sics 153 (Hofan)
[echure #1
Thuws, Jan 29, 2009

Div, Grad, Curl

Geols o today:
¥ Mministrabive. detalls
* Math review
- div, 6@4) curl
- di\;@rﬁmce/ theorem
- Stokes theorem
Next fime : get started with pkcjs"c/é

Problem Set il e posted on course
weksite by the end of teday

Due Fri, Rb 6 @ Hpm in SC drop-kox

Grodient of_a_scalar Runehon

ftx, Y, z)

= conhnuous, differentable. fwehon
peeition (7,y,2)

How do e Quanh'@j how this Knchon varies ower space’?

O Ore vy i o list the pachal derivatives H R ¥

Reminder: 9 _ lim
X

This
3 or

ax, 95. Iz

s b, y,2) - flx,u2)
Dx>0 JZ?C >

ﬁ)vcs us the “slope” of the Hincher in

hoﬁonal Oirechons,

® Ancther way, maybe easier to visualize is just

o o8k in

ich Dhrection the Hinchion varies” fasiest?

Ard what 15 the slope in that dicechon?

So e buld the vectr %7@+%9+92£ =P

En

This is called the gradient &£ £
£ is o scalar Bed put s 3mdiw OF s a vechr Feld,

The dicechen f VF points i the orechor
of factest voriahon, thle 10F] is the slgpe
in that Oirechon.

To see that this 15 true, bok at an exampla in 2-dwm:

N

?(m'j\

10(76, Y= A+ 3Y+ |
4 925

52=) 55:3

7(?19=7€+39
How do we knoo Hhis

' 9‘1\:&5 the dicechon

x




©
Suppose. the direchion oFf steepest slope is &
Fom the z-axis, ard the Magnitde " of that
shpe s M,

me= %@ QE + sInG Z- 'Qf
i

=Wl increase in ¥ b %ouﬁ one untt a}orwﬂ the_
unit vectr (Cove, Sn

LW con mavimize. m bﬂ mmﬁ 4"’”"-
dm _sino 2 *CO@@%‘Q =0
= tono- ——/9—9

o
> 6 s exactly ’rlrmaanﬂlepg ﬁf:%e;cu %;Zg
Ad w2 con plug back in 1> Rnd?
Flox 2 . ,._i_—_ 2

Ty Oy [Ty oy %
- ~ &y

- |9F)

’ K, s0 the ﬁmdienf # a ewc‘h'on f(x,tj.t)

5 DF- 76*"5* %

Which represents the direchion L mognitude of [0;8451‘ Slope.
. W coud defne gradient in o coordinote -indeperdent Ly

For a gwn direchon A
VF A 33%5 the sipe FF P in Hat direchon.

Div_ Givergence) f 5 werr nchen
/E (?\%5.%) = Vector @mch‘o/\

nLy

Lorsider a Rnte volume V: Nada

e _con compute the A of
Flx,u,2) Alrh(o jk the
S ac(;

@:fp.ola

MNow what ¥ we subdivide V:
We con compute B, + &,

- ff-a!&"rf?da‘-fﬁ'da‘
D D

J)Fouwa_é

So the Ax +h 015\5 division of Vand S into svaller

VO\UmeS onal mi stil equal o the. fAux Throuah
@r\a\ S, This 15 bmausa no M*’FV how rnan Yy

Jnmes e Supivide 1t each dlvnclmﬂ suface Counts

Wice in Hhe Aux \m’r@gm\ but wrth~opposite. i

becavse Ad  tokes te sian. (‘Dutwoerd'

Volume. patch 15 Yo" in “the shared 5Uf9ace;

X e odjacent volume pad'ch)

Flux is o macoscopic progerty o of some surface we
dhose, 1w pddition 1o e Reld” Flxy2). (e wart o
frd some lecal Mux-lice” proper 3 whz)n doesnt depera
0N o chosen swbace o volume,— bt mj on the Beld.

As we supgwide V it svaller Vi's we rote fhat
@L . J’ F.da shrnks; # s not constant
S 05 V>0,

So Bi is cot the local properdy we are look R
t sl depends on Vi, e




But what ¥ e divide by V.7
- Zems plausible (we il not prove. ) Yat £ roe consider

g F.di . o
: it maﬂ oppooch 4 et
Ve s Siond Vi >0

e cal ths 4 Balim L [P .ga
Vv 20 Vi s

owvF is e fux our of Vi

Divefge/u, Theorem

Now remember that é’@. Do *@M

when we subdivide 4 volume 1Mo N parts:

iﬁ,o\a, sz gﬁd2=%\/;[

> JFi- JavF av

surface inheﬁml o F = vplume in’reﬁml of div F

This 15 known as the diver

: ot vdume, 1n the
it of infndesimal Vi So divF s puly 4 local
Propmj of I‘féx.tj,%). Trerere AVF 1€ a Scalor Reld.

L -
as Vi20, s > divF
65 V2o, this 2 —>J)

» ce treorem, (00 Gaves thm
pur s is NOT +he samegs Causs law, o well cal t
e o\ivp/gmco/ thm o avoid corfusion)

Note : this 15 a math  thm Hue

B any (welb-behave o)
Veeror Reld. Doesn rdj on physics

Cuet & 2 veeror Bnehon

Let’s look fr arcther lecal of the vectr Keld
Flxy,2), in andogy T AiVF, by Starting fom the
line. integra) omund”a closed leop, call the “Circulahon”

(in conteast o AivF, Wwhere we storted Bom the,
aurface integeal of o cloed surthce called the *Hux")

S e increment = infnitesinmal vector

& forger o locp

ATy

vechor Reld r':(x,y,z)
C = closed loop

M W;B contaned

N a plone;, vidype Zphien)

< in malogj v Aux 5, we wete cireuldbon T':
-P = J)lf’dg
C

Acd B ue subdivide C v 2 logps 1otk ¢ brdﬁe, B:

Because any bridge 6 15 oir:ﬂ fo_contribute oce in
eackh dhreehtn ond thus cacel tse oud, we can subdivide
e loop md%\imj ondd shll - keep

N

- f?-dé’:Z { Faz

per Ci
but each indvidual T is geting infinitesimal as e keep
ahv'\ol\'r\ﬁ C o smaler o/\dﬁgm aler (s,




: 'n'\ere»%fa, +t Bnd a local “ciredlahon- hke " pro

Note : e dider |

Hot cur B
B 4 vedory we |
st asgecked it |

we reed > divide bﬁ the area of the quo'gs /
Shonk it

& agprooches o it as
Qi ooad o 20 \
(agpin, o preck, but seemrs plausible.)

Bur woke the Vi in the denominator of div P, this ai
con have on orientaben, o this rahe con dpproach
o Wlerent Wit e diffeert orientatons of 4,

50 we choose o parhodor orientathon o the areq,
specifet the normal veehs p. Then R aogi\ie/\
port P=(%,y,2) ond direehon H (or & or Y 2),

we have a scalee guonh « -
1 hj fim SZF:-ds
ai'>0 &n:
perp.Ao & ac
Now we con write 4 vechr :

- N )‘d-; A y fﬁ'dgl\ N \yf—l‘d\; 2
Our|F=llm “ % + m _C‘___i,j+ n e Tz
Qx>0 Cx aj-»o aj az>o Oz ‘

S wAE b o veetsr finetion o o vechr Red F
curlFis o vectr Reld iselR

hat dees curl B mean?
* Tts direchon at each pont 10 space 1>
pendicular o the plane in which the
cicculahon of F i5 maximunn,

+ Trs magnide 15 the limhng value of cireuaton
per unt area, in this plare, acound the point.

e con adso defne curl v a4 ‘hfulﬂ coordinate - independent Loay:

For o given dicection Ay (cuF)+H gives the cireudahon of
F doour the pont in the H difection,

Break exercise:
(1) Which of these vector fields have a non-zero divergence?
(2) Which have a non-zero curl?




Stokes' Theorem

Repnemper har T =T+ Ty v+ T
when we subdivide & surface inte N parts :

. Moo N . F-d3
fCF-d§=ZYF-ds=§dﬂ %—EJ

=1 L
T Va _

% far a; is st Bnte-sized because
W,Juﬂ ave a Rate N of Hrem.
> in this step uX/J’u.sf multiplied
A divided bj O .

Note that fbr o guen closed leop C, e coud

actually - choose ~pany orent suctbces S

e One poss}blf, surbce S
g an orea poteh a on surface S

z(-givu» wnve C

another possible surfbee 57
on orea pateh o’ on Suctace S

Note also that £ doesn't need 1o e in o plane
it con be ary clozed loop in 3-dim.

S0, we stort with a given ¢, then we cheose a gven s
then we are going”to take tre Wit as al Fhe ais
ger infnitesimal, and N> oo

— Y . ‘j,d ﬁ"dg
J oo - !d“['ﬁw a] J
e—
The importart point is that™ we ae fzz/c{r\j
the lmit o5 02 >0 with Jda criented
dicwlor 4o Hhe firle of suface on S,
So this limit becomes the Componesr of
turl F which 15 pacallel to da, perperdeiar
P local suefce S,
= this infeqrond becores a Ao procluct ¢
Aa - curl =
= the in*reﬁml is o suface irﬂ'eﬂml 4
caud F over swhace S

So we ore led o Stokes’ Heorem
J:F-ols - E(W' F)-da

For o gven closed loop C, the ling integral around
the loep is equal o the surface irfteqeal of
owrl P over ooy, surface Sponning rhé locp.

Compare. Stokes' theorem o the divergerce. theorem :
[E2 - JwaP)-aa-
C s

o Pelotes o line im‘eﬁm\ o

a surfoce intesrnl
. Can choose a"fj awface S

yﬁ-d&\ = j) O F-ay
S \'

» Rolates o suctoce infz,ﬁml
o o volume integeal
. Yolume 15 unizuay 5pca'€ed

5Pann}/\9 the curwe C lo:j Puen surtacs S
» This theorem makes sense * The theorem makes Sense
n Q/dlm or 3-dim oNlu In é'd{m
(3-dirn version= Grreen's Hreorzm) J

le've defred 3 kinds of decivabves

Grodient: a4 vechr derivatve of ¢ scalar fela
& - QJE_ A &P A Q_g [
VPny.2) E A 2y Y*rz ®

dicection : distarce of_steepest variaton of F
Maﬁnﬁudu slope. Ff £ in that direchon

Divgaaru,: 6 Sealar derivatve of a vecrr Reld
dv Ez im ‘S;L F -da

Vi>o VL

Q. local scalar PfDPef‘B that fells us the
amount of fux @manaﬁ(\ﬁ out & (or irtd)
eadn point space




D)
Curl: a echr dervabve & a vech Reo

cur) B is o weehr such thar B a 91\@/; direchon N

im 6P un B4
L 75
1

Gi = area perperdhcdor to A

a local vechor poperty that tells us the
amunt of  eirculahén arpund each powt in
spoce, B eadn direction oF cireulaton A

difl&ﬁm: prpendicuar 1 largest circulahon area
ngmhxde: creulation 10 that™ direchon

loe dlrecdu have a Qartesion coordindde way to calcuiate
tre grddient P so kts Brd a coordinate
g tahon VF and cwl B 120 =0 we
Wi fave some. pracheal Loy h;acfuallﬂ calevlate,

TR _
| DV F _in_Cortesian
Tl

We reed 1o dare 2 limit as a wy smal volume
shninks o zem. For eose oF understonding this  in
Cortesion coprdinates, lds fake our volume VvV fo
e a sval box of volume _Axba bz

z
Q ’
(2+dx, y+ by, 2+ bE)
(7 \' S
%

Now e need to compute %Lﬁuxoflfaﬁoe this box:
JE-d&- JFdds (Fai-SR .03 [P aa
) hp botiomn riﬁh\' lefr

+y FédZ\ +’Z§) E d&'
s

i
|
l’ back
|
i
|

Led's corsider one of Hhese 6 ports: J)f'dg
o
As tre box gers smoll, the iop gefs omall, o

Y

Brst oder (e can take the Yvalue of F oover
tre top of Hhe box T ke a constant equal to
its volue of +he center Ff the op:

Flrr B2 y+ 04 z:-bz)

~ ":'(%,5’ z) ¥ Q%%;‘(xl‘jt%‘)* %gﬁ(xﬂjfi}# A%%E(”t;fjxi)
Tre flux ﬁﬂrouﬁze’rh& top of the box i just the

Z-coMmponent e waor, tvies e Brea of the *Dp:
2 .04 = bx JF:
hj:l' on bﬂbﬂg%(%ﬂﬁ) + 7 sz(xlg;z)
by I
¥ -ag-(x,y.z) r Az ;—f(?@y,%{%

Livewiee, the fux theough the bothm is
2 oAS . _ Mx
[F o ) £y e

bothom

The ner flux ﬂwmuﬁh fop & botom 15

JFai o] Fad = bebyse T (uy®)

e con apply tis some logic T right X |eft side pairs,
D%nd to %{;‘% & boack 5ide,0ﬁpair3, %ﬁga the ttal Fg;

F our the box:
2 e gy, T o
QF oz Dxbﬂb%[% (x,g,z) r 533(%.3.2)" > (%,3.%)]
ey ——— NS \_;-—-\/*
rioht-1efr back - ot frp-tbotons
Condei bution contribubon Lonbprchon
di\l ﬁ‘: ,ZF'd& < 9—‘-:!—4- '85 4—&
bxbybz X N O%

We abbreviade ‘Mi wih a dot product notahon :
AVE =D F




®@
Cuct B in (ortesion

e need to fake a limt as o very small area ymr,nb
*Dm/\ndw&%ed‘fbdorr bmes,

APerent orientabons of the orea, o 3e,+ +he 3
components of the vecror curl F,

Sirce were looksz oxpression R cuclF i
Cortesian coordhna lets 5Taf+ with an drea in the
plane, whih will 3|Ve us the component of curl £
w\jpeﬁdccww o that in the 2 olicecton.,

a
,<1:>» (x+b%, y* by, 2)

Y2y = .
e orevlabion 15 Cormputed Loen & line
ﬁ Inteqral Ound Hhe patch
{use ﬂ'ﬁh’f—hﬂnd rule. T st crientanon)

A
xAdx

gﬁd :‘S)F"dz*j':jdﬂ*yadx*?ﬁ] j

VR i O G
N —
Rom- right back. lefr

Look ot hmcjf side: B a vey small dy e con
write, ’(76, Z) 'as a constont  tal '(_‘3 s average walue
o\mg the. line SeﬁMW

Flxiy@)r o2 2 (zy o)+ %%&E(x,y.%)

So the line mfagm! olon, ’rhs svall & oriented in the
9 direehon Singls out the yreomponent of this

f e = A\g ?Fj(%,lj,?:)* AX%E}(K,%%) + %i—gﬂmg,%i

ri@lm’r

Likewise., the left sicle :
£ F 05 - by fF(x,g,z) + %} 2@(%(5.2)?

> [ Pag +J’P 3= oty 45 (x,g z)
r\jhr

63 onology, Yr’z‘olg +f l':"dévl)xbfj %’:i‘[%,g,z)

> j’F 43 = Ax%[‘fﬂ{xga— 2y (?ﬂj:%)]

> (turl F), = %ﬂ— ‘%g;‘—

nd by Ruther analogy,

E - 9F; A
o BB B (-85 (%525

We con obbreviate this with a ces product notahon:

< - —
curl F= U xF




Answers to exercises on page 8 of lecture notes
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