Phisics 163 (HoPman)
fure ¥4
Tues, Feb 10, 20051

Laplaces Equation

Last time -
Et’\efﬁ(jf o
Colecton of point chorges: W= %;l_ﬂ-go % %

Blearic B W= & | e2dr
all
Space.

Conduttors:
OE=0 inside
® Ey=0 on aur
© @ is constont ’rhroualnou#
® p:o Nside,
® Ec= %, h ust outside
® pressue on Surface s O%8.= LET;  outwosds

L@P\ace‘s equabon: V9= 0 (W@S{ons with no c)qcrﬁe,)
O Avewop \olue o surfoce oF gphee = value af Center
® No local maXing, o minima,
® Unigue solution ¥ & i specified on boundiory

Exercises on conduciors :

(@ Q=42 *Ge=-5
; closed, hellow
cmduaﬁrg box
° Q5= P

What is E of point P inside the box? L,JVU?

(b) e Q af center of holow
conduchng, box

' (box. iFself no net d‘ox@&)

Lot con you ey doou & inside pox £ outrside bk 7

() & ofconter within
hollow, conduchng Sphere
(ephere tself is umchorﬁed)

Lhar 5 E outside e, spnere 7




@

©)

Grols R 'fbd03=
* Laplocets eqnuniquencss of sdubons (gVen approprire !oouﬂd&g conditiers)
* Copocitors 3
* e chuges
* ms B =olvin Laplace's aiuah'on

-reloxahon methed

~sepasahon of varibles _
° Cxapple I Cartesien coordinates

> Fourier hansforms

(Next time + sphericol coondinafes Legerdre polyromialy eit)
Loploce’s equahon : (hqueness theorems
Trere 15 a unigue solufion fr ¢ ghen appropriste. oundary conditions,
O @ specifed on boundary, P specifed 'l'hrwshow volume

k ¢ fed o
el sortbee.
- P specifed on surfoces
; {j/T; af m@n:tj
(

( lkknown
\ P‘!’hmuﬁhmf

\

Note: we con Hink of
6. sivnple kbwdw}j :

Or we con think of
disconnected boundares :

\

~
>

Froof: Suppese. there are 2 Ruectons A7) ond () 1hich toke the
gome values on ol sucfoces, and whth both saiefy Foiseonts eqn:
Ve f o V6 g S VGG 0 ineide
wnece on surfeces (4 and Fo have same values)

BU‘T (101‘%_=O eN :
ong -, 52;?6?1'@5 Lﬂpl&C&‘j Z,q/n 1N=cie.
> Q-4 con have no maxima o minima inside
> G- =0 e Where inside
= (A= L0 & esyuhese inside.

> K(F) irpide & unigle

® vdume. bounded b«é\wndum, each with knoun tofal chorge Oi;
P known 'l‘nf*ouﬁ out vdume

’ u “\\ out
/ @ l</ (COUe;' be at ;ngm@)
| p opecifed

7

~

Prodf: suppose there are d0 flelds E, ad EL, each Saﬁé@inﬂ :
DE- g; od DE,* r% (fhrougxcm volunve)

= o 2 o O (on swfaces immediatel
ond 5% Eyda = . and . § &, da %o ﬁ,mroundn‘/g each cmdugbd

" sufhce i surfoce
Z 7 Qut 2 > . Qn  (outer boudony, 1ol
ond Mét:,da s ond a;%{[izda e (Oufe ingﬂ@% possibly
Wdo’:j W
The difference EszE,-E, doeys VEs=o throughout volume
and) b&é,da =0 N each bocmday surface.,

New, a. frick: V- (4Es) - L&{?’EQ 4—53-%) = - (Es)
) Es

.\f ‘7(’“‘&53) dU = ’\\f E‘;LO‘U
\Ldmg/m

otlsxr?acs\& %Eé.da i é? ,”W%E;da
Bt ¢ ond B must each be constont on cach suface. (because

surfaces are conduchng) > P = L% is constont on each surfoce.
2 LYE;OR—: ‘2%5% E;di - O
v ¢ @ﬂ%ﬁ—v—/
&)
2Es =0 6\/0'\9th@




Exercise: Conside o Cmy’w’guraﬁm Py drocopd conductors:

Now cdd 2 thin  conduchng wires:

OIE)

CDED
Wil fhe c%a/gaﬁ 5”& put?

Copaa'}'ance,:
Congider 2 conductors, withn chage *Q on ore and - @ on the ofber,
@ s constant ove each one, 2o we Can wnamioigieusly defne

(/P"‘ (‘F{—“CP_ :—(’(:) _)' 7

(thout knowirg or botinering 1o caleulafe exactly how each @ chistnbutes
o eadn condchr, wcﬁmsa tar E because

= .._L__. N . =

- qmj}%/&dlf 0 doubh/\j 0 doubles E
(And we know Hnat the wide charge distrbuton P(F) st seales
with the ol ¢, because al equatons are. lineor, o cleor mw@

[
pc#) scale 'w‘rH/\ ool choge 5 one soluhon, 125 the m@uzness
Hrheoroms It must e the  Sdubon,)

K P Ex<Q then @ <& a6 we on defre a congtort C -
Copacitonce, (= % (units~ Farnds- Coudomb/\ok)
¥ Note: if you ever hear angoody talking about the copacitonce of o
8«‘(\3\& QUUUOTDF, Jest “Zsagme, MQ second conduchor s af }m@n@.

¥ Note: fo frd potential differece, & always do line integyal Fom € to (+)
so that € wil cave cur pesitive,”and C il e poeitive
(y Aefrition)

@
Eneny of a copacitor :
To (,harae, up a capad‘of, k(jou have 1o do work T move dfiafge,:
dw: ¢ dg
Rincrement of d/ta/g& You e movhg
porential difference. betxen coduchs
due. fo choge. that has aleady been moved = 95
& o dmrge&%m §=0 M g-Q requres il work:
W (@) - $ - doet

(&

Example: (hot 5 the capaciteunce, Lo@ two parallel c_onducﬁrg plates,
each of orea A= lem® seporsted by demrce. d- Imm?

=t

TP we pur +Q o fp ad -~ Q on botom, they will each spread
rearly uringvm across each plate (asaurvu@ A lore, d small eo we
Con Qd@@ Hects).

e dend

1
lect
> plate. tributes E = T2e.N o the r-e,ﬁion behoeen the pates

S B - Ve AN beixea plates

> q;_\féhf‘dz = %

S e Q. 2A . @IS CNNOY) L, gt =
S o gxj0™ F

Exercice,: Lhar is the Q/Apo_.cﬂan(,c F 2 cocentric 5phmcal metal
Shells with radi o Gmnes) ond b (outes) ?




@

Method of Tmages o
(e oo Tlkdd o punch aboout redishriloung on Conduchs:
weve proved Hot they do 2o waiguely, and weve Ueed that idea o
deflne. o veeRd devibe for Sfering G knaon quant of eleciical ereqy
Bur how do we. calelate, exactly how es’ red®inbure’?
Hee s oe Hick, which is admitedly tse onl(j n coses F !/\8% itjmm@
Considesr o 6i(\3\e, pont chafﬁe,, hdd” a distarnce’ d doove an RAre.
cmduch'nj pane:

z
&
d

_ﬂfﬂﬁnh Coadudi/\éjﬁlanc

(ossume H‘fs”gro ed" e CP’»O)

‘50/% neqatie o must dishibure teelf semehow on Hhe plane
N tihe region unde the conduchor,
(e have™ pound Condihons:

0Y-0 k2
®Y>0 for fom the ¢ fr 76‘*—&1* 2% »> d*
And e know 0 everywhere Z>0

> thee must be a un'/q/uz, sduton Re @ (in 2>0 r‘égim)‘
Trick: consder a diffrent chage distributon (idenhed for 2>0)
z

+Q (0,0,0)
Y (ro (,onduoh'r\ﬁ planc)
;C ‘& (010 ,’d)

Q [ f
90(7“"3'%3‘ urs, [ (K +y2+ (2-d))™ (M’L]
‘h>p chage (+®) botiom charge (-
Notice. thar for this potertal :
OY=0 fr z2-0
®P>0 For wrryre2r >d?
and P 15 identical 15 the origicd) P Re z>0.

Oniquenese theerem : this ke q’(;c,(j,z—,) 15 our achual CP(%,y,z).f

Surfoce chonaz/ on the cmduch'/g plane at z-0 -

L N . =Gd
o &3% oo ’?F(%Z‘LULPdZ)}/L

[Ncgaﬁve) o expected, ond noximized o (m,j) :(00)]

. -6d .
quﬂag ) Zg’dp?rd@ ar (r=ea?)’s .

Force exerted, conductor on Chnorge
& pust & obracied o pone “lie -2 direction)
Since @ 5 the some R real polden and ke probem B 2
E must be the seme too, 2o £ s the same:
STy
urs. (20)*

Exertise: hat s the, enegy of Hhe dmgccmﬁ wah
(point dwrae, 3‘4& Omduoh‘rﬁ p\meﬁa? "

Chollu\%e,: A paint chage @ is siufed o distance. . frm fhe center
of hgjfwndw\ Conduchng sphere, o odivs €. What is the
potenhal outdde fre sphere?




Ok, hat's nice for cute, b plemy bur wrar dbout in - @
8@@017 How do we. k/%»ﬁe\an es redrs‘mbufc in 3@0@17

Methods B 50\\/\/5 Laplaoe.‘s e,clua,hon: Q¥P=0

(DlAelaxaﬁm method '
Prugical intuition: Lapaces equation achuly describes many different
prysical yetems, ot Jet dwfrwaho potenhal

For exoople, femperatuce oF G 535#-@”\ in Thermd equlibrium :
=

& o5

There 5 @ fuvperslure gradient ages the cod, DT
Eﬂ@r% is transportea(in the Rmn of heat) Fom Wgh T
lowo T accorzdmﬁ T

powes P
o b xvT
%ﬂjﬂ K fhemat conduchivity

Now we. con take e, oli\)(f/ﬁmce, £ both sides:
5. Pa. ror
Vo d=-XKOT

———
al along the rod except for the endpoints, this vanishes,
becovse” there. ore no eney Sowtes o sinks (”ﬁf’/ﬁj S Congerved)

T2 we koo the dues at the boundary, say Ti=StoC and
T=CC, where there ore cowtes on 51/\“25 F heat that fx
the femperoture, Then we can solve (gplace's equatin fo Rnd
T @\)@Cjuohere, ee in the rod.

Le con see from phﬁs/cal intuihon that the solutiens o Laplacels
abuahcﬂ are vﬁ emooth: #w& muest averaﬁe somehnows over
Lﬁbunaog condih

Mathemaficaly  we. a\rwaﬁ trow thar fhe vdue of the center &
o e 5 e Ouestoe, Yof the vdues over the gohee, o thee
o No MmodMa. or INima..

Numerical methodt for wvinj Laplacels equahion

Example: Buppose e have o squae Croes-sechon Coaxal coble,
ond W app \j =lov 1o the Ccenter conduckor, but ground the.
oufside, =07 Wiat is the peferhial distribuben +hn>u3 the, interier?

duhen:

@Sei up am@md
@ Aesi reascnoble éfar‘h(‘g values ( Uess)
® St 5’remahcaﬂ avﬁag ghbor‘s 0 center value
® hen r\o Volues dm)j ﬁnﬂ Some ercet \alue
Csa& %) on agl en pasg waw yprre doe.

Tediows exercise: in Cose wu Know everythi akready ondl youlre
reallg bored), Y con enterto &wrsal? Yyﬁ /I;?nﬁ this p/dol@m

p———o— \d *




@Sepasation R vorigbles
Sﬁa‘ragé: ok for solufors which are, prducts of Rinchons,
eoch which depends on onb one of the coordinates.

Cartesion Coordinates:

L. Ly Ly
V= P yr =0

Now suppose Hat~ Flay,2) = X6)Y(y)2(2)

uct of 3 Rincrions
eoth depends on only single varicble

Apdy Laplacion cperatnr V°: )
Yiy2e) 25 + Xw22) T - XYy ZE = O

o 22°
0°X 2y 2
> oy A 4 922 =0
X&) () 2z)

This is now the sum of 3 Ainchins, each of which depends enl

on a singe \argble.  Each voriable, wy, 2z, can varﬁ_}nol@p b
(e con Yove. in the a-direchon, ﬂ-dlrcchon, or 2¥irechion)

bur the sum is shl constant.

S Each of the 3 terms must be independlently constant.

XX 5 TGV ) HE - G

a pA
Where, C|+C/L+‘CJ:%, ‘ '
Now we have 3 separate ofd:nar& Afore ARal eqre Wrich we
con soNe indapendenf&j, > Much“eosies!

Gt wat' War ? fhe readl sdution fo VP =0 in a parhcuar
physcal stuafion wosn't @ product X(/U)Ytﬂ) 2(2) 1 What F iF
@?i Wy 2) = Se+dy +S2 7 Hownt Le placed oo much
eetichon’ o aur ppeeed duton T eve have any hope. of
Meeting arbﬁmr& boundiary condihens ?

Nol Each of those Runctons X(x), efe. actualy has an infnite. number
P souhers (e . ony cosine wl do, I G <OY  Better yetr all of Hhose,
sduhore are. othpdenal, and complere each diméasion.

o mkmﬁ o Wwilitious linear cambinahon, we con ratch any
boundory conéé

hens,

Fourier tronsBorms: @
(DD;SCfej'e,:
Pie) [
N
pericd Tl
e discrete. (it inRnite) ser of Rinchons 605(‘2—’:—5—6> ond sin(;@i)
q@mw & complete, ortho | besis £ the ser of all pefiod{c,
fii e

flnchons t) with @red T, . _
> e con write, any periodic At) oth period T os:

fi6)= 0u ¢ 5, 0, con (0B ¢ bysin(ZL08)]
aonstont oPfer i

(ee Gn ard lon come Qom the "INnes p/bduc;t’” of
) with the bosis state, g
T

Qn= _[‘_/;f 49 ws(@)dt

26

® C;))ﬂ'hfm: Moo &) con be aﬂaﬁm‘/g at dl, periodic or rof.
) /[ e Fen o s}rﬁ(@ pulse,l
’t

The continuous, infnfe set_of Runchions e (Where w
runs ower dl red numbers - fo +QO) fom a complete,
orm@m wse G tre sef of al Runchons Fit),

well.-“all well-lelhaved _ﬁmcﬁms) oo
eq. Bnite # 5P Fntte disconbnuries, efe

Pe)- [ B o

Kloss vectors
K coefliient B lirear combo o basis vectrs
reed to ‘-«refym instead £ add to fid linear combo,
becodse o & Continuous

Now Flul comes Rern an “inner product” of £lt) wits basis state
Flo) - £ [ Peredt
Tnrer product 15 o measure of Hne “overlap” of 2 funchons: f f(t}g*(’v )dt
)




E><am le: 9
P “a meral plotes of
o 4-0 / 3=o M&=a
Yolu) {=0
S/i X
2 & Nomfopeation is tansiahonaly
infarieat n %

Fed #he potential inside. this ‘st - %20, o<yca, ond all 2.

Frst ndte. that 5 2-Independent, so it redites 1o

The k)ourvlc«@ condihons are
O P=0 “When y=0O
@ ('\U;O (,d'\@i\y\g:Q .
©) ﬂ”“ﬂ(ﬁ\ =0 (come orpivar Richen of

that w’,‘r@ga o have, T Mafch)
P20 05 x>00

Leok e sdutons o Hhe form P y)+ X(%)Y(ﬂ)

l must &ahs
B i and EXG-CVY)  vhee Grea=0

So one of C,Co must be pesitiNe ond Hhe offner negptive.
Lets choose Ci=k* and Co=- k2.

%%Z =X D X0 A+ Be

B . oy o vl s
5@ A ) V(ﬁ)—csm(k&thas(k&)
Glry)= [Aer e ][ Coinliy) + Deas ()]

L reject Hhis b[o//}vL Looulel
Cawse Hy) o plao up ds x>co.

Ply)= c@“"‘a'n(kj)
k is Quantized by He Condihion siﬂ(lfﬁk O when \T@
> k="/p B ony integer n

e reect Hhis becaee we neeok
CP()G,& =0 (,.,)hmﬂ=0.

@

-nTx(o-

Now we have on infinte serr o solubions ‘Pn(?o,g):&& 5(0(%E 3) ®
Which eoch meet poundory condihons ©, @ and @,

But fr some arbitra o(v) 1N boundory condihon @, Nene F the
B(xWs are gon (:;}3 i Nio\ua%ﬁaﬁ it,

Lucka\&%r us, h %(20,355 we ,fm@g’r_ and o,ﬁth%@.a_l

A
(Drichlets theorem) \)(,62‘ (J/\ei:lz inner product
fr Yy ond Dm

SO e consiruet A geresol soluhen
Plag)- 25 Coe " 50 ( )
ond chocee. the cotfhcients Cn o mﬁs@ boundary condlifion &:
2 a0 o [ NTY)
P02 cosin( TY) ~Fo)
o com Cr's, uvse Fouriers Arick:
2 0% . (1T
Ca= 7y jo %(3)51/) (3&) dﬂ
- < v ——
narmalaho iner prduct Concephually, measuses Hhe “olerlap! of
e Recsion G ottt Korchon 5 (4T5) cuer e
inferal (020) of intecest. So t Hds s oo much of
5in(ZY) were geing o need o put in our sum
o ke cur Fucton Ty
Exercise: coxrete example of %@F 9, = consiant, sole Ror Cils

5ummw§:
OYod ¥ ore wiguely defred when - _
@ ¢ 5pe,oiﬁ o;j boundary, /0 5p@cn@'ed_ throughour Volume
() vdume bounded by condithrs, each with knoton fofal Charge Oy
known thro fﬂm vdume

p
@ Copacifors: C/’%—,‘ energy = ;LCCPL

& Methods £ ﬁwi/;c) ouf (ohat's 30{/3 on n the presence of corductors
(@) method A imes (ooks élgZin b héy“m@ Cases)
(o) numerical reloxation methed Lagacais equahon
(c) segorehion o \oriobles
® Foucier transform: express o Ruction 05 alinear combnation of bosis Ructions




Exercise Soluhons:

Conductors (a): (De know @ is constont on the auwboce of the loox,
because IF is o conduchar
S Qinsite = Povcloce = Constent 72 AdifPecent explananons -
OY cont have 4 local min o= maX Inside box
® dearly PazPad = constont 5 00e soluhon o V*P=0
S5t must pe the O’\B solunen
SE=-VP=0 inside

Conductrs (b): E+0 inside. or outside. (aw Gauss' law in infegral Rorm).
Tts not 1 cdeubte the exoct fore¥ of E, because thre ion't
spreqicol o mmmoqp 2 we dont knowo (withet a lof of coork) bowo the
(‘/W\/Bes el redistripute on e cmduoh/g cube.

Conduchors ()« E- %?‘ outside, a5 F O were af the center.
()f\ﬁ? The conoluc,h'nﬁ shell must have some thickness:
s 15 our oo«duchr\ﬂ shel,

drawn with ex ted Hnickness
dow a Coussion surfoce s
a concentric sphere. withing the shell
§—E‘da = (’m—q/e/\:\ose,d

bur E=0 lecauvse s within the conduchr
= Qedoed = O
S0 g e ditributed itself on the inside. O Hhe shell
leaving +Q o diehibute tself on the outside
Cur all fhar the atgde +Q knows s _thar e Lold immediate)
adpcent fo it (\Jus’r wihin the ghel) 1 E=0, =0 *Q wil ohsmbmtg,
itse )P eumj

Cmdudurs (d) The chorges Wl oo untl the Bnal con@ﬁumhcn 15 Neubal-

C@@ ) %7 Becouse deorly this 15 o soluben, if e

s way with neutval conductory ﬂnere/f%r@
t+must ke féjé ony sduhon,

tance of spheres:
it +Q onthe inner sphcrc - on the outer one.
Gehoeen the sphees, . Q. r

4Tes
q’——iEd%

“de . B 1.3“, ._&,(f_,l,>

HT&, p = e Clp  4ig, | G

- Q. Cb.
O L ey

l:cr:j v &;dole;[.v?e it 2 ch +h
ok’ p W e eneqy is
r: 1 & kA k¥
. C{Tf:o 2 _
Cur fr a s e b Condud‘?/y pane the enegy 5 half e,
becavse Loe ld m’reamf@ & jcz only over uppe- Ilf ~space

anlle/\sb: Hace an imog& dnargc Q=L
0F a disonce. b= & fom the sphore. 5

See detoils i GrifRihs, page 125

Conerete exomple of Seporation of Noriables
C{’a(&% ¥, = constant

< 2 [ 2in(nTY) 2 o [coa( j ’ - L& coo(om) 1)
o n &\/m
% z%pf) n odd
> Fr B 2 1 a0 (BY)




