we can then calculate the expected MFM change in resonance frequency
via Eqn. 6 of the main text. The effective monopole parameters for two types of tip geometries have been calculated in
Table S3 rows 1,2: a pyramidal tip coated with 1 nm and a carbon nanotube coated with 6 nm of NdFeB, respectively,
on a non-magnetized larger Si cantilever. The pyramid was found to give the highest signal response with a base of
50 µm and a height of 5 µm, well within reason of commercial cantilever fabrication, while the nanowire (modelled
as a solid cylinder of magnetic material) should be made as long as possible to maximise the parity 1 signal, which
can be made over 250 nm [22]. Meanwhile, Table S3 rows 3,4 give values for m̃ and d for previous MFM studies on
superconductors [23, 24].

V. BACKGROUND SIGNAL

S10 Our primary theoretical result is the calculation of the excess current around a pair of vortices, arising from
fused Majoranas in the parity 1 state. We showed that the frequency shift of a magnetic-tipped cantilever due to this
excess current is larger than the noise in an appropriately designed low-temperature MFM system. Here we compare
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the excess current in the parity 1 state to the background signal arising from the vortices themselves, and from the
stray magnetic field of the tip. Though we will show that the background signal is larger than the parity signal, we
emphasize that the background signal is constant across all vortices, while the excess current in the parity 1 state can
be distinguished from the background-only current in the parity 0 state.

A. Vortex supercurrent

S11 The magnetic field generated by an isolated vortex (without MZM) will produce a much larger signal than the
fused Majoranas in the parity 1 state. The supercurrent around the vortices and the resulting perpendicular magnetic
field above the surface can be calculated according to Ref. [25] to be

j(r, z) = µ0λ
−2

[ Φ0

2π
√
r2 + 2ξ2

−A(r, z)
]

(S28)

bz(r, z) =
Φ0

2πλ2

∫ ∞
0

dk
kJ0(k

√
r2 + 2ξ2)

k2 + λ−2
f(k, z) (S29)

where

A(r, z) =
Φ0

2π
√
r2 + 2ξ2

∫ ∞
0

dk
J1(k

√
r2 + 2ξ2)

k2 + λ−2
f(k, z) (S30)

f(k, z) =
τ

k + τ
e−kz, z > 0 (S31)

f(k, z) = 1− k

k + τ
eτz, z ≤ 0 (S32)

τ(k) =
√
k2 + λ−2 (S33)

and J0(x) and J1(x) are Bessel functions. Note this derivation is material-dependent through the penetration depth,
λ, and the coherence length, ξ [26, 27]. The resulting change in cantilever resonance frequency from the vortex
supercurrent is several orders of magnitude larger than the excess signal from the parity 1 state, as shown in Fig. S2.

B. Tip stray magnetic field

S12 The stray field of the MFM tip induces a Meissner response in the underlying superconductor, which generates
additional supercurrent around each vortex. To estimate the magnitude of the stray field produced by the Nd coated
carbon nanotube on the apex of an AFM tip, we follow the same argument as in Section IV and model the nanotube
as a cylinder of radius a and length L with a constant magnetization M0 perpendicular to the sample surface, in the
following cylindrical coordinates, the ε̂ direction. The magnetic field for a ferromagnetic material can be obtained by

~BM (~r) =
µ0

4π

∫
V

3( ~M · (r̂ − r̂′))(r̂ − r̂′)− ~M

(r − r′)3
dτ ′ (S34)

where in cylindrical coordinates

~r = (L+ z)ε̂ (S35)

~r′ = (ρ, φ, ε) =⇒ |~r′| =
√
ρ2 + ε2 (S36)

~r′′ = ~r − ~r′ =⇒ r̂′′ =
(−ρ,−φ,L+ z − ε)√
ρ2 + (L+ z − ε)2

(S37)

(S38)

where z is the tip-sample separation. Defining η = L + z − ε, taking the dot product with ε̂, and plugging in the
bounds of integration the stray field becomes

~BM⊥ =
µ0M0

2

∫ L+ε

ε

∫ R+t

0

3η2

(ρ2 + η2)5/2
− 1

(ρ2 + η2)3/2
ρdρdη (S39)
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FIG. S2. (a) Current density associated with the background vortex supercurrent as a function of the distance from the vortex
center, calculated according to Ref. [25]. (b) Magnetic field gradient associated with the vortex supercurrent above the center
of a vortex as a function of tip height, z. This is the background magnetic signal in the parity 0 state. (c) Comparison between
the magnetic field gradient in (b) from the background vortex (blue) and the excess magnetic field gradient generated by the
MZM in the parity 1 state in both the continuum (red) and lattice (black) models, as shown in Fig. 2(c). The corresponding
change in resonant frequency of the MFM cantilever tip is calculated via Eq. 6. For these calculations λ = 500 nm [28, 29] and
ξ = 12 nm [6], as measured in FeTe0.55Se0.45.

where η = L + ε + z and the magnetization of Nd is taken to be M0 = 4π/µ0Br ∼ 1.5 × 107 A/m where Br is the
remnant field. This integral can be easily evaluated numerically to give the stray field perpendicular to the surface as
a function of tip-sample separation, shown in Fig. S3 (b). We choose a = 6 nm as we approximate the whole nanotube
to be magnetic material for convenience and L = 250 nm as reported in Ref. [22].

FIG. S3. (a) Conceptual diagram of the two MFM tip geometries considered: a Nd coated carbon nanotube tip (left) and a
Nd coated traditional conical tip (pyramid). The dimensions of the tip shapes that are relevant to the equivalent magnetic
monopole are labelled: the length L, and radius a for the nanotube, and the height h, and the base and tip radii, rbase and
rtip for the conical tip. (b) Calculated stray magnetic field of both the Nd coated nanowire (red) and pyramid (blue) from the
analytical model given by Eqn. S39 as a function of height above the sample surface. The stray field is calculated where it is
the largest on the surface before the Meissner screening, for the point directly beneath the tip, here set as the origin.
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VI. VORTEX-VORTEX REPULSION AND PINNING

S13 To braid Majoranas, we will need to move vortices easily around each other. But to read Majorana parity,
we will need to bring two vortices together so their cores almost touch, overcoming the inter-vortex repulsion, which
depends on the dimensionless parameter κ = λ/ξ [30]. In FeTe0.55Se0.45, which is at the extreme type-II limit (λ ∼ 500
nm [28, 29] and ξ ∼ 12 nm [6] so κ ∼ 40), the vortex-vortex repulsion approaches 100 pN per µm of film thickness
as the separation approaches 2ξ, as shown in Fig. S4. Therefore, we must strongly pin one vortex while we use the
MFM tip to bring another vortex towards it. A promising measurement in ion-irradiated FeTe0.55Se0.45 showed how a
mixed pinning landscape is created, with the strongest vortex pinning occurring at metallic core columnar defects, then
secondary pinning at clusters of point-like defects, followed by collective pinning in relatively clean areas, apparently
avoiding poisoning of the MZMs by normal quasiparticles present at the pinning site, and leaving sharp zero bias
conductance peak (ZBCP) intact [31].

S14 Previous MFM measurements using a Si cantilever and optical detection have manipulated and quantified
vortex pinning forces in Nb (detecting vortex jumps smaller than 10 nm) [23], cuprates (manipulating vortices with
pinning forces from ∼2 to ∼20 pN) [24], and Fe-based superconductors (achieving 500 fN resolution of a 4 pN pinning
force) [32]. For initial MZM detection purposes, a tuning fork cantilever may be used, because its higher spring
constant k and smaller amplitude noise allows simultaneous STM spectroscopy. Switching from Si to tuning fork
cantilevers typically increases k from ∼3 N/m to ∼3000 N/m, so f0 should be increased by the same factor to
maintain sensitivity [15, 16]. To lower the noise floor, in situ feedback can be used to increase Q by a factor of up
to 20 [33]. Indeed, low-T MFM with a tuning fork has previously shown 2 pN force resolution and 15 nm spatial
resolution [34].
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FIG. S4. (a) Inter-vortex repulsion force for increasing values of κ = λ/ξ. As the system approaches the type-II limit, the
repulsion force becomes a highly peaked, short range interaction. (b) The infinite κ behavior of the vortex-vortex repulsion.
This extreme type-II limit well approximates the FeTe1−xSex system.
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