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W\&sﬁc@ 153 (HPvan) Hulﬁpole, Jon: A convenient Loy 1o eshmate. the "B Reb”
Lechure #6 & o dﬂcvﬁe, distvibuhen @ (,oriﬁnﬁ WA o5 a sum & pouess l/n
Tues, Feb 1F, 2009 - _ )
Start by looking af an arbitvary small distrburon (eq. He0
Polanzabon b“j JS &. CM@& !
Lhat 5 the E-Reld af oo arbdmr:j pont P, for auay?
P

Lost Hime: g
O Eolved Logloce's eqn DQ separabon of wriables (For a@ means
Cortesion s Obtain sires L cosires, or exponenhals, alorg each direchon /! r» size oF C}Ofﬁé/ distribugion)
trese o Compete & orflnogral = we con form Rul solufn
Spherical: dotzin po\Unogiale nor, Léﬂ@ndfe polynomids in &
W)= 2, (Aur* = 22 Paleced)

these are conplefe & a’“HnosOfa‘ too > solve R Au, By

e need o pick. a coordinate. system 1o gr storted
(el ﬁf& o S@Jr a coordinate-1fdependent frmula later).

@ Storted pulhpole expaNsIon :
’rﬂj 0 express the potenhal W) of oo localized d‘o@(a cm%umjbn o .. . .
as o sum off powes of Gl - 5“_ L Arbhvarl pick on origin somerohere (thin the e distribution.
e Tren fo eoce. of calculafion, lers erient cur coodinstes so the z-axis
les dlorg tne line. fom cur chosen ongin o part P
Geals for today: z A
0 &)rap up mitlhole e,xpaﬁsxbn G r— ~——"The pofento) hee 1o
® Foas on dipdes: whet is fBree 8 drgue on a dipole? 0@)- qjggp(?’)dt’
Tz, S

@ Where does o dipole come fom? = lincar polwizabilitxj
® How dos a polasized ob\‘\ad“ arie?  lbehave ?
® Micwscopic vs. macwscopic. feld

The only distance, whidh deesn't d’UnQe, a5 we [m’rg?ram over our
Chorge kahmbuﬁon i 7 The wector 7 degends only on owr choice

o@griinandOnPsowrngi_s?o@bmfb | all o the

!

P -dependence out of the :ﬂfaﬁfa




Law o cosires: M= (2 +0'% - 2rrlcosO)'™
> @A) = @) (r+ > - arries) dv
MYWUY\W Lwere, Iookug %f the “POF R&Jd" s0 r >/
| ) (
(r*+0'* -3’ cos)> r[l +('%'>Z‘ 2 '%'cose]h
o (ol o fad ~2
- ?_[H(P) 2% 0056]
\/_/—v’w
this should be smal |

U the Toﬁ)of expongon (1+ e l-ter S e
LS (g ENECI
{15 [(F) -2 geose] ¢ S[(F) -2 cae]
The %/ terms wil ke « | and the (%’)2 Terms ol be
& fhe %’ termg, and €0 on,
For now, letls keep up 1o the (%/)z terms, al+hou5h in princide
loe could conbnue this expansion To (%)5, ete.
CTrcupif\ﬁ ters, were B Gith
- ! 2 2~ -
e e LS (£) GO g
R o
Do these look Bmiliar?
Hint: check. lechure #S

Andran! Now w,caﬁw toke r our o the integmal:
A ’ ﬁ_@l;__l.,i Al e )~ ‘
0y g PRI el fpriee - et
I<o Kl

Kz

®
Eoch & He I integrals now depends only e the structae of
the dnome distribulion, not on_The dmxéij of pont P leve
pullad e [dependence out of the it rals, so now e have
o preseciphion o fring @ of ony paift, boased on a few
inteamls thot- we lnave 157 compure. oolg oce & a given
e distribuhon.

O N O B 1
CP(,(\> - L[T,-'Eog'ﬁ KD ?%‘LKI * '/\3 KL + ..}

—
these. Yerms are gafh'ﬁ mpidy smaller

For the "or Bod” PP is dominated the fist non- \janbhi(g term,
given 0y the firsr non-vaniehing b-infddral

o ’jp(r)")dﬁ’ = fofal e in the distriloution
S \onishts & a neutral molecule.
(caled the "MMonppole. rmoment™ oF
te C)nor‘ge, distrilouhon)

k.- J pir)cecseds :
this 5 just 2/ 14

2K measures the celaive
displocement; in the direchon
towerds P, of the pesifives

L ﬂ@gaﬁve, d\aae,
CleC\?/; K) 010(’.8’\“}" depand on

our hoice of Oﬁﬁm n the %:j
direchon, lour what“pbout 27

Cheice. of erigjn
Does ki depend on our choice & ofg\h in the 2 direchon?
Answoer (proved figorouslg in lost lechure “nofes):

Kiie 0. coordinate-indeperdent property o a neutdl olecu
calea the "dipde. moment "

TP tre choge distrbuhon is o neutra), then Hhe. dipde. moment is
ot & unique. property i ths case, it dots depend en choice of orign.




Surmnaey: B bt O then poertil bebares lke. Y ©

_ or largc distances ("mOnopole/") _
P k=0 pur KO then porental behaves fke fr*

=
. E fom o dipde. :
a [af% distances (“dipole. moment”) L . |
P Kekom0 bur Xeto then poferhial lockawes ke /2 E--D¢ eo con derive, the E-Beld of a dipole _
at Io‘/‘ﬁe, distonces (“%Jadfupolc moment ") but “to jUkL the orodient 15 easiest to ao ocle into
. _ S a coordirate 535*@\ eg Choose, the oqgm af the center
+, S D +@ﬂ of the Ohpoe. p’, ond chocee the 2 -axis o e alo@
- + - 7 the dicection of 8.
Moncpole. Dipole. Guadrupole. Octupole PN
@ if P2 f% s 7’3 O « }_H

7= (7,0,2)
femervioer: this descriphon (decompeattion into "moments', or
powwss of V) i mb usefd inthe ‘for Beld" for loge

qgwnadioole,-

o

F

Wnar ae Hhe corpments of € at pant 77
2\, (P - PLose
i HTFZ%‘ UTExr?

Tre components of B Bllow fom £V
E.--24 . 2pcoeso

ar urg.re
.- L psind
- Eo r & @u’ar}
The dpole. contribution to e potentiol ar P is: - L 29 _ 4
G7)- e | PP riezse e ) 56 & o
fhis s e Hhe. projecton of * onfo 2 Eap (r,©) - ?ﬂ%ﬁ (2cos07 + 5in6B)
<RLP z
Oepards l/q /Kdepmde on
onl
o cf J dicechon T distonce. of P \ /
Aighribdion 2 we can pdl this cut oF ‘m’resral

Qoo (7) = gf%‘;z : fp(r’“‘) it
R QP

this s a vectr cLuanﬁbj C)Z/T >
2 dipole poment = P
Newo, fnall

U, we can wrte P7) 10 @ Wdinaﬁc—i/\dcpmdw wﬂ
WA= CR, e pe SprenPn

this 18 the. dominant " for-Reld” plﬁ‘é’/ﬁa\ B o neuval mMdecule .




Example: physical dipole _
Compute ﬂegj Aipde pmomeﬁf of i chae disiribution:

z
+@ af (3,0,4)

J

b Y
-& ot (0,0,0)

Scluhion:
p- o 7o’ = -R(0.00 +Q(3,0,4) - Q(3,0,4)

[pl= Ql(z0,9= 56 5 p=(¥s,0,s)
Nin generz, for a simple physical dipole Consishing of equal

& “cpposite chorges @ separated by some distarce d,
B=Qd whre d pinfs fom -Q B +Q

Note: 0“3'\0 doean't motes!

Togue on o dipole foom opplied =X

i Ofiiceff . tQ,_>f"
\ad/) -
- /Ff=a/2_

F ¢ é i=-dfz

T= PP v AxE o= d QB+ (D) *(-GE): Qd*E - p~E
Force. on a dipe. fom non-uniform E.:

s ot
y&ﬁ, af the locehon

@ '~ é- of this lcahon

En% of a dipole

Example: Griffths 43
Saw that the erergyof an ideal dpdle. p 0F poict v in an
eleciic Reld E Vs ﬁiveﬂ bﬁ U=-p-E.

Solution: L bring both 05 EQ in from some efeence point

(ypreall Rom m(?m}b) where, =0, but all that realy vaters 1s
&zm both W@"ﬁ in refocence. ponts i the

some Yo 152 Gor = R7

U= Q(F+3) - QU = QLYE ) -4)]
. & [, Jvmdédz]

N .
0s d =0 e redues o E-d

E

—

:—p.

ML

Flow-ip: whatls the eneryy difference behween P Hhofs perfecily
Qligred with E and g~ that's wﬁecj&j mibah‘ﬁned?

Arsusec: QPE
(per@@d’ ah'ﬁnmmf & the lowest &néf@ con ﬁgurah'm)




®

(Where does a pn&(scal dipole, come. Rom? ' ®
ik cur discussion 1 insulatys: materiges where.

Frst of al, lef's red ‘
we con't shrip ol fne ngh\/e/ choees ond move them far flhe

pafe chages, (e gang To have Ygeximate.  locdl ofr@@ reutralty,
o these ae the typed of mofeals where e dpoks e oi%’ﬂ) 3
the most relevent Yems, (We call these, materials didwﬁc‘g ¢y
come. “ﬂ 2 bafblc .S
Oinduced dipoles, ¥ in nen-pdar mdecules (eg. hydrgen aten)
SE wil cause ® and’ © 1 sepaate.

® permanent dipoles (eq. H20)
pézhwll\ tate o al%n wth E

Trduced dipoles: N
Esfimate e pblaf'szabn)‘b & a B&Oiwj otoym -
In regponse. 1o on agphed Reld E) the ‘conter of
3(?1\1@ v e /\&g&ﬁ\m/ ()/\0/54, cloud. woll shid %j Dz
Dz is Imited by fhe restoring Brce of e positive
Nucleus Pull'\rlﬁ bock“on the néﬁah' e chorge chud.
T2 a i a pical adom dmension, then  Eiw ~ Yar 5
Ovbp;ca] inder nal Y Reld MOIOQV& the. com %:-jej’hzf‘

The Fachena distrton of e Gt the presense £ e
ed Relg sheud be equal s the Frachond Chonjg, in

li
fhp(f total Reld experiencedt by the. dmrﬁc Coud i e presense
oF the ogplied  externol @ddj
bz | Eogled _ E_if”’_
O El"\'f&f‘ml e/&L

- o3

peebz ~a*Eop
= XK= Pclaﬂla@;l)b ~a”

The man pinr to take Kew this & that @aypfcalam\o
s To a

(o0 ron-paor moleeue) the, induced Oh'pda, moent
good opproximafion  near n the applied fld.

Poar matedials leg. Ha6>, composed of pola- mole cules)
-2 cegure. o net po[a/]wd'{on when dhe  agled @@k‘l rotrares

Cs%/vw, of e, molecular ol{polw ?alcf\ﬁ dhe. Fed direchon

Note. that not all &£ e 01@0)&5 ahen.  Thermal excizdions ae.
ajwa35 Causiiﬁ most the HiO Mmolecules 4o rondomly erient
awallable,

Eﬁuigarﬁ‘h'or\ Theorem - pf@dt\db that @\lé/jj
ZkeT

degree o Leedom (ol have energy
~ 2% J/K

Where K(S‘" bOH'?,rV\OJ\f\‘S constont = I. 231 xI0

eg. Holium afom ot vrom femperatoe (~300K) Wl
hove 5 s F Feedom: x fonslaton) motion
, ond &, wiHA ":ZK&T o? kinehe enafgtj eaciq.
> ool ovskfiond] kinefic enegy of an awnge segle e s
Tt W e ) e Ty < ST
> Ji@_ ~ 136 km/s
4%

KO molecules hove an addifioral 3 degrees R freedom Bom atoon :
¢

ab)

, N
G G
ORe) &S ® E©

cdfj these. 2 dvz&ﬂ, the dipcle. onentohion
The Fachonal polorizadion of Loder will be & order -

overage energy goined by ndating one mokcule,
trermal erergy 0 Hhe @ievont degrees F Feadom

- _&em ONQFCﬁQI molecule hos o durn G0°
KéT"Q d&afee,s o Keedom
= qverge. polarizahen of o wates molecule. in appled e Eis:

PE> p? ¢
P(K&T S ©




N O)
Pelorizaben P
(eve st ﬁwcm usbole. arguments that botn nonpelor substonces
Ond or aases & ouids aloure a et polarizaben Which 15 Inear
cpplied ne/ho Reld.
(Nota it cleor that a sindle. molecule would olamze,

lioeorly 10 an apégh@d dd but 5 not ot al cleor (h Jrhxs !m

éhou [aold erTanastmhml fV’LbTb
i o its nei Hoo@aswdlaaﬁ\c

Oppl\wl ox % Buf the lmcarn:j does ho)

=3

|t P dxpd@ Moment P P& u/fnL volume
(Delve uﬁ gu@d thot P < E.
D&ﬁna o condtont Ae= &lwiﬂc amphbllly sudh That

P &, XaE mhblly o electric po!onza‘hon
Ke 5 a4 Mokerial -dependent prperty

Well see lafer fat %e dlso degends on fequenc
No material con ond To an agplied  Bed and pdanze msfm’rj

(i tould volate, gpecial rclahv,fj)

non-polor AieJechrics+ ﬁhl’?+ Oe 0 Cloud C(JJ‘) 15 Uick.
P—v colf QracLue/\o\j ~ %H& (0dusts in ~t0@ %

Po\ar Nelectrics . rofohon of co orchved Maajl\/a nucler 1 s
- el ffubuencj 0" He (odusts in ~IO™ s

But ot of fhese. hime scaks gre really et o Ror noo ledls
Coreder +W, s’rwdg) slafe e@ﬁ’wﬁs ien P’ has a!rwc)tj B \gw
d@\)e,lopwg 0 respohee 1o 0 state E,

The pobem 15 shl more CO/V)pllc;a’r@d than t nhal

P dovelopes 1n response To 0, external [ bt P ac
coees oddfional linduced Eid. Buf nowo P et be pfbpod@lﬂ
to e Tl Bt r T hich 1n furn cavses moe P od more

C)’O‘QE,&TDE

@

Fed of o prlorized object:
For o, lets noT wcf Ot this vicious E-P->E>P>E~P
3 cmszo\am;ﬁ a sirgle polarized opject

L@frb
z(gj‘r(ﬂ polartzahon P we Lon't oboutr ows I a%uurad
= polarizabon. Loel compute. the wed this opjett.
That wl af least give s the PoE part of the Wicious Cycle
(/&L@or E®) %rasmﬁ D fom V9@ ohere

) - U arl
S0 e con m‘r@gmfa ows O whde pdarized Rpeet fo 35:

Q@) - HTFZO Jbz

( Griththe uﬁ@% a trick. od lﬂ‘f“@,@foﬁm bj parts b arve af:
P - P Unl’Zf (7B dv’
Lohich 5 9ﬁﬂ not- ve,y @nl:gh’rmmﬁ, 2o lets ook ;dﬂ\tjﬁica// ,

3@035 e hove Some, Oodad‘ wth Polafnlahon >
(Nt exen naoe/ﬁsanld umbrm P).

N Consider port o the sufoace.

pul out Wg coumn, aleng the
dmchon D stertrg af the. surfce
and sl @/\ou3% s0 P~constont within

A %@ad« nerement ithin fhe column has 3= AdP
td Th foct, It is composed &F mary moecules, and
the many digphaced Cher o o disTance
it ol 05 QS nge d)pok/ wth —&——AP on
bofon 0+ Q= +AP N fop, separated by dl




The whole column 5 st a Stock of these dipoles:
p N 21 (perpendiculor o surfoce)

+Q

quﬁéadn of Hhese cocel, par Lise
a1 N> R a dﬁrance, Al Hhat~ metlers s

ugg the crarge on the ervs,

At the surfoce of area Afceed, the charge/ s +Q= AP,
= surface crome d@sﬁy o
o= AR Feeet = P-n
A/co G)
We cal ths “bourd

¢ oOI—Pﬂbﬁcause,mdng
come. Rom the 1nsu e

tself so were not Gee o m

Vdume e: .
TIF 4he Mocizafion 1S uniform, thea al of the ner e Wil be
bound of e swoces, as doove, But € P e non-uniBem

@ @/‘ 'Ocal voluma Wil contain some heads
@ ar\d some. toils fole,s TP # contairs

@ % moce ol (F 9 P >0) the the local charge
dmaB s n&gaﬁ\z& (L vice vers)

Net bound C)n e in 0 \olume i5 equal ond oppesite. o the

omount pu ouf Hwouah the wf%;;@
fpde 9qa,da - —§ Pnda - Q&P da. =) (9P)dT
> w
ent doove divergence thm
Since the 1s tue R ony vdume, we have
[Pp= V=

Potentia) Fom a po\orlzed ob ek, revisited :
N we. oo bock off Gy QH/\& gymula

W) g d TP - g [ 7 B
SUF\%CL c,hcf:ge, [(bwld_\d/lofaa:
_PA Pr= VP

S0 we e that the %rmula revets o the moe 1nhahve :
O oy ry __I__/ Pb /
)= qre, ﬁg 200"+ g SV /i dv

Example : what s E for Rom a waifimly polarized Sab?

/ Iz area A=sxs
t =X
Ul s

(0ssume s » )

SO\uﬁor\
P s umﬁym S0 Pr= 0
Op= P N = P
Pur the oflgm in the center of the slab and mfagrafc
5/7_ D
PPy -

qmc,of g %Wh

52
(«HT& Ll i j;/z y [tz %8_3,)1#(%*(7/2)1]‘/1
/ﬂq@n cOmpuTO E = ”@CP

het doat E inside the slab?
vae,tj 20y His looks (,@i- ke, 2 parolle) pltes o
60 iP 5>>t Jrhem we. have

% (-3) = £8) - ~£P

[2ur wo#r' jfnsxde, ’H/)U& ore. achual Pomf crages, so the
octual Reld s 8@\{\3 o \;arﬂ w\d(}j




Mocroscopic Vo, Momscopic E-Red
wwe @ ong fo show that the macmoscopc Reld is o local
oNerooe MICDSPIC Rld, and t's a leghmate quont
te obon rght. Cur aroument Q‘%Zf,b& a (e’ more infuibve.
o quife as nﬁorw as Grf

Consder o slob of thickness t, vieloed Bom the side:

6
§ Edl  must be path-independent.
A

Snce e dn't et kot ow B deal oith the m inter ral
path, Jusr consi the external one: the external A ISJU&T
HatVol 2 chonged plotes.,

édee, Gy~ o= Tt -5 Pb

N> atter o e ger fom A fo b, the fural path infegral 15 Consnt.

® 6/ o
21 @@@@@@g JE dL - conston-
But s E is e totd feld, mdudvjé e me coseepic febs,

and the parh i egml o? this Mess & @ld no Weﬁ Lhich wag we
60 ahll 8\\/&5 us the clean value

2 L2 haw o condude trat the 5paﬁally avefa@m 14 wothin
the polorized slob mugt be ~£ P

Dorote. SEw = spahal overdoe F E owr volume U

<E>v - L \S:,F‘_df
K /\"ml(/oscqo:o Rela
MaUDSwpz, Relg”

It durns out that <E> is F@Ol\\(j al we can o need o Tolk about
lnside o maferial |
SA&<E>-0¥Z s poth-independent
> Jx(EY=0
ond CEV=-C@ %rsame, poi'e/ma\ Rnchon <@
Tt con digo be poven that DBy = £<p>

Sumy <E> (P> and P> are (elated TD eoch ofer et ke
E,#md p Since e con't s 3 ng veeltl, o do any
produchve cluonh’mh\;e; caleulod with”the ceal Micoscepic
E, 4 ondp o«w&houo we will never actuau talk apour them a gam.

50 thee s ¥ ambiuity 0 O\popVg ¢ C> ond que”
E,, ondl P Sr the s(gah U av@mﬁ@d @uonhms ﬁzyw here on

Sum :
© Multipole exponsion:

R T SR SRS

Ko= 'Monopole, = total dhage _
dspolg,” = C")Ofga ~ displacement o om'@m
Quadfupd&

@FD(UV o dl oo F- (p V)r /ﬁ;leue/ on dlpole, - PXE
= OQ dipole. = U=
©) !5 :aaﬁow e untt volune

O\@Qﬁ/\(’fa‘ P‘* _} .
ized o(oe,(;l' Cuv=P7h P = 0 P
@ Thside. dn&ladﬂc Jusf worty Aooutr <E>, <Py and <p>

Next time: fgure oxt the E>P >E>D2E>P ... prblem




