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Math: Linear Algebm, Eigenvalues & Eigemechrs
Prysics: Coupled Oscilators

By pciwe rood mop: o
* e st spent 5 lechures on 51/3@ cedlledors
(51'Mfole/J damped, driven)
> learned to solve Si/\ﬁla lincor diferental equations
* foday we tall obout N “coupled oedlotors  (Start it N=2)
>N simultanecus linear differental equahons
> need lincor odlgepra
* next hme we take the imt as N> o “contnvam it
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Llast tme. (more 5,9&0&&“ )
* inhomegensus  lineor “Giferentil equations
< alswed us to sole R oscllator wf Olrivf/:ﬂ Rrce -
dx o -
"V\«Jtzirba%-*r kx = f(t)
(s ¢ specific exomple, e Soled B an LCR_ circuit)
* resonance : responze of system o a fnchon o driving ﬁraquenc\ﬂ
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2 coupld pendulums, 3 Rorces on each:
T 5 canceled b& Mg cosd

>only 2 net Brtes bi each:
%Y spring Rrce F (alonﬁ 20-0x15) .
X et Sravi+aﬁonal Rrce Fy= mgsine (dmsst along z-oxis)

Consider only small cscilahons: B amall = Z0 = [ 5In®; =[O
> conside~ mohon m\lj on HroXs @ood appros)
O ZF- Fs’% = ko, - kx -vaﬁsi/\e.
x - k(wi-x2) - TG 0

® £F=-FFy = -kp rlox, - mgsinde

X "k(k’z'xli) '%76;
Necotons 2 law —> 2 coupled near differential eqns

m d% = - %?’76: ‘/4(%:‘701)

m d;% = - 09X -k (2 2)




How do we adve couped lin. diff eqre?

* beufe Bree

* p%gac@l infuhon
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B eoch of these, U sdutions oF <, e have a soluhon x(t)= Aest

which we con plug info

Kolt)= L [mdd%; +(’i§+k)m]
Gur this s really o big pain!
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Notre that there ore 2 simple ways the perdulums can move -
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o~ compressed the. dbpboeme/n- of each

> 2 (t)= %(t) = A,e,wrc)r B, g/’w’t

Where, w5 the same
ww@le os fr a si/va)e,

S %) — 2 (t) = At e BL@‘W’”

(JJ/VO W2 YW because the
3 now adds an addihono)

perdulum, loecouse the gpr reshring foce, so the system
Is reNes sivefched or Oorvpfﬁ/ﬂi should ~ocecl ofe ?asf@r%
and therefre plays ro role

Normal Modes,

Treze 2 Wfberent mohions ae caled ‘normal modes”  For o
N coupled oscillators, [ turns out thece il alua b@
N normal medes. Normal ‘modes are. @ corvenient wa
Olovon complicated motion it a2 sum (lnear aambmhg o? a &w
Smple. mohens, each of whidh cocllafe with a sv‘ﬁle, fred frequ ency
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4 Howo do we combine, them? .
% How do we ded coth inhd condifions?

/‘1’\6538%/% 15 sl lnear, s0 e soluhons Juc;r add :
%)= Cicoslwt) + Dy sin(Loit) + Cacos(lozt) + Dasin(Loat)
26) = Cicosltot)t Disin(od) - Ca cos(lst) - D sin(wzt)

Now we have 4 nihel condifons : Zio, Tz, Ulo and Vs

and we hove Y constants : G, Di, Ce, and Dz
S0 we con Juﬁf solve %" C‘)Dl) Cz DL N terms O'Q Ko, Xz0, U, v, Uzs




Lineor Al ebro.

Intuition 5 vice, but (e need a more +uvahc, twau o sove the
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Mobrix € fires vechsr @ = scdlar constant tmes 3 fselP
~we cal 4 on “@iﬁ@nvajbf" oFf the matrix K
? the contant -1 o called the “eigenvalue!

> in ﬁeny“alJ on NxN matrix has N @iﬁeﬂ\lcdzrs

> these 3’\\/& N nermal medes

OK, but fow do we sohe for & and w7 Rewrte:
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af the ﬁ/vﬁi(, Q@éiu&ncﬂ Wi xt)= (76:(‘17))) (d;> 6cwt

S e dont wont e Mu\ (2‘2)-@) Solution

becaree Bt ool Just Correspond t5 No mohon.
Bur # (+w0'T) i an invertble matvix, thon we could corte -
(E+wlf)"(ﬁ+wzi)a <0 20:=0
S we need fo ersuce thar (B +WFL) has no mverse
>in fact this s tue € the determinant vanishes :

dot (K+wT) =0




Compuﬁnﬁ the, deteminant:
O’&Jr(% db> = ad -be

o be ) )
O’@‘(% i 1C2> = alei-hl) ~b(do»§f) +Q(OU/)—3¢)

bl%@f modrices? = use  Mathematca
:[fdewnloods, s Jnarvard. edu/dowr)load
Student license. numloer: [19%33- 5936
Need o send emal to

<mathsw @ fs. harvard, edu> o get pass werd
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Ch %)(w B-3) -
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The 2 \/aluc,s Kkt are our 3¢nvalu&5 of matix K.
= W’j 6\\/& us ows normd® Mede cclue/\clcs

Now e need o Brd our
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Sset a= and ,5?)\\)«:, R ar > 0=
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= set a= | ond 5)olvc('z)>r‘az = Q=
. ) (2 .
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Totd sdluben 1s lnear combinabon of  Vormal medes.

Lineor alﬁdora @;}e,s o r@a,oc; R gn@l;nﬁ normal modes
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Bt what ¥ we have G coupled oscil afors?
2 Peed o Toke fhe derermnant f oxo madrix
> sohe. (O oder pols noMial
> con use. Math Jou
> or can use Mmathenahical ajmmu&zj OFjumU\TZS
* summety of K€ mobvix .
Moty symmetny operator (@ la Geergy, ch4)




ngm&hﬂ o K
TP trerw is no damp;nﬁ, the K maix is ngm@if{c.

Prysicaly, this flows from Newrs 2 law: Pro = F,

(n gopd@ : every achon aenerates an e,g{/ugi £ oposite. reaction)
and from Hhe Hoct thatce are deah(g (oth Conseryatve  potentials

(no dampi ‘

> See Greora'x p(ol fr more, thofous pro(xP

Foct: the é,igen\;e,dbrs &£ a skymmdfic, madix are, onﬂxoaona\
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Commuﬁnﬁ %mmdv‘j Operator

Lets pur 6n imaginacy meroe et to the 2perdulum gystem:
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The pl{pé\ws of the s
reflect 0 a_mirrorYie. the “normal mede" sheud be the
Sorve s some \Qf@q/uafujl same amphiucle, mh'(o.
S0 a)-(S80 is 0 saufen, then 2= (Z724) & o
How can we get ) o )7
‘ ‘ /o -
We write. dowwn @ ﬁjmmaﬁfy matrix 5—(4 O>
N 7 _ —| 1 “)Cz _
Check: X(t) = 5x(t) = (_o[ O>(;°L> = (%> =20 7

(With a litle practice, you wil be abe fo spot the 5&mmc@
In a 6i\/en adffram ard write. down the mabrix 5)

Real woorld - %—EL x(t) = [Cxlt) o)

Miror word @ should be, e, that g—gz%@?)= KA
MuH%p\ﬂ 0 bfj matrix S -

SQZ Al) = SKAk)
Aty
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d* 2(t) = 5K aut)
\@"\/\J

2 = SKak) = KSxt)
= KX (%) = KSa(t)




For scals (numbers) the oder of wlﬁ’olicaﬁm
doean't Moffer, e.g. 2x3= 32 =6
(e Sy frat scalars ” ‘commute.”,
The b5 g geneaaly true of matrices:
In generol” ABETBA, so 8%&@1 matrices dont commute !
L2\ I U\ . (% 6
9 (3 '>(5 e <[” ‘;> >no1’ the same !
but (; q>(( z> . (IB @)
313 L 7
But some special conmbinahins of matrices commute!
In this 2-perdulum probem, we Just found that SK=KS.
- the Yymmeivy madrix commutes ot the matrix”
lac,lfroﬁa
Suppese At) & a normal mede. Nete: ot
Then ) 15 a norral mede  with the same Qf@q,umg\(j_ physial siglers
We already know that B Hos fem, (a#los Zﬁg;,%,“ﬂu;;;;
> WYA) 15 a normal mﬁ

¢ with fhe same ffe,éiuen ,
then it must e the same normal mede. !

Thefore R(E) must be ust a constant fimes ()
)= pal6)

Rsealor congant
=S xt) = pr(6)

So %) B an egenvecter of medrix S
(in addifion 15" being an eqenvector of K, whch we dready knew),

ENoJre,t olfhouﬁh S ond K share the some set of e evectors,
*h«,& do not n&cessar:{y have the same. set of eoevalues.

T other Words, #s ot Senefaly true that E-w]

So in order fo fird the normal modes, we just reed fo
Brd the aﬁenvadvs oF =

Hod on! (ohy did we bother? Didnt e st ;ubsh‘hﬁ*e, one
@ae/w@dbr Pem R ancther 7 Hous does ths P\a)p?

The reason this helps 15 that & s 3WQ}& a much
simpler matrix thon K.

The symme.
with d” few

o defermnont.

matrix S 15 tuypraly Ysparse! Gmestly zeo's)
s ond -1, Bgo ﬁ% ripuch simgler j% take,

Furthermore, ? we appltj the Symmetry cperader oo hves
(reflect across a mircor p!anc ce) ther e 3&% back 1o
Where, We started.

Snlt)= £ )= prolt)
Salt) = SAE) = x(t) = Bralt)
teefore, £=
=>¢: +]

We didnt even have T compute a determinant
o fod Hhe eigenialucs of sl

Use pi=-ly fo=t] to R Hhe e»'ﬁmwm of S:
gt (3 0)6)-(5)
lef qi=| = Qz= Gi=|
e 15 (38 (5)
lef Q=1 = G2= -cu=—|

o the &i@@ﬂvaj‘w‘s kS ae G) and (})
= fhese are the amplitude ratics B our 2 normal medes
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Tor N=2, 7 doeent look that mich simpler
Exercise: condider N=3:
32 leads F moss m oo a wire,
ually spaced,

Cmnaj 3 denhcal s‘omnﬁs
5prm cansm/\*r K

(o) fwf) o Quesn the. Normal medes fom phéjsical ntuhon
() (ortte down the 5\ijmuv}j matrix S
©) Bnd fhe nomd medes Hom S
@) this = Mmore Hrve Conwm:nﬁ so it wil agear on HW
ond \(joufe, et expected v do t nols: .
ﬁ(\d e,q/w,nuw Op Hhe VDr‘maJ modes bﬁ wf‘nﬁ/ﬁ
Olou)r\ the “l-matx  and pluﬁgmﬁ n

Note: a,b, ond ¢ can be done woithout ever drawing o
d\O@f?:U\n or wr*:ﬁnﬁ down Newton's s
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Coupled oscillators = coupled linear differental equations

Normal mede = soluhion in which ¢l masses oscilate. af
the some @r@cﬁum% L, and with a sreche ampltude. mho
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T
&mp]r’udg/ th =Tlime MU\C@
=gpotol dependesce.

For N de,ﬁms o Precdon, we lnave N normal mede.s

Most opneral soluhon = sum o€ normal medes

N N at ot a it
KJMH—JBZ 2%(1,)&’): ZEAL(G}M>C(J A . Bb <a\‘7’(t)3€:b . ;
v=1 =) a;m a‘Nm
Con Rnd rormal modes bg:

*brute Boree

* 9\(\551@1 infuhon
* neor olaebro
* or onaMlj

kaammmna sjrvvm@ matrix
Next dme :

Tke N=>0o 2 conhnucus Love @quaﬁm
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