ﬂ’\gﬁ}w 152 ( HoPman)
Lechure # (&

Tues, Sept 21, 2010
Beats & Dispersion Relotons
Lost tme:
* confinuum  limit Bor @%&WM
* wave. equotion for b‘ﬁl‘h;obnal wWaesS
i -EL
Pe 5 E(?Io,\t) C £z 30ut)
lnear /\ /R equilibrium

ozihon

elastic. modulus

dislolaaamva_nf
equiblorium
X recaled Hob faite 539’% ok N rasses has normal modes
Oy .
g [, e

mass
Oensi fy

Wﬂpl{hm Y,
roho
* Used Hhis Jﬂp Bom Bate N
3, 6) = oo e

~>plu3 n > fad: S6) = Ag)o(ff:wd

G

Face e
?gam, we hove Normal modes, Lhich are Separable int the product
o spaceCeperdent port and o tme-deendent port.
Pt hee we bhave confinucus (iNfnite) dﬁﬁf&@é & Fredom.
> W can foke ony value!

> bur R eadh U5 there 1 a sp&giﬁo sw,d@peﬂdepf part
> wvalue Bk ois conshuained

w
(actually, get 2 values of @(Jrcmd—) B eoch W)
> rd&ﬁonsgip between k & 115 colled ‘dispersion celaten”
@::2“:_ =:?,ﬂ:

Oﬁ?wﬂf 2 T& W

2 A
(atenumbe~ "\wave,lc/g‘%

bys’ram‘s o Quess a son o Conhnuous eqn

X ﬁ%& veJoa!y : how much does the PI’U% adwance pe wnt hme?
One. wauelergfh per pesioa
T _ A= e . W
) prose = = r/w <
* dispersion relation:
e furd this by plu

39%3 our soluhon 3(7@15%/\6/“%‘%3
into the wave equ hon

00 52, 3= E 2 3008)

P(-w?) Set) = B (-k?) Srrt)
> K= +10|
e

This porticular dispersion relation 15 inear!
Means that Uphsef%:f%: is same R all normal vodes!
* Fourier transfrms

0] DiSC/‘ei'e,:

" W

—— 76

period T

The discrete. (bt inRaite) ser of Rinchons @5(@723) ond sin (’?Tnt)

bym a lete, bosis B the ser of al pericdic Rnchons
complete, p
A) with percd T,

> We can write ang periodic Ft) oith period T os:

fie)- o r 2, Boco (T0E) + bysin( ZL0E)
e

Whee Ga 0rd o come Bom the “inner product” of
Q) oth the bosis state, 9
T

0n=“7"_“£ f(t)cos(”—;%dt




® Conhruous :
]@ Now 106'7) con be andﬂmrg at al| szjodlc or not.
w M smﬁle pulse,l

74

The contnucus, infnte. et of Ruachons e (Wherz
runs ower adl red numbess -0 1o +Oo) fm a complete
bosis for the ser of all Runchons  FLt),

Rl ... all well-lelhaved Rmc‘hms
e.q. Bnite #= &P Fnte ohsconh/\urhas ete.

flt)- ? Fl) e,_wbdw

Qlooes vectors
K coelRient o lineor combo of basis vectrs
need o it cja, .nsl'wd o odd 1o fd lincar conbo,
l%cause, @ 1e Continuous

Now Flw) comes fom an *inne prduct” of £it) with basis state :
F - —Tf@ e

Note.: inner product is 6 measre of e O\/Ulap" oF 2 Rnchons:
f fct)g*(ﬂdt

* @\ciﬁnﬁ a wove :

@%&»«&W«W
dr':vinj\ mah:rrv/\/\”w\__“_, = St ,/’b-—o)
~Con e decompoed into e
> €acn component moves ar Hne zame

w_ [E’
Uphase = v Do

= Whole.
mows unchanged af Uphase ~ J?/pz
%Avy ﬁmchon ot moves af Uphose = ]E/ » Mhsgas

Our Love aiuahm‘ S0t - Llx- U?JW;C)

Seems prety stupd > why did e bother?
Arvgﬂ\}rﬁ tat Aowls oth the correct valoc'rbj 5 a wave ...

But ! (e have ohosar\ a %sfaw Which safisfies 2. spwﬁc condibens :
Olirearty & forees
>tels us that soluhons add
® lincarty of dispersion
> 1els us thal all stlubiors frawed af same speed

These ore 2 differest condifions!
Loe wll §nd reany Sys’rema tohich sahS@ O but no- @.

Guwlsf:or‘ Od05

¥ ’U“Ppw V5. Vgroup
% Dispersion mahons

Lets do one more concrete, examgle of linear dispersion
Lok at the  superposihon F 2 erent noroval modes at L, Wz

Each mode is sin(kw-wot)  woith % =J%—: =

bu toke Lz o be O bgaa‘ then (o

o= 2.0 ley= 2.0
L= 2.2 k.=2.2

bwfs’
Qutr both sine wnves propgate ot same speed { In this specied cose
> bects olso propagate. af Q&me Speed } of (ine;fg;gws{m

> QX&C‘ UpMse




Let's do o more. Brmal deruation o he leat \/dod}t}:

St = conlloatob) + cos(kax- o)

\[/’mg Broudas
= 2(/05(‘5%&704 U_’%@}t> c%(klikL%_w)‘Zwlt>

= 2c0s( kx- Dt)Cos(Qﬁxf Mt)
CAPT WD S

carcer cove With T o
Quege wavalfﬁg% SM‘% of Hre eats

'8 overtde Qrwb;u\cij

Think. \(jow AM mm
f ow rudio 1o

Ths & the frequency you fune
Gut the b ?ﬁa paj:g Uﬂ\af dd\;g‘% contsins the information
So e fost does Are information trav)? >
7ot ar fhe phase. veloily of the carrier sgral —
2 taels of the \/alodky of the bears %é ”Q‘Oﬁ 2 Ugroup
Tn s particular smple example xfpeeclpree @2 @oe
Tre dispersion relahon s linear, So i dees hagen 1o e true that

0w PE oW,
Y = i dpe Uphase

BUT. -not alw&s fue!

Note : specid relohvi sags frar Inormahon can never tovel
{oster than e “bpeed of lfﬁht: C= 3 10 mfs

“Nothiag Hronels faster Hhan the speed of light, wih the, pesible excephion
b:gl ness, which obeys its own ser o@'ﬁll:u:s' —Douﬁfll:'%ms

[Bur we con have, Upase 7 ¢ boecause the pure sine uove carries 1o

Inforrcion - ot dlays L L alwags Wil be 2o rewas is transmitted.

Voo & € 2Xcept 10 some contvived examples ...
e == 1 ‘ 0
Y5 ’U'Uocﬁv P m%fmahon évﬁglnggéﬁ < ¢

Lets look at an example & a system With & nonlinear dispecsion r@laﬁm@

(Jafion olect! Ofen pecple say Ynat o sysrem with linear dispersion
reldnon is "dispersionless’ le a system with ronirear disperson
relotion “hos dispergiont Al sustems “have some equation  which
relafes W) —ond Ahs eloton is dways caled the dispersion rglaton,
(uk aowm‘mg g1 W\Ja{am Some. Systems have dispersion ond some dont)

Eodier v hod: e @oc@er > . fiporsion
& gn = ‘]<5 <§A‘§A»|> - K5<§n’§ml)

qu_
ot X .
cdd suoscrpt, for gprin
(o disﬁmﬁu‘bh Breom Laavenumoer)

Z. o

Now we consider:

Newo équaﬁom o mohion

g _x )- _g. - M
mOHJl - ks(gn 5,‘_') ks(gn gnu) “Lg’gn

Quiz Take the continuum limt to Brd the Love equaton & Hhis 5@5)-@/\/1,
(Gont tun tne pagel thinke doout i £ talle w n@iﬁhbors)

Then P dneod ond Brd o sduton o Hhis Loave equation.




m%%é = ’ks(jn‘gn»i} ”(5( n” 5«\*!) - %‘50

>
reldoe): > 300, t)
Znse > B 0Ebn,T)

D% .
Do

. 2L 955

< (B9rks 52 - 78S

5()0+A% 500) _ B()- S(-bx)
925 = (Dx)*ks %

D?G atl ”Axk’ 3;_~_ﬁ_3
Pt

0K, lef quess a scluion: S0xt) = alxde, uot
VARNEAN
R@me&r‘ ths 5 a "normal moede
mms@pam@ M pace and five parts,

Buery w shoud dererming a specifc alv).
Plug o ‘ : :
-ralne - —pEZ e* %@) - Wotae
> dz’d(f(:) - - WO*-Ldo*
ot (E/pc )a(x)

This lods like 2 sivple harmonic cxcillator #w> s
Swe can Lrite the soubon as

26t) A b with k- W’w;/fgzl
AH-HAH! ths & 0ot a linear dispersion.

/&(\aj}m fmq}umj O{z O 6tﬁé|c, pa/)dulum (s =

-

0K, sothe normd modes Sl ook like Loaves, 65 we expect :

E5): AN L Lt o @an
and == Lz =

RURAE

bur Hre relaton behocen k and Lo hhas dfma@d

To cdeuare the prqoa\zjahon \/doo@ e look af:
’U})MS& ' L -

T K "Jw ~ Lo+ f/;: NZEPS 6ﬁ,ohasa velock
E/pe dép@ﬂds on ‘ﬁ’@olu&no\(j.’
Diffecent sine woves propagste at erert frequencies!

dheperson relation

phose ve,lodt"
New sustem :
wZ: wD’L & Kl

K

s iw

ho e B Lo
- oo Qa@u@n@ ouh)?g QQ? souhens v
o [ ‘
X Oiag@*ohcgjﬁ to mQAQ ot cutol¥.

% dlsp@rave, waes have o

OQSMN vitlates relafivi
N0, Uphse dldes nst represent Infor hon Pronefer




Compore. phose and g oup veloahes:
dbpars‘m relation
W ’r@m
[
L Tou ads{zm
b
K
2k Vgmp (2Mains less Than Uphase
=2 INbrrvahon never trovels

comy hase
& @fomﬁoahes faster than ¢
@ afbdrc@ point kW,
phoee velowy & grop vel Ay = %sz)
= slope- e o =slope hne tongent o

The point bel/ﬁ considered The point ba/\\cj considered

Laves can't exist” below the cutoff fequency w,
%&azj\ly what 15 gong on there !

O FArst look ar W etad y equal Lo

zSCﬂot) E IEQub) )

Lae @'ﬂ ,01, )%

P(“S in: 3(otc) = a(x\a

0Laet _ = dla(%) Wwost 2 Wt
- = & ) X
W, ax)e 0 On W al®)e
> OlLGQO) .
o ‘Hms is pot zece (must have mcﬁr\'ﬁwia 1)
5 d*alo) _
e

> solution a(x)- A+ Bx

>t e cant have solutons 9 t o af - %00
> boundary condibions tell us” that B=0
(bou condhions are, the space verson
1nihal hons: They set the constant mulhpliess
in font of the nortal modes 1 and )
> s leawes us with Zkit) A"
No pof;iﬁon dependence.!

s s s s al s,o'mg in %mhf

@ What dooutr Ld<Ls?
> woves con't prop are ot Hhese low @a_u@/\a@
> bur there's nothirg o sy ws @fbm ataching o motor

ond ing o drive ar thhese @@U@/\c}
> Lohab m*&dis?

:rv\a“or orives:

How) =AY Lohere Locwos

. . (ko -Lot)
As usuol, e orte the, solunon : 5(70.15)‘-/\(,°<

but the Lave eqn ﬂives us imd@ima® k!

- s _ o Jurmor
o Eme T ER

how dees this make phﬂsical sense’)

For on }maﬁ}nar\ej K we defre: k=2T" B T'vO

X ﬂq - L~ (O™
(tn S cose, | ——*E/,Pz >

The sdubon pecomes
o(lex-usb) v (W T-cot)

St) = Ae = Ae
- A@?T’%éA wot




Aﬁaln consider boundar & conditions: " 30&5 o
So we must pds ¢

> §()O t) Af/ T —(,u)t’

e, the sdubon ahrinks expenentiol
> YT WVEs never ﬁo much w”z‘jm“ha than Y/

Ok so we have covered dl bases.

Owsw, - im\/@h;j LaNES dcsmbw ersion zlahon
® w-w, 2 unfeM (orerent) escllah o\/ef enfire, space.

O wcw, = 6)<ponanha \\j ac!mnwhr\ﬁ Lot distance.
Summar\«j

* Shdied conhinuous Laves
* dispersion relanon w(k)

cotared % plu ng trial - sduhon info Lave equanon
* any Rnchon“eon é& represented Sum or ere@ral of Laves
> aﬂ\fj ﬂ)mchm con be a wove a3 o
prop 060#@5 Loth the ﬂﬁh’r var@ Ij
* "ispersion-less's linear dispersion relatio
>all modes propegate. L same phase Vdouﬂ:j
> pube/ maintains s shape
« “dispersion” : non-lieear dispersin relofion
%mod@s propagate woth oifferent prase Vaocdzj
Ise. distuts” ower hme
¥ mpbrmahon Pravels ar greup W/‘Dmtj
Vphe= & 4, - G2

3 ame” dk

Next time: \
:[moﬁw/ o. pulse b@mﬁ sent over o distance
non -dispersive. edium: the pubse Spes s undnanged

% because al porma medes (0l the sines and cosines that
004 fogether T make the pulse) have the some prase

JL=>JLJLJ1

%

dspu‘sl\lo Mmedium = pulse shape must chan rge = pulse, distorts
¥ because all porma modes (0l 4he sinesand ines that
00d Tegedher to make Hhe puse) trovel ar diFberent
veloaRes, S0 the pulse breaks aport

L=/~ —

%

> dispersion makes a. poor medium B communicahon

We wll ir\vwﬁgafc the n more. Mathemahcal detal nexr tme.,




